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AUTHOR’S PREFACE 


oi 
THIs BOOK, which is based on a course given at the Ecole Nationale del’ Aviation 
Civile, is essentially a manual for use in planning an antenna system to specific 
requirements. It has been written both for engineers and technicians who need 
an introduction or a precis of information on antenna techniques and, with 
this in mind, numerous types of antenna have been described. Complicated 
mathematical arguments (which are normally used in France to explain theory) 
have been reduced to the minimum necessary for an understanding of this text. 
This is not to suggest that these calculations are useless, indeed they are indis- 
pensable to those who wish to go right down to the basis of a problem, and 
technical progress in antenna design cannot really be achieved without these 
mathematics. However, the designer is interested in practical formulae which 
are frequently difficult to extract from an involved theory. This book, therefore, 
endeavours to show these clearly while indicating, as concisely as possible, the 
calculations from which they are derived. 

Certain sections of the text are printed in small type and these may be passed 
over by the reader with limited time to spare. In all cases the degree of validity 
of the formulae and calculations is indicated. The results of the calculations 
are completed with experimental results and by observations made in the course 
of setting up installations. 

A bibliography will be found at the end of each chapter relating to theoretical 
works and others which treat, in detail, specific problems. 

The study of antennas for decimetric and centimetric waves has been exten- 
sively developed, especially in view of their application to radar. Likewise 
short-wave antennas have been dealt with at length, particularly rhombics, and 
numerous experimental results are given. No claims are made that all existing 
types of antenna are described but, in all cases given, the reader will find in this 
book something approaching sufficiently closely to any type of antenna not 
mentioned, so that its particular functioning can easily be deduced. However, 
certain radiating systems have been intentionally omitted either because their 
usage and capabilities are not yet sufficiently perfected (this is the case, for 
example, of certain antennas employing surface waves) or because the antenna 
is of little interest, or even because the applications are too highly specialized. 

As the reader will appreciate on reading the bibliography, few French works 
on antennas have been published. It is hoped that this book, which is essentially 
a review of modern antenna techniques, will fill this regrettable gap. 


L. THOUREL 
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CHAPTER ONE 


Theory of Antennas 


4 
Cd 


l.1 DEFINITIONS 


An antenna is a device which permits the transfer of energy from a trans- 
mission line or wave-guide into free space. 

The transition from the ‘guided’ condition to that of propagation in space 
must be effected without loss, which is to say that all the energy delivered by 
the transmission line must be delivered into free space or that, inversely, all the 
energy incident upon the antenna must be supplied by the transmission linetothe 
receiver. This means that, in the case of transmission, the impedance presented 
to the transmission line by the antenna must be equal to the characteristic 
impedance of the line, while in the case of reception the line must present to the 
antenna an impedance equal to the internal impedance of the latter. We shall 
see that, following the theorem of reciprocity, when the antenna is matched for 
reception it is, at the same time, matched for transmission, and vice versa. 

According to the conception, an antenna may be capable of functioning over 
a wide band of frequencies or, alternatively, at one specific frequency: in the 
first case the antenna is called aperiodic, and in the second, tuned. The construc- 
tion of the antenna likewise influences the radiation pattern in space (or the 
value of induced current in the case of reception) as a function of the angle of 
incidence of the waves. This property is shown by the radiation pattern diagram. 

Finally, if we consider the power radiated in a particular direction, it is 
found that this power is a function of the power fed to the antenna and the 
manner in which the radiation is distributed: this power is proportional to the 
antenna gain in the direction considered. It is clear that this gain and the radia- 
tion diagram are closely connected. In practice, when speaking of antenna gain 
we always refer to the gain in the direction of maximum radiation, except in 
cases otherwise specified. 

To construct an antenna, it is therefore necessary to know: 

The frequency, or the band of frequencies, over which it must function (this 

is also known as the pass band); 

The radiation pattern diagram and the gain. 
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In the case of a transmitting antenna it is also necessary to take into account 
that the power must be handled without physical breakdown or corona dis- 
charge. 


1.2 RADIATION DIAGRAMS 


The distribution into space of radiated energy is shown by the radiation 
diagram of the antenna. This diagram is considered as the position of a point P 
(see fig. I-1) such that the vector OP is proportional to the power radiated in 
the direction OP. In the special case where OP is equal to the power P(@, ®) 
radiated by unit angle in the direction considered, the radiation is simply the 
distribution of power in space. We can also (see section 1.3) use a maximum 
value of OP referred to as unity. 

The radiation can equally be drawn as a function of the radiated field, E(0, ®). 
In this case, following the properties of plane waves (see chapter II) OP is 
proportional to the square root of P(6, ®). 


Ficure I-1 


An understanding of such diagrams is of great importance, particularly in 
the technique of beam transmissions: a cross-sectional slice of the volume 
traced by OP will always give a principal radiation lobe, which is not necessarily 
symmetrical, in addition to the much less important secondary lateral lobes. 
Generally these secondary lobes account for only a very slight proportion of 
the radiated power, but in certain applications (e.g. radar), their level must be 
kept as low as possible. 

It is extremely difficult to know the complete shape of the diagram in all 
three dimensions. Slices are therefore used, one in the vertical plane, and the 
other in the horizontal: these are called the vertical and the horizontal polar 
diagrams. These planes of reference can equally well be the planes containing 
the E vector and the H vector: this reference is employed particularly for 
microwaves. 
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1.3 THE GAIN OF A TRANSMITTING ANTENNA 

The range that can be achieved with an antenna is essentially a function of 
its gain in the direction of maximum radiation. 

The field produced by any sort of radiating device is made up of two com- 
ponents: an induction field, which is significant only in the immediate vicinity 
of the antenna, and a radiation field which extends to greater distances. As 
soon as the distance is sufficiently large, the antenna can be considered as a 
point source radiating a power, which, by unit solid angle, is a function entirely 
of the direction. If 6 and ® are the angles which define this (fig. I-1), if P(0, ®) 
is the power radiated in this direction, and if P, is the total power radiated by 
the antenna, the gain in the direction (0, ®) is defined by the relation: 
P(O, ®) 

P, : 

At 
This is the ratio of the radiated power for unit solid angle to the mean power 
which would be radiated per unit solid angle by an isotropic source radiating 
uniformly in all directions. (The solid angle of a sphere being 47, the mean 
power per unit solid angle is P,/47.) 

It can also be said that the gain G(0, M) expresses the increase of power 
radiated in one direction (9, ) in ratio to the power which would exist in this 
direction if the aerial was an isotropic radiator radiating the same total power. 

The direction in which the gain is at maximum is the favoured direction of 
the radiation of the antenna. If G,, is the maximum value of gain, the function: 


G(0, ®) 
r= —— 
Gu 
represents the radiation pattern diagram of the antenna. It will be seen that the 


maximum gain, upon which the range of the aerial depends, can be deduced 
from a knowledge of this pattern. 


G6, ©) = (1,1) 


(1,2) 


1.4 THE EQUIVALENT RECEIVING SURFACE OF AN ANTENNA 


A receiving antenna collects energy from an incident plane wave, and supplies 
it to a transmission line terminated by a receiver. The power thus received 
depends essentially upon the orientation of the antenna, the polarization of 
the wave, and the matching of the termination. If it is assumed that the polariza- 
tion and matching are such that the power collected is a maximum, then this 
power can be expressed as the power incident upon an absorption surface A 
which is called the equivalent receiving surface of the antenna. If S'is the power 
density per unit surface at the location of the antenna, the power collected is: 


P,=S.A (1,3) 
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The power collected depending upon the orientation of the antenna, we can 
consider that A is a function of @ and ® so that we can write A(0, ®). 

If Ay, is the maximum value of A(@, ©) then the radiation diagram as the 
representation of the function can be defined: 


_ ACG, ®) 
FAs 
As a consequence of the theorem of reciprocity (which will be studied later) 
it follows that: 


(1,4) 


A(6,®) _ G(6, ®) 
Anne Gas 
because the directive properties are the same whether these be used for trans- 
mission or reception. | 


(1,5) 


1.5 EFFECTIVE HEIGHT 


The idea of equivalent surface is particularly suitable in the case of micro- 
wave antennas which are often narrow-beam radiators. In the case of low- 
frequency waves (greater than 100m), it is more convenient to assess the 
quality of a receiving antenna in terms of its effective height. 

Over this range of frequencies the incident energy is determined by the field 
existing in the vicinity of the antenna, a field which is usually expressed in 
microvolts per metre, while the voltage delivered by the antenna is measured 
in microvolts. By definition, the effective height here is the quotient of the e.m.f. 
E delivered by the antenna, by the field e. 

We therefore have: 


E= here XE (1,6) 


The effective height varies from a few tens of centimetres (car and indoor 
aerials) to several metres. 

In the case of a frame, E varies with orientation: it is normal to define the 
effective height corresponding to the direction of maximum reception; this 
height is however very small (very often only a few centimetres). 

The value of effective height decreases as the dimensions of the antenna 
approach those of the wavelength. 


1.6 RANGE OF MATCHING 


It is not sufficient for an antenna to possess the required properties of gain 
and directivity, it is also necessary for it to be matched to the transmitter or 
receiver to which it is connected. At microwavelengths, in the case of trans- 
mission for example, it is known that the magnetron or klystron supplying a 
waveguide must function without exceeding a certain value of standing-waves 
(Rieke diagram). In reception, if a large change of impedance exists at the 
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connection of the antenna to the receiver, a reflection of energy will result, 
the reflected energy being re-radiated by the receiving antenna and thus never 
reaches the receiver. 

It will therefore be appreciated that the matching of an antenna to the 
apparatus which it supplies, or by which it is supplied, is of the greatest impor- 
tance; therefore, its impedance at the point of connection to the line must be 
known. This question will be dealt with later. 

It is also desirable to reduce to a minimum the number of adjustments 
necessary in a station. The object, therefore, as often as possible, is to design 
antennas which are capable of functioning over a wide band of frequencies 
while maintaining a very low standing-wave ratio over the whole band. 


1.7 UTILIZATION RANGE 


The utilization range of an antenna is often confused with the range over 
which the matching holds. In certain cases however, this may be reduced due 
to deformations of the polar diagram giving rise to a loss of gain. 


1.8 FUNDAMENTAL THEOREMS 


In the theory of linear networks three fundamental theorems are used which 
are: 

The principle of superposition; 

Thévenin’s theorem; 

The theorem of reciprocity. 

The principle of superposition says that in a linear network the current due 
to an applied e.m.f. is independent of the currents due to other e.m/f. 
existing in the system: this follows from the linearity of the equations which 
govern it. 

Thévenin’s theorem is deduced from the above; it states that whatever the 
complexity of the network, it is equivalent to an e.m.f. in series with an impe- 
dance. The e.m.f. is equal to the open-circuit voltage, while the impedance is 
that measured when the e.m.f. is zero. 

The theorem of reciprocity states that if an e.m.f. applied to a point A ina 
network produces a certain current at a point B different from A, then the same 
e.m.f. applied at B will give rise to a current at A equivalent to that which 
previously existed at point B. 

Maxwell’s equations being linear, these three theorems must apply to all 
radiating systems governed by these equations. 

1.8.1 Generalization of the theorem of reciprocity.—The generalization of 
the theorem of reciprocity applied to radiating systems was established by 
Carson in 1924. 

Carson’s theorem can be stated as follows: 

If an e.m.f. is applied at the input of an antenna A, and if the current produced 
at the terminals of an antenna B by antenna A is measured, it is found that this 
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current is equal to the current which would have been produced at the terminals 
of the antenna A, had the e.m.f. been applied to the input of antenna B. 

An immediate consequence of this theorem is that if Z,, is the mutual 
impedance between antenna A and antenna B, then: 


Z AB aay ZB A: 


1.8.2 Equality of transmitting and receiving impedances. Matching.—This 
follows directly from Carson’s theorem. Consider two independent antennas 
which have no effects one upon the other. One is functioning as a transmitting 
antenna and the other as a receiving antenna. Let Z, be the impedance of the 
transmitting antenna, and Z, that of the receiving antenna; let E be the e.mf. 
in the transmitting antenna. The current in the latter will then be: 


E 
[= —>—_—_— 
Z,+Zy 
if Z,; is the source impedance. If the transmitting antenna is matched, Z; = Zz, 
and 


= 37. 


This current produces a certain field ¢ which causes, in its turn, a current 
in the receiving antenna of the form: 


if the antenna is matched, K being a proportional factor. But « is proportional 
to J and is written: 
eee) es 
eZ 
such that: a 
hs we 
i = KK’-—_—_., 
4IZnZr 
But it is known that if the functions of the antennas are reversed a current 
will appear in the ex-transmitting antenna: 
E 
i == KK’ TTT 
4ZnZ pr 
if Z;, and Zp are the new impedances. 
But K and K’ are factors dependant on the conditions of radiation in space 
which do not change. As i and E are also the same in the two equations given 
above, it is necessary that Z;, and Z; are identical to Z, and Zp. 


THEORY OF ANTENNAS i 


The impedance of an antenna used for reception is therefore equal to the 
impedance it presents in the case of transmission. 

Thus, if an antenna is matched in the case of reception, it is also matched in 
the case of transmission, and vice versa. This is very important and signifies 
that if the antenna is matched to its feeder when employed for transmission 
(that is to say if the antenna transmits into space all the energy available from 
the feeder) then, when employed for reception, it will supply to the receiver 
feeder all of the energy coming from free space. 

Likewise, if in the case of transmission there exists a certain coefficient of 
reflection I’ at the antenna/feeder connection, then, during reception, the antenna 
will supply the feeder with only a portion of the incident energy, and will re- 
radiate energy equal to: 


i a WT? 


(W, : incident energy). 
The energy transmitted to the feeder is no more than: 


Vee oh aE) 


1.8.3 Similarity of the transmitting and receiving polar diagrams.—This 
similarity follows from Carson’s theorem. The radiation diagram is taken by 
moving an auxiliary antenna B around the antenna A to be studied. The driving 
e.m.f. of A and B can be permutated provided that these e.m.f.’s are always 
applied at the same points of the antennas. 

It should be noticed here that the diagram obtained is correct only if the two 
antennas are sufficiently far apart so as not to react one upon the other. 


1.9 THE RELATION BETWEEN THE GAIN AND THE RADIATION 
DIAGRAM 


The gain and the radiation pattern diagram are intimately connected and, 
knowing its radiation diagram, the gain of an antenna can thus be calculated. 
Consider the expression (1,1). It can be written: 


P,G(0, D) = 4P(6, ®) 
but following (1,2): 
G(6, ®) = Gy, . r(9, ®) 
and similarly: 
P(6, ©) = Py. r(O, ®), 


where Py, is the radiated power per unit solid angle in the direction of maximum 
gain Gy, and where r(@, ©) represents the radiation diagram having unity as 
maximum value. 
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In noticing that the total power radiated is: 
pe | " p(0, ©) dO 
if dQ is the component of solid angle, this power is written: 
pipe | (0, ®) dO 
and it follows that: 
py [ 16.) 60). Guh(G, 0) 2 4n POND) 


thence: 
4a 


ees 
i] r(0, ©) dQ 


0 


(1,7) 


Gy rea 


Unfortunately, the evaluation of the integral of the denominator requires 
an exact knowledge of r(0, ©), and the calculation can only be made in certain 
special cases. 

1.9.1 Diagram of the lobe of maximum gain.—This case is met with fairly 
frequently and the method of calculation remains valid if the diagrams in the 
two perpendicular planes are not too dissimilar (such that the average may be 
taken). 

Suppose that the diagram is that of figure I-2, and it is made by revolving 
round the axis Oz. 


FIGURE [-2 


Let 6 be the angle between the direction of maximum radiation and a divergent 
ray. The function r(@,®) is now uniquely a function of 0. Let p(0) be this 
function. 

The solid angle of a cone whose angle at the apex is 20 is: 


Q, = 2n(1 — cos 6), 
and the component of solid angle becomes: 


dQ, = 27 sin 0 dO 
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When the solid angle varies from 0 to 47 (complete volume), the angle 0 
varies from 0 to =, so that the integral of the denominator is written: 


"Qarp(6) sin 6 dO 
0 


because the component of volume is the volume between two cones of 1/2 
angle at the apex 0 and (6 + dé). 
The expression (1,7) becomes: 


2 


ee ae cal el 
i (6) sin 6 dé 
0 


(1,8) 


This formula p(@) (which, let it be remembered, is expressed in relative 
power) is, in general, fairly complex so that the integration must be done 
graphically. For this it is sufficient to draw p(6) as cartesian coordinates, to 
multiply the ordinates representing p(6) by sin 6, and then use a planimeter. 

The method is precise only when the minor lobes of the pattern are either 
nonexistent or very weak; in all cases it is necessary to know the complete 
radiation pattern. 

An important point must be made here concerning the microwave range 
in the case of a reflector receiving power from a primary source. It can happen 
that the entire power radiated by the primary source is not all intercepted 
by the reflector (spill-over) and is consequently partly lost. Knowing both the 
total power output and the power loss, an efficiency of illumination, 7, can be 
defined. If Gy, is the gain calculated by the formula (1,8), the true gain G4, is: 


: Gy = 7,G y. 


1.9.2 Diagram broad in one plane, very narrow in the plane perpendicular 
to it.—This will be, for example, the case of a ‘blanket’ aerial where the beam 
corresponds to a cosecant-squared diagram in the vertical plane while being 
very narrow in the horizontal plane. 

The equation (1,7) can be written: 


4 4aP 
Gy == ==, (1,9) 


4a 
la | P(@, D) dQ 
M 0 

The integral of the denominator must be calculated. Go back to the figure I-1 
which may be completed by drawing the sphere, across which passes the radia- 
tion (fig. I-3). Instead of considering solid angles, consider the surfaces on this 
sphere, taking as unit length the radius R: this is a way of defining the solid 
angle. 
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If S is the total surface and do a small unit of surface, then: 


AmP yr 
{ P(0, ®) do 
on 


Gy = 
This surface integral is a double integral; so that the entire surface is covered, 
it is sufficient to make a complete revolution around Oz at the slice corre- 
sponding to an angle ®, this slice being a semi-circle. Thus, in the integration, 
it is necessary to vary ® from 0 to 27 and 0 from 0 to =. 
Now estimate do, the surface described when ® increases from d® and 0 
increases from dé: 


do = surface MNPO = MN x MQ. 


FIGURE I-3 


Call R the radius of the sphere (make R =1): 


MN = O'M.tan mon. 
But MO’N = d® and as the angle is infinitely small: 
MN = O'M .d® 
But in the right-angled triangle MOO’: 


O'’M = Rsin 0 
thus: 
MN = Rsin 6 d® 
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on the other hand: 
aS. 
MQ = OM tan MOQ = Rd. 
ihus, with R= 1, 
do = sin 0 d® dé 
and the expression for gain becomes: 


4n7P mM 


mer Tas aes 
| i P(O, D) sin 6 dé d® 
0 Jo 


(1,10) 


Frequently we can put P(0, D) in the form: 


‘PO, ®) = pi(8) x p2(®) 
so that the relationship (1,10) can be stated as: 
AnP wy 


Gy mt tl. Se APR 
| PP) d® | P,(8) sin 6 dé 
0 0 


Most frequently the radiation is centred around a vertical plane and the 
aperture relative to ® is very small: the plane of maximum radiation can always 
be made to coincide with the plane xOz, for example, so that the energy is 
localized around ® = 0. On the other hand, in this plane it is more often con- 
venient to consider not 0 but its complement «, which is the angle with the 
direction Ox,* which can be horizontal. 


In these conditions: 
dd = da and sin 0 = cos «. 


The energy is always radiated above the plane (which, practically speaking, 
is the ground) so that Gy, can be written: 


4nP 
Gy = feel 


+. 6 +5 

{ P(®) ao] _ Pula) cos a da 
ae 3 

which is: 

4nP wy 


Ci ae (1,11) 
| Pp) d® Pi(%) cos a da 


* Ox refers to a movement along the x-axis from the origin O. 
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Eventually it will be seen that at UHF reflectors are frequently employed 
and then, if the illumination is uniform, p.(®) is written: 


2 
sin? E a® | 


PAD) re eae (1,12) 
To 

where 2a is the aperture of the antenna in the plane xOy. 

Take: 

2 
a a® = u, 
which gives: 
2a A 
du = —ad® or d® = — du 
A 27a 

+ 0 
| P(®) d® is now written: 

a ee ree AMSTEL ite 

i PA) d® = i ayes ES au | 
But: 
+0 qin2 
| sa u yom 
eee 
In absolute values the equation (1,11) becomes: 
G adie (1,13) 


M~ 7) Paid 
| Pla) cos a da 


The integral of the denominator can be calculated graphically from the 
radiation diagram in the plane xOz; the gain Gy, can then be deduced directly 
from the equation (1,13) which is also written: 


87a Pu 
Pepe er 
} Pila) cos « da 
0 


The equation (1,12) always corresponds to a case which is never realized in 
practice, so that equation (1,13) systematically gives exaggerated results. 

Measurements made on a large number of UHF reflectors have shown that 
the gain is approximated by the empirical formula due to Hersovici: 


Fi (1,14) 


L 
G = 1,000 —— 14 


In this relationship, L is the spread of the aerial in the plane where the diagram 
is narrow, / is the wavelength in centimetres if L is also in centimetres, and 6, 
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is the aperture of the width diagram expressed in degrees, for an attenuation of 
10 decibels below maximum radiation. Thus an aerial 6 metres across in the E 
plane, having a diagram in the H plane of 20° aperture at 10 decibels, will have, 
at 10 cm wavelength, a gain of 3,000. 

1.9.3 Validity of the two methods given above.—The calculation of antenna 
gain from the radiation diagram only tells what the order of this gain will be, 
the results obtained are generally optimistic. In fact it is very difficult to take 
into consideration all the minor lobes of the diagram, lobes which correspond to 
a certain power radiated which may in some cases be of significant proportions. 
On the other hand, if one moves a sensitive detector around the antenna a 
certain power radiated in all directions can be detected. This spurious radiation 
can correspond to an energy by no means negligible particularly in the case 
where the main lobe is very narrow. This continuous residual radiation is 
mainly responsible for the relative lack of gain of aerials of very large dimensions, 
even though the minor lateral lobes may be 35 to 40 decibels down on the main 
lobe. 

In general terms, the gains evaluated by (1,8) and (1,14) will be all the more 
precise when the antenna dimensions are fairly modest. However, the results 
of (1,14) must always be interpreted with prudence taking into account the 
simplified hypotheses of the calculations, and the fact that the beam is always 
very concentrated in one plane. 


1.10 RADIATION RESISTANCE 

A transmitting antenna radiates real energy; it can, therefore, in a certain 
measure, be compared to a resistance, and if J, is the effective current at a 
point M in an antenna and P, the total power radiated, the radiation resistance 
of the antenna at the point M will be given by Ohm’s law: 


y t 
R aS 


In general the current varies throughout the length of the antenna and it is 
convenient to consider the radiation resistance referred to the maximum 
current, that is to say at the current centre in the case where the antenna isa 
line. If J) is this current maximum, the radiation resistance referred to the 
current centre is: 


R== (1,15) 


But it has been seen in paragraph 1.4 that: 


An 
P,= | "P, 0) a0. 
0 
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This integral has to be evaluated. Go back to figure I-1 and apply the method 
of paragraph 1.4. 
It is known that: 


Ag 2a f(a 
{ P(6, ®) dQ = | | P(0, ®) sin 6 dd d® 
0 0 0 


so that the radiation resistance is written: 
] Qa Ca 
R=s { | P(6, ®) sin 6 dé d®. (1,16) 
Ign Jo Jo 


l.l1] BASE IMPEDANCE 


The base impedance of an antenna is the impedance presented to the line 
which feeds it, or to the matching device. The calculation of the base impedance 
is generally very complex. In the case where the aerial is a wire it can be com- 
pared to a loaded line, loaded at the current centre by the radiation resistance. 
Obviously this method is only approximate since all components of the aerial 
participate in the radiation, and only a localized resistance is being considered. 

A more precise method consists of calculating the E and 4 fields at all 
points of the antenna, and then to integrate them. It is then possible to know 
the real power and the reactive power at each point, and by integration to 
obtain the total resistance and reactance; by the same means the contribution 
to the total output of each part of the antenna is known. 

The calculation can be made in several ideal cases, and the results agree fairly 
well with practical experience. 

Unfortunately the equations are complicated and, due to the matching over 
a band of frequencies, the calculations must be made for various values of 
wavelength. Besides, many wide-band antennas present conditions which are 
far from ideal; under these conditions it is often quicker and more accurate to 
obtain experimentally the impedance values on a model. 

Finally, it must be noted that the base impedance of an aerial is a function 
of the objects which surround it. In the case of an array of identical antennas, 
the mutual impedances are added to the impedances of the antennas themselves, 
such that two antennas occupying different positions in the array have different 
base impedances. 


CHAPTER TWO 


The Optics of Electromagnetic 
Waves 


VA 


2.1 VARIOUS TYPES OF WAVES. PLANE WAVES 


When the propagation of a wave in free space, at a distance far from the 
source of radiation is studied, we are usually considering a plane wave although 
other modes of propagation exist. The equation for wave propagation is a 
second-order differential equation which permits several integral solutions, 
each solution corresponding to conditions with well-defined limits. Thus 
several types of waves can be considered, according to the conditions of the 
limits imposed by the physical existence of these waves. The types of waves 
most frequently encountered in the design of aerials will now be reviewed. 


if 


Ficure II-1 


The plane wave is the simplest type of wave, in which the wave-fronts, defined 
as having equi-phased surfaces at any given instant, are planes normal to the 
direction of propagation; figure II-1 represents a plane wave. 

If Oz is drawn to coincide with the direction of propagation, the electric 
field E will be shown by Ox and the magnetic field H by Oy: E and H are in 
phase in time and in quadrature in space. 
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At any given instant the amplitudes of E and H are related by the equation: 


where yw and « are the permeability and the dielectric constant of the medium 
in which the wave is being propagated. 

The velocity of propagation of the phase, i.e. the time required for the 
phenomenon to go from a point in the direction Oz to a following point where 
the phase has rotated by 27, is: 


eal 
Ve 


In these equations ¢ and uw can be written: 


Vv 


(2,2) 


E= €K,, b= UK m 


where €, and uy are specific constants of space. “ can be determined by measure- 
ments. It is found that: 


[4g = 47. 10~” henries per metre. 


€y is then deduced from the velocity of propagation with the help of the 
equation (2,2), this velocity being sensibly: 


jee cree aa kOe giVis. 
hence: 
Ey = 8-854. 10-1? farads per metre. 


This gives for a vacuum and, in practice, for air: 


ca [te 2070) 
A Eo 


which is near enough 377 Q. 

This quantity is sometimes called the impedance of free space (or a vacuum) 
because the product is in terms of an impedance: this is why it is expressed in 
ohms. It is very evident that this is a mathematical conception which cannot 
be translated into a physical property. 

Except for the case of ferromagnetic materials all the media with which this 
book deals will have a permeability sensibly equal to 4, such that: 


K,,=1. 


Further, K, is a dielectric constant relating by a ratio the properties of the 
medium to a vacuum: this is the value always given under the name of dielectric 
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constant. In these conditions, it will be seen that in a medium of constant K,: 


E Ne 1207 2,3) 
H iy /K, ( b) 

C 
y= Bg (2,4) 


The velocity having diminished, the wavelength which is the product of this 
velocity by the period, diminishes proportionally such that if we call the wave- 
length A, in vacuum, and 4, in the dielectric, then: 


(2,5) 


It will be noticed that for the plane waves that have just been studied the 
vectors £ and H are transversal with reference to the direction of propagation 
and have no longitudinal component; for this reason these waves are called 
transverse electric and magnetic (TEM). The propagation is effected without 
any attenuation, all the wave-fronts being in parallel planes; it follows that a 
flux of energy crossing a given surface always crosses the same surface, whatever 
the wave-front. It is obvious that such a type of wave does not exist physically 
in exactly this way; theoretically it is only capable of being realized at an infinite 
distance from a source, but in many cases we can consider that the waves 
studied are in fact plane waves to all intents and purposes, this being a great 
advantage in view of the simplicity of their structure. 


2.2 POWER CARRIED BY A PLANE WAVE 
The Poynting vector: 


Sa 
S=EXH 
represents the power carried by an electromagnetic wave per unit surface. 


In the case of a plane wave, E and 1 being in phase and orthogonal, Sis 
particularly easy to calculate. 


From (2,3): 

| eee 

= —— VK,E 

a 1207 ee 

which immediately gives: 
VK. 

= E|?. 2,6 
IS] = SEI 2,6) 


Thus the power density of the wave is proportional to the square of the 
electric field. If E is expressed in volts per metre, S is expressed in the equation 
(2,6) in watts per metre-squared. 


3 
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2.3 OTHER FORMS OF WAVE 

The plane wave is, in effect, a limit condition. Consider a source of energy 
radiating in an identical fashion in all directions in space. At a given instant, 
the wave-front will necessarily be a sphere with the source as centre. We shall 
then be dealing with a spherical wave. 

At a great distance from the source, if the behaviour of the wave on a surface 
x standing out as an area S on the wave-front is studied, then it is possible to 
- compare the latter to a plane, and consider that a plane wave is being dealt with. 
In particular, all the relations of (2,1) to (2,6) will be valid. 

It is clear that in practice an antenna always radiates spherical waves, the 
amplitudes being greater or smaller according to the direction if the antenna is 
directive. At a certain distance from the source (in practice, a few tens of a 
wavelength) the spherical wave can be considered in certain applications as 
plane, with the difference that it is attenuated during propagation, this being true 
irrespective of the distance from the wave-front considered as the source. 

Take a source radiating a power P, into space; in a certain direction it radiates, 
per unit solid angle, a power: 

P ok 


Aa 


K being a factor depending entirely upon the distribution of the radiation. 
This unit solid angle defines on a sphere of radius r a surface equal to r?, 
such that P is always the power radiated within a surface r?. When the wave-front 
is separated from the source by a distance equal to r the power density per unit 
surface is thus: 
T= Boh 


r2 arr? 


The intensity of the radiated power is therefore inversely proportional to the 
square of the distance.—This power density, being proportional to the square of 
the field, it follows that the field (EF or H) varies inversely with the distance. 
Thus an antenna giving a field of 100 wV/m at 10 km will give a field of only 
50 wV/m at 20 km and 10 wV/m at 100 km (this being considered in free space). 

In the immediate vicinity of the source, the arguments which have just been 
used are not valid because the wave cannot there be considered to be a plane 
wave. In fact, in the latter all the E and AH vectors are parallel to each other, 
whereas this property cannot exist on the front of a spherical wave. There exists 
therefore a profound difference of structure between the two forms of waves, 
a difference which cannot be neglected unless the radius of the sphere tends 
towards infinity. 

Spherical waves are not the only ones with which antennas must deal: there 
are types of antenna which employ cylindrical waves. 
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Consider, figure II-2, a linear radiating source SS’: such a source will for 
example be realized by an array of small identical dipoles all in phase, placed 
one after the other and all fed with the same power at the same time. 

Suppose, for the moment, that the array is infinitely long. Take a plane 
normal to SS’ and two elementary sources of the array A and A’, symmetrical 
with reference to this plane (this will be, for example, two of the dipoles). As- 
suming each of these two sources to radiate a spherical wave, now determine 


FIGURE II-2 


the field produced at a point M of the plane. The electric field of A is a vector 
E,, normal to AM. 

Likewise, the electric field of A’ is a vector Ej, normal to A’M: the global 
field is the vector E, situated in the plane OM by reason of symmetry. As A 
and A’ are in phase and AM = A’M, E, and £; are in phase and their resultant 
E is in phase with them: this property is the same for all the points M,, M,... 
such that AM = AM, = AM,...., 1.e. for all points where OM = constant. 
Thus the lines of equiphase in the plane normal to SS” are circles. Because any 
normal plane has been taken, the reasoning is equally true for any position of 
O on SS’, and hence it can be seen that the equiphased surfaces, i.e. the wave- 
fronts, are cylinders. Therefore it is said that the wave is cylindrical. 

Similarly to the spherical wave, the cylindrical wave is attenuated du.ing 
propagation, but the attenuation is less. Consider two points A and B in an 
array (fig. II-3) and the two planes normal to the array, cutting it at A and B. 
Let P, be the power radiated between these two planes, in a sector of angle « 
at the apex. The power density at a distance p from the array is: 

id 


e4 


~ surface MNPQ 


where MN and PQ are arcs of the circle, radius p. 
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The power density at a distance p’ from the array is: 


E,, 
surface M’N’P’Q"’ 


/ 


where M’N’ and P’(Q’ are arcs of the circle of radius p’. 


Ficure II-3 


Since NP = MQ = N'P’ = M’Q’, the ratio of surfaces is equal to the ratio 
of the radu, thus: 


Pa 
~ surface MNPQ’ 
TL’ mee I ae Ee. P ee 
a ‘~~ 5’ surface MNPO’ 
(surface MNPQ) x EU ctteihatae v 
p 
Thus: 
Lp 
Neier 2 


The power radiated diminishes inversely with the distance; thus the E and H 
fields diminish with the square root of the distance.—In practice it can be assumed 
that the radiation of an array is cylindrical when its length is equal to at least 
ten times the distance p. It is similarly necessary that p is not too small for the 
wavelength. 


24 POLARIZATION OF THE WAVE 


By definition, the plane of polarization of the wave is the plane of the vector 
E. If this vector is horizontal the polarization is said to be horizontal; it is 
vertical if E is vertical. Notice that this nomenclature differs from that used in 
optics where it is said that light is polarized in the plane normal to Fresnel’s 
vector, which is the £ vector of the electromagnetic light wave. 

The plane of polarization is often called the E plane, while the plane normal 
to the E vector is called the H plane. 
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When, at a given point in space where there exists an electromagnetic field, 
the E vector varies while remaining parallel to a fixed direction during one 
cycle of the wave, the polarization is called rectilinear, but this is not an absolute 
tule. If, for example, with the aid of some sort of apparatus, two synchronous 
electromagnetic fields of different amplitudes and directions are produced in 
space, out of phase one with the other, a field represented by a vector of which 
the summit describes an ellipse will be obtained. Then it is said that the polariza- 
tion is elliptical. 


FIGURE II-4 


The demonstration is relatively simple in the case where the two field com- 
ponents FE, and EF, are perpendicular (fig. IT-4); let: 


E, = acos ot 
E, = bcos (wt + ¢) 
The extremity of the resultant vector being M, can be written: 
y = acos ot, 
x = bcos (at + 9), 


x = bcos wt cos » — bsin at sin g. 
but: 


2 
coswt=~ and sinwt= rh — ae 
a a 


In using these values in the equation giving x, it is found, after calculation: 


2 2 2 
5 = — = cos p = sin® 9 
which is the equation of an ellipse having its origin at the centre. The angle 0 
between the axis of the ellipse and Ox is given by: 


2ab cos p 


tan 20 = Boe 
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The orientation of the ellipse thus depends essentially on and if the phase 
difference of these two field components is not constant the axis of the ellipse 
of polarization will itself rotate in space. 

Since two vectors making between them any angle can always be described 
in terms of perpendicular vectors, the above demonstration is a general one. 

Let us examine some special cases. 

If two field components are in phase, y = 0 and the equation of the curve is: 


then: 


This is the equation of a straight line; the point M thus traverses the length of 
a straight line, and back, over one complete cycle. The polarization is rectilinear. 
If the two field components are in phase quadrature, » = 7/2, and the 
equation becomes: 
2 


Vacs 
Ce 


The point M describes an ellipse of which the axes are Ox and Oy. A particu- 
larly interesting case is that where E, = E;, i.e. where a = b. We then have: 


ave + x2 =— q’, 


This is the equation of a circle; in this case the polarization is called circular. 
A circularly polarized wave is thus constituted by two equal perpendicular 
fields in space which have a phase difference of 90° between them. 

Antennas using this type of polarization will be considered later. 


2.5 ELECTRIC AND MAGNETIC FIELDS CLOSE TO A METALLIC 
SURFACE 


A metal plate is placed in space at a point where there exists an electro- 
magnetic field; the direction of the E and H vectors in the immediate vicinity of 
the metal surface will be found on the assumption that the latter is a perfect 
conductor. 

This simple supposition entails that the electric field E will be constantly 
perpendicular to the surface, or be zero on it. Indeed, since the surface is a 
perfect conductor no potential difference can exist between any two points, 
thus the field between any two points is always zero. 

If the electric field is parallel to the surface it must necessarily be cancelled 
out on it. 

If the electric field is perpendicular to the surface the presence of the latter 
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will not cause any disturbance in the distribution of the field in the vicinity of 
the point considered 

If the electric field forms a certain angle with the plane tangential to the point 
considered, the components of the field on this are zero and the field is normal 
to the surface in immediate proximity. 

A particularly interesting case is that where the surface is a plane placed in a 
part of space where a plane wave is being propagated. If the plane is placed 
normally to the direction of the electric field (it can then be said that it is placed 
in the H plane): it causes no disturbance to the propagation. If the plane is 
placed in parallel to the electric field (then described as being in the E plane) the 
field is zero on the entire surface and the disturbance created can be serious. 

The behaviour of magnetic field follows from that of the electric: as this is 
necessarily normal to the surface, it is the magnetic field, which is always normal 
to the E vector, which is in the tangential plane. 


FiGure II-5 


Therefore, on the surface, the two following conditions will exist: 
E, = 0, 
H,, = 90, 
where E, and #H,, are respectively the tangential and normal components of E 
and H. 


2.6 REFLECTION OF A PLANE WAVE BY A CONDUCTOR. THE 
PRINCIPLE OF IMAGES 


Study figure II-5, where a plane wave is being propagated in a direction 
making an angle of incidence i with the normal of a plane. Suppose first of all, 
that the electric vector E is in a plane normal to the surface (fig. II-5a). At the 
point O a part of the incident power is absorbed by the reflecting medium and 
the remainder is reflected in a direction OM. As the medium is a perfect con- 
ductor by hypothesis, no loss of energy can take place: the power absorbed is 
thus zero, so that all the incident power is reflected. This is a greatly simplified 
hypothesis which is nevertheless found to be very roughly true in practice for 
the case of well-conducting metals (copper, aluminium). 
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At the point O the incident electric vector is E,, normal to PO; the reflected 
vector is E,, normal to OM. As the incident and reflected powers are equal, we 
have: 

E, = E,. 


But at O the electric field is necessarily normal to the surface, i.e. directed 
along On. So that the resultant of E; and E, is along On when E; = E,, it is 
necessary that On shall be the bissectrice of the angle formed by the two vectors, 
in other words: 


= &, 


Since by construction «; and «, are the complements of i and r, it may be 
deduced that the angle of incidence is equal to the angle of reflection. This is 
one of the fundamental laws of optics. 

Also, the vectors E; and E, are in phase: the reflection therefore takes place 
without any change of phase. 

In the direction OM, it is clear that the ray OM appears to emanate from the 
point P’, symmetrical with P in relation to the plane of reflection. P’ is known 
as the image of P. In this case P’ and P are in phase so that E, and E, are also. 

Thus, in a case where a source is reflected by a plane normal to the plane of 
polarization, the effect is as if there were a second identical source symmetrical 
with the first one in relation to the reflecting plane, and in phase with it. 

Now consider the case where the plane of polarization is parallel to the 
reflecting plane (fig. II-5b). Since E; is parallel to the plane, at the point O the 
vector E; is contained in the plane; but it is known that there cannot be any 
component £ in this plane: it is in this way that the reflected ray is such that 
E, is equal and opposite to £,. 

So that it may be so, it is necessary that there is phase opposition between 
the incident wave and the reflected wave. The reflection takes place with a 
change of phase equal to =. 

Furthermore, the normal component of the magnetic field is zero. Since 
H, = H,, it is necessary that a, = «,: the angle of incidence is thus equal to the 
angle of reflection. 

Thus, in the case where a source is reflected by a plane parallel to the plane of 
polarization, the effect is as if there were a second identical source, symmetrical 
with the first in relation to the reflecting plane, and in phase opposition to it. 


2.7 REFLECTION BY A DIELECTRIC 


Having just examined the behaviour of a plane wave in the presence of a 
metallic surface it has been seen that the wave is reflected. 

A case no less important is that where a wave meets a dielectric, either by a 
sheet of the material forming an obstacle in the path of propagation, or by the 
abrupt change from one medium to another. In all cases a proportion of the 
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incident energy is reflected as previously, while the remainder continues to be 
propagated in the second medium, giving rise to a refracted wave. 

First of all examine the simple case where a wave arrives normally to the 
plane of separation of the two media (fig. II-6). 


To simplify the nomenclature, take as the direction of propagation the axis Oz, the E 
vector being in the direction Ox, and the H vector in the direction Oy. 


FiGure_ II-6 


Let ¢, and €, be the dielectric constants of the media (the medium 1 being taken as the 
left of yOx, and the medium 2 to the right); the indices of the media are: 
N= Vey and Ng = Vé 
These indices have the same significance as the refractive indices in optics. If the 
components of EF and H are considered then, at a distance z from the origin of the wave 
in the medium (1): 
ic = gele—if iz, 
E, = 0, 
in designating by a the amplitude of the incident field, and by §, the quantity 
B, = 27/A,, 4, being the wavelength in the medium (1). But, from (2,5), we have: 


2nV ey 
Bh 
E, =aedi“e ~ %o 


which becomes: 
E,, = aeie—iBonz, (2,6) 


The value of the magnetic field is taken from the equation (2,1): 


H = Eve =nE, (2,7) 
which gives for an incident wave: 

H, =0 

H, = n,aei%e—iPomz, (2,8) 


In the medium (2) the wave continues to be propagated in the same direction Oz 
with an amplitude a’, such that: 

Ej, = a’el\le— iBone (2,9) 

He, = ma ele sions. (2,10) 


Finally the reflected wave returns on itself in the medium (1) and it follows that the 
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values of z are changed to —z, giving for E, calling the reflected amplitude a’: 
EB" = a’eimteibomz, (2,11) 
For H the change in direction of propagation engenders a reversal of the vector such 
that: 
eh es —nja’es%elPor2, (212) 
To find the relations linking the amplitudes it is sufficient to notice that at the 


separation surface of the media the fields transmitted are necessarily equal to the sum 
of the incident and reflected fields, such that, for Z = 0: 


| be iad Deke iy Si 
Hi = Ai. 
The relations (2,6) to (2,12) then give: 
a’ei%t = geirt + g’eivt 
and: 
nna’ = nad — na’ 


thus: 
a’ oss a + a’ 


na’ =n, (a — a’). 
In calling n the refractive index of the second medium in relation to the first: 


Ng 
n= — 


rar 9 
Gn 
where n, and n, are respectively the indices of each medium, i.e. the square 
roots of the dielectric constants, it is found that, in calling a the amplitude of 
the incident wave, the amplitude of the transmitted wave is: 


2a | 
ne 2,13 
Aarne (2,13) 
and that the amplitude of the reflected wave is: 
ml 
‘= — 2,14 
a Farah (2,14) 


It will be noticed that it is possible, as with the theory of transmission lines, 
to obtain the coefficient of reflection: 


ha (2,15) 
a 
which gives: 
n— | 


{eae (2,16) 
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The portion of power reflected is thus: 
tl 
een) 
and the portion of the power transmitted: 
n—1|? 
1—|2— 7). 
cia 
Thus, in general terms, the placing of a plate of thick dielectric in a field will 
cause a reduction of power transmitted, partly due to losses in the dielectric 


FIGURE II-7 


(neglected in the above considerations), and partly due to the reflection of a 
part of the incident power. The above equations cannot however be used in the 
calculation of losses by reflection because if a sheet of dielectric is placed in air, 
there is first of all an initial reflection at the air-dielectric interface, then a second 
at the dielectric-air interface. 


2.8 OBLIQUE REFLECTION AND REFRACTION. FRESNEL’S 
EQUATIONS 


In the case where the ray strikes the surface separating the two dielectrics 
obliquely, the situation is more complicated, and the amplitudes of the reflected 
and refracted waves vary with the angle of incidence. They are given by Fresnel’s 
equations. 


Only the index x relating the one medium to the other will be introduced into the 
reasoning in order to establish these formulas. The medium above the plane xOz 
(fig. II-7) will be designated by (1) and that which is situated underneath by (2). 
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Along the length of a ray, for example the incident ray PO, the vibration (E or H) is 


of the form: 
A= Ale Ven, 


s being the distance from any point M to the origin of the phases, which may be 


arbitrary. 


Call i the angle of incidence: then s as a function of x and z will be found. In 


dropping a perpendicular from N to PO the following obtains: 
MO = MH + HO, 
HO = ONcosi = zcosi, 
MH = MNsini = x sini. 

from which, in using s for the length MO there arises 


S=xsini + zcosi. 


The point M being taken as the origin of the phases, it can be written. 


Ay aid A,eie —jB(x sin t + z cos 2) 
Similarly, along the refracted ray OP’: 


A; a Ajele — 38 sin r + 2 cos r)n 


Finally, along the reflected ray OP’, taking into account the direction: 


A, mes Ape iP@ sin 7’ — z cos 7’) 


(2,17) 


(2,18) 


(2,19) 


To find the relation between the three waves, it is sufficient to notice that the com- 


ponents of the fields at the separation surface are continuous. 
It is also found that: 
sini = sini’ =nsinr, 


which follows from the reflection and refraction laws. 


(2,20) 


There are always two cases to be considered, one where the E vector is in the plane 
xOz (polarization in the incident plane), and one where the E vector is parallel to the 


xOy plane (polarization parallel to the plane of separation). 


Take the first case. E has no component along Oy, and # has only one component 


which is along Oy. Therefore, at point O: 
ae = F,+E, 
Hy = H, + Ay, 
from (2,17): 
En\==a COS i elle —if(@ sin ¢ + z cos 4) 
a — gei%™e—jh(x sini + z cos 7) 
since in medium (1), there is n = 1 by definition. 
From (2,18): 
Ej, =a’ cos rei%e—ifnla sinr + z cos r) 


He ia na’ei%e—isnlx sin r + z os 7) 
and from (2,19) andi =?’: 
E; = aq’ cos i ele —ib(e sin 7 — 2 Cos 7%) 


Hy aa —q"eirvte —ib(x sin? — z cos t), 
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The negative sign arising from the direction of propagation, as the figure shows. For 
z = x = 0 the above relations give: 


(a + a’) cosi =a’ cosr and a-—a =na’ 
or again, from (2,20): 
cos r sin i 
a+a’ =x’ — and a—a’ =a’ —. 
cos i sin r 


From these two equations, after the appropriate transformations, Fresnel’s equations 
can be deduced. 


These equations are, in the case where the E vector is in the plane xOz: 
2 cosisinr 
a’ = a——_________ (2321) 
sin (i + r) cos (i — r) 
tan (i — r) 
tan(i +r)’ 
An analogous calculation for the case where E is parallel to the plane of 
reflection leads to the second group of Fresnel’s equations: 


" 


(2,22) 


2 cosisinr 
(Fy sh eee 2.25 
sin (i + r) Cre 
sin (i — r) - 
Die) a Dera 
aa Tan a 


where a is replaced by b to distinguish the two cases. 


2.9 INTENSITY OF REFLECTION. BREWSTER INCIDENCE 

It is interesting to note how the intensity of a reflected wave varies when 
the angle of incidence varies: this can be done by examining the variations from 
a"/a and b’/b as a function of i. 
_ First consider the case where medium (2) is more highly refracting than 
medium (1), i.e. where n> 1. 

(2,22) and (2,24) give us: 


a” WEN ea a bY ss sin (i — r) 


ian (or). hie) singer): 


When a progressive passing is made from normal incidence to incidence at an 
angle, 1.e. as i varies from 0 to 7/2, r varies from 0 to a maximum value given by: 


e ° TT 1 
ny. sin — = It 
nsinr, 5 
which is: (2,25) 


; ] 
n 
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For i = 0, the equations are of the form zero over zero and the calculation 
of the true value gives: 
Googe n— 1 
a Beat 
which is the equation (2,14) for normal incidence. 
Ford. — 772, then: 


a” UNE fan(mj2—r) -  cotr, — 4] 
a tan (7/2 + r,) —cotr; 
and 
bt ee sin(7/2—r,) cS eave 
b sin (7/2 + r;) COS I; 


It is thus easy to see that the ratio b”/b always retains its sign, i.e. in the case 
of a wave of which the E vector is parallel to the separation plane, reflection 
always takes place with a phase change of 7. 

In the case where the E vector is in the plane normal to the separation plane, 
there is a change of sign and the change can only take place at the cost of a 
cancellation of a”/a: this cancellation takes place when the denominator becomes 
infinite, i.e. for: 

itr=7/2, 
being, for a given angle i,: 
sin rp = COSip 


as 
sin ip = nsinrp, 
it becomes: 
sinip _ Rene 
i 
and: : 
tanip = 7. (2,26) 


The angle i, is called the Brewster incidence: it is the angle of incidence for 
which the reflected wave is zero. It will be noticed that the phenomenon exists 
only if E is in the plane normal to that of separation. 

If the position of the E and E” vectors is examined in this case, it is seen that 
these two vectors are always in opposing directions, as in the case where E is 
parallel to the plane of reflection. The change of sign comes from a change of 
relative sense as shown in figure II-8. 

Figure IJ-9 gives the variations of the power of the reflected wave for the case 
of passage from air to perspex which has a relative index n = 1°5. 
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FIGURE II-8 FIGURE II-9 


2.10 ROTATION OF THE PLANE OF POLARIZATION BY 
REFLECTION OR REFRACTION 


The vector E may form any angle with the plane which is normal to the plane 
of separation. If this angle is 6, we can always break down E into two vectors, 
one of which is situated in the normal plane having an amplitude: 


a= Ecos 6, 


the other being parallel to the plane of separation with an amplitude: 
b = Esin 0. 


Each of these two components will give rise to two refracted components, 
a’ and b’ and to two reflected components a” and b”. As these relations a”/a, 
b"/b, a’/a, b'/b are different, then: 


A 


TS NAR 183 

Rr: 

which is equivalent to saying that the angles 6 of the refracted and the reflected 
EF vectors will be different from the angle 6 of the incident E vector. 

Thus, equally in refraction and reflection, there is a rotation of the plane of 
polarization of the wave. The value of this rotation is easily deduced from 
Fresnel’s equations. 

If the incident wave is circularly polarized the equality of the two components 
will be upset, and both the reflected and the refracted waves will have an elliptical 
polarization. 

If the incident wave is elliptically polarized the refracted and reflected waves 
will be likewise elliptical, but the three ellipses will be different. 


In the special case of an elliptically or circularly polarized incident wave 
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arriving at the Brewster angle, the refracted wave will present elliptical polariza- 
tion while the reflected wave is polarized rectilinearly in a plane parallel to the 
plane of reflection. 


2.11 TOTAL REFLECTION 7 


Up to now the passage from a medium less refracting to another more 
refracting has been considered; but the inverse can equally well be encountered. 
Thus when a wave passes through a sheet of perspex, it passes first of all from a 
medium of coefficient 1 to one of 1:5, then from a medium of coefficient 1-5 
back again to 1. 

In this case the relative coefficient 7 is less than unity. 

The law of refraction, 


sini=nsinr 
shows that for: 
sini>n 
we must have: 
Si fils 


which is impossible. 

Under these conditions there is no refracted ray, and all the energy is reflected 
towards the interior of the medium (1), which here is the more highly refractive 
medium; it is then said that total reflection takes place. 

It can be shown that the quantities a” and b” of Fresnel’s equations are 
complex quantities and can thus be written: 


q’ ae VAL el? ; b” Bas B’ el? 


Ifa = 0 or b = 0, ie. if the incident wave is polarized in the normal plane or 
in the plane parallel to the separation plane, the reflected wave is polarized 
rectilinearly since only a” or b” exists, but there is a rotation of the plane of 
polarization. ie 

If one of these two conditions is not fulfilled, a rectilinearly polarized incident 
wave will give a reflected wave having elliptical polarization due to the phase 
difference (y, — ,) between b” and a”. By a suitable choice of the coefficient 
and the angle of incidence it is even possible to obtain a circular polarization 
from a rectilinear: this is what is done in optics under the name of Fresnel’s 
parallelepiped (n = 1-51, i = 54°37’). 
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CHAPTER THREE 


Vertical Antennas 


Mes 


VERTICAL ANTENNAS are used for both transmission and reception on the 
medium and long waves. Such antennas consist essentially of a thin wire 
carrying a standing-wave, the calculation of their behaviour being fairly easy 
provided we make certain simplified assumptions. 

The most important hypothesis being that the distribution of currerit is 
sinusoidal along the wire; such a supposition is absurd since if the current was 
sinusoidal there would be no attenuation, thus no radiation. However, the 
results thus obtained agree fairly closely with measurements, to such an extent 
in fact, that the degree of error is acceptable for all practical purposes. 

After having given the theory of the radiating wire some practical examples 
and some types of tower (pylon) aerials will be examined. 


3.1 RADIATION OF AN ELEMENTARY DIPOLE 


The field of an elementary dipole (a wire of very short length, carrying an 
e.m.f.) has been calculated by numerous authors and the results obtained are 
well known. With the notations of figure III-1, we can express the field at a 
great distance: 

E, =0 
—jkR | 
l 


e 
= 160 7Jsin@. 
E, = j60 w J sin | 3,1) 


Re 


ag BS 
Hy = jz sing 


where the symbols have the following significance: 
E,,: radial component of the electric field. 
E,: tangential component of the field, normal to the direction of propagation 
and situated in the plane containing the dipole. 


4 
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Hg: tangential component of the magnetic field, normal both to E, and to 
the direction of propagation. 
k: nla 
I: length of the elementary dipole. 
I: current in the dipole. 

If the current is expressed in amperes, E, is expressed in volts/em, with /, A 
and R in centimetres. 

An examination of the above equations shows that: 

1. The electric field and the magnetic field are in phase in time, in quadrature 
in space, and have no component in the direction of propagation; on the other 
hand they undergo a retardment of phase equivalent to the electrical length of 
the path (exponential term). These are the characteristics of a TEM wave 
propagated in free space. 

2. The amplitudes of the two fields have a constant ratio of 1207. This, 
we know, is the intrinsic impedance of the medium in which the wave is propa- 
gated (in this case in vacuum or air). 

3. As a consequence of the above, study can be confined to either E, or Ho. 
It is customary to consider the electric field, and therefore this is the only one 
which shall here be considered in determining the radiation. 

4. E, is situated in the plane of the dipole; the polarization will be called 
rectilinear and, in the plane xOy, this polarization is parallel to the dipole. 

5. The field decreases in inverse proportion to the distance; it is proportional 
to the current J and to the length of the dipole expressed in wavelengths (//A). 
Other conditions being equal, a wire 2 m in length working at a wavelength of 
500 m will radiate the same field as a wire 2cm long working at a wavelength 
of 5 m. 

6. As a function of the coordinates of M, E, depends only on the angle 0, 
the angle between the direction of the dipole and the direction of the radiation 
being considered. The radiation diagram is thus a revolution around Oz: the 
figure (III-1b) gives a cross-section. This diagram is consequently a torus with 
zero interior radiation. The field is therefore zero in the direction of the wire. 

Basing our considerations on this diagram it is possible to calculate the 
gain of the dipole in relation to an isotropic source. 

The gain in a direction (0, D) is given by the relation (1,1), which is: 


P(O, ®) 
P.J4a 


G(6, ®) = 


and the gain in the ‘maximum’ direction (in this case the xOy plane is: 


= 47P max 


P 


G (3,2) 
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The powers being proportional to the squares of the fields the power in a 
direction 0 is, from the equation (3,1): 
Peet ina SIN 
such that (3,2) is written: 


(pal ee 
| |e sin? 0 dO d® 
0 Jo 


because: 
dQ = sin 6 d0 d®. 


FiGure III-1 


In noticing that the integral of the denominator is equal to: 


= 7Pmax 9 


3 


ATER ve 
87Pmax 


| Ge ods | (3,3) 


The radiation resistance of the system from the equation (1,16) can likewise 
be calculated, giving: 


Ga 3°<« 


thus: 


20 (7 
R=nl| | re. ®) sin 6 dé d® (1,16) 
Io 0 0 


Now the power radiated in a direction (0, ®) must be calculated. This power 
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is determined by Poynting’s vector, from the relation: 


> 


1 — > 


where R, indicates that the real part of the vectorial product is taken. As the 
two vectors are normal, then, from (3,1): 


1 
Modulus |E x H*| = 307/? sin? 0 (1)? —, ~aRe? 
which gives: 


2 
[S| = 15aI? sin? 6 Re 

Here two things must be noted: 

(a) |S| expresses the power radiated by unit surface, integration being over 
the surface of a sphere of radius R; calculations on the basis of |S| however, must 
not be made, the power density per unit solid angle is used, i.e. multiply [S| by R?. 

(b) The current J indicates amplitude, whereas in (1,16) J, expresses the 
effective value, thus: 

Lene 
such that finally: 


2 
P(6, ®) = 307/12 sin? 0 = 
In terms of (1,16), it becomes: 
30712)? 
R, = a i “a0 | sin 6 dd, 
16 


Reiss 2 
20m 5 x Bias 


ie | 
Ro — 8077 72 (3,4) 


This equation expresses the radiation resistance in ohms, at the point of 
maximum current, of a dipole of length / in free space. 


3.2 FIELD OF A VERTICAL WIRE 

To calculate the radiation of a vertical wire in the presence of the earth 
apply the principle of images explained in paragraph 2.6. The aerial being 
vertical (fig. III-2) the field radiated is situated in the plane normal to the plane 
of reflection, and the source and its image are in phase: the distribution of the 
currents is thus that which is indicated on the figure. 


VERTICAL ANTENNAS 37 


This situation is exactly that which would exist for a wire 44’, symmetrically 
excited at its centre by, for example, a two-wire feeder. The radiation diagram 
of a vertical wire of length / above earth will therefore be the same as that of a 
wire of 2/ suspended in space. 

It is easy to see that the impedances at the feeding point of the vertical aerial 
_ will be half those of a free wire in space: indeed, the earth can be considered 
as the centre point of a symmetrical system such that the wire-to-earth voltage 
is half of the wire-to-wire voltage in a symmetrical system. | 

Therefore the field of a vertical wire can be calculated: it is enough to consider 
the aerial as consisting of a number of elementary dipoles of length: 


L=—"d7 


Take, figure III-3, an antenna formed by a stretched wire. O, the centre of 
this antenna, will be taken arbitrarily as the origin since it is the centre of elec- 
trical and geometrical symmetry. Let M be a point sufficiently far away such 


M 
A 
rans as: y 
Pi 
or j 
B | 
- ; M 
ee ee j 
\ 7) 
Lex 4 
a 2) \I 
| oy 4 
A’ aad! 
FiGure III-2 FiGure III-3 


that all the lines joining M to different points of the aerial can be considered as 
parallel. 

Consider two points of the antenna, P and P’, symmetrical relative to O. 
In P and P’ there are two elementary dipoles of length dz: the electric fields of 
these dipoles are both in the plane (OP, OM) and are both normal to OM. 
These fields are therefore along the same axis in M, and can thus be added 
algebraically. 

On the other hand there are certain effective differences between the ray 
issued from O and those issuing from P and P’, and these differences are shown 
by differences of phase for the fields at M due to O, P and P’. From the figure 
III-3, it is seen that the path PM is shorter than OM, and that, in putting: 


OM=R 
PM = OM — OH = R— z cos 68, 
PM’ = R + zcos 0. 
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If the currents in P, P’ and O are in phase and of the form: 
Les 
the field due to the dipole P is: 


e —ik(R—z cos 8) a 
dE, = j60z/, sin 06 ———————— e!*"d 
Lea route A(R — z cos 6) < 


and the field due to the dipole P’: 


e IMR +z cos 6) 


' = j607/, sin 0 ——————_ e!” dz 
dE, ee Tg ami aR & 


As the effective values or the amplitudes are the points of interest the factor in 
(wt) may be ignored while remembering that it is understood. 

In the denominator z cos 0 is negligible in comparison with R, and AR can 
be written. This cannot be done in the case of the exponential factor as this is 
a matter of phase: R gives a large number of revolutions, but for the composition 
of the vectors it is only the last revolution which counts. 

The field of the group P — P’ will be: 


dE = dE, + dE, =j = L, sin Ofes rs 70089) Sg CR zsco8 Oh Raz 


In factorizing e—*” and bringing out the cosine, it becomes: 


e ikk 


dE = 1120 
SPER 


sin 6F, cos (kz cos 6) dz (335) 
If a sinusoidal current distribution in the antenna is assumed (fig. TI-4) 
and (a) is called the distance from the first current node to the point O, then: 
[, = I, sin k(z — a), (3,6) 


where J, is the amplitude of the current. 
Relating (3,6) to (3,5) the expression for the field F is found: 


e ikk 
E = j120mh, 


l 
sin 0 | sin k(z — a) cos (kz — cos 8) dz (3,7) 
0 


This is a general equation; it presumes a sinusoidal distribution of current 
symmetrically about a mid-point. Notice that this configuration implies the 
existence of an angular point at O, except in the case where this point is itself a 
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current maximum. The current at the extremity of the wire is not necessarily 
zero. This can be realized in practice. 
The calculation of the integral of the relation (3,7) gives us an expression for 
the field: 
—jkR 


Fee 60a = a: sind 


3,8 
E k[( + cos 0)]— a] — coska | cosk[(1 — cos 6) 1 — a] — cos _ So 


k(1 + cos 8) k(1 — cos 6) 


This general equation gives the field of any rectilinear antenna, having a 
length / above earth, or a length of 2/ entirely suspended in space. 


| 7 
LZ 


FiGure_ III-4 Ficure IliI-5 


If, as an example / = a = 4/4 in (3,8) the field of a quarter-wave earthed 
antenna is obtained or that of a half-wave antenna entirely suspended in space. 
This field is: 


17 
ecikR Cos (5 S CO 0) (3,9) 


Shop ieee R sin 0 


It is a practical convenience to imagine the sinusoidal distribution of current 
in the aerial as progressing to zero, after the extremities of the wire (fig. III-5): 
thus the current at the extremities of the antenna can be defined in terms of a 
fictitious electrical length B, such that: 


QI 
B=kl' = — 
kl 7 
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From the figure: 


Veiay ap aly) 
hence: 
Qnl’ 2nwl 2na 
a Nene TL Ms each A FOE 
A A A 
or 
a —-B=A—ka (3,10) 


The factor between the brackets of (3,8) is now written: 


cos[A(1 -- cos 0) — ka] —coska | cos[A(1 — cos 6) — ka] — cos ka 


eg k(1 + cos 0) k(1 — cos 6) 


Replacing ka by its value taken from the relation (3,10): 


F(9) = Pelt a 
a 1 + cos 0 
| Se taw | ta 
1 —cos 0 2a 


which becomes after various manipulations: 


A 


= — ——— Ge 
F(6) Aca G cos (A cos 0). cos B 


— cos 9 sin B sin (A cos 0) — cos (A+ a) 


This expression, in terms of the formula (3,8) gives: 


E = j601, —-.— | 
Resting = (3,45) 
[cos B. cos (A cos 8) — cos 9. sin B. sin(A cos 8) — cos (A + B)] 


Remembering that if J, is in amperes and R in centimetres, the field E is found 
in volts per centimetre. 

It is easy, starting from the relation (3,11) to calculate the field of an antenna 
near to earth: it is sufficient to make 0 = 7/2, which gives: 


60], _.; 
E, =j ae les B—cos(A + B)]. (3,12) 


These equations are simplified in the case where the antenna is not loaded, 
i.e. the case where the current is zero at the extremities. We then have B = 0, and 


E = }60f, _ gos (A cos 6) — cos A 


sin 0 Ci 
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The field at earth is therefore: 


nOOlG k . 
Ey =j aa e—#R (1 — cos A) (3,14) 


From these equations it is possible to draw the radiation diagrams of vertical 
aerials. These diagrams depend only upon @: they are therefore made by re- 
volving around the axis of the wire. In the case of an unloaded antenna (B = 0) 
they always give a maximum in the direction of the horizon (0 = 90°), and the 


ANS 
\\S<S 
BARS SNe 


30-40 Sane aaa 80 30 (2-6) 
Ficure III-6 


value of this maximum is given by (3,14). If (3,13) is divided by (3,14), the maxi- 
mum of the field will always be referred to 1 and it will thus be easy to compare 
the appearance of these diagrams obtained for different values of A. 

Figure III-6 shows the variations of: 


cos (A cos 8) — cos A 


BP oe) 
sin 0(1 — cos A) ry 


F(0) = 
thus obtained. 

It can be seen that, up to 180° (J = //2) the diagram gives a single lobe with a 
zero in the direction of the wire. Beyond 180° a secondary lobe appears as the 
antenna is raised, and increases in importance as the height is increased, while 
the original zero of the diagram becomes more and more in line with the horizon. 

Loading the antenna (B ¢ 0) increases the tendency for secondary lobes to 
appear as the antenna is raised: in other words, at a given height /, a loaded 
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antenna will have a diagram similar to that of an unloaded antenna whose 
length is greater than /. This is illustrated in figure HI-7 drawn for an antenna 
of electrical height: 

Aly hS0. 


For an imaginary length B of 45° it is observed that the diagram approaches 
that of an antenna of height: 
A100 


while for a value of B = 80°, the diagram approaches that of an antenna with a 
height in the region of 220°. 
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FiGure III-7 


This subject will be returned to in dealing with anti-fading pylon antenna and 
T-antennas. 


3.3 IMPEDANCE AT THE BASE OF A VERTICAL WIRE 


There are two methods of calculating this impedance: 

1. The antenna is regarded as a line, the radiation resistance at the point of 
maximum current is calculated from the equation (1,16). 

This resistance is referred to the base of the antenna. As far as the reactance 
is concerned, this is equal to that of an open line of length /, of impedance 
characteristic Z) equal to the characteristic impedance of the wire, loaded by 
the radiation resistance uniformly distributed. 
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2. The electric and magnetic fields are calculated in the proximity of the 
antenna from the equations: 


1 5A 

—> 

E = —erad © —— —, 
ere Cot 

> — 

A= cuarl’A; 


where ® and A are respectively the scalar and vector potentials. 


=> > 

E and H being known on the wire itself, the induced e.m.f. can be found 
and, knowing the current, the impedance of the wire can be calculated. 

The calculation of the radiation resistance at the current maximum from the 
first method has been done by Van der Pol for the case of an earthed antenna 
similar to figure ITI-5. He found: 


R, = 30{sin 24|* a Ley 04) | | 
+ (1 + cos 2G)[I + log (24) — Ci (24)] \ (3,16) 


cos 2G 
% 


[T+ log (4A) — Ci (4A)] + sin? ee — 1 |lohms 
where Si and Ci are the sine and cosine integral functions, and where I’ = 0-577 
is Euler’s constant. 

The resistance referring to the base can easily be calculated from the equation 
(3,16). 

The current at the base, J,, is taken from the relation (3,6) in which z = 0, 
which gives: 

I, = I, sin (—ka) = I, sin (7 + ka); 
but: 
G=ar-+ka 

such that: 
Tl sinnG: 


If R, is the resistance referred to the base, then: 


1 1 
5 Rut = 5 Roll 


neglecting the ohmic losses in the wire, it follows that: 


To Ro 


eee oe op) 
Se isin? G: Sea 


R, =k 


Figure III-8 gives the value of Ry taken from (3,16) as a function of A and of 
B for an antenna at earth level. In the case of an antenna suspended in space, 
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of length 2/, it is necessary to double the values. Thus for a quarter-wave 
vertical antenna at earth level, the resistance Ry is 36-6 ohms. For a half-wave 
antenna in space this becomes: 


Dex 01G; 0132.02 


Knowing Ry the equation permits the calculation of R. 
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The calculation of this last value has likewise been made by Labus from the 
second method in the case of an unloaded antenna: the results are identical. 
But this method also allows the calculation of the reactive term; in the case of an 
unloaded antenna of length 2/, suspended in free space, Labus found: 


ION ~60| 2 ieee — log A—TI'+2CiQA) — Gi (44) | cot A 
p 


Si (4A) Si oa 
h 

i 2 sinzAJo 
p being the radius of the wire. 


(3,18) 


— Si 24) | (cot? A — 1) — 
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This gives an inductive reactance of 42:5 ohms in the case of a half-wave, 
which means to say that the antenna should be tuned by capacitance. Note, 
here, that the value found is independent of the diameter of the wire (since for 
2] = 4/2, A = 7/2, cot A = 0) which is in contradiction with the theory of 
transmission lines. Later it will be seen that for an antenna which is not too 
long, the two theories give results which are in agreement. 


3.4 SHEET ANTENNA FOR LONG WAVES 

For transmission of the longest radio-electric waves the antenna consists of a 
vertical wire radiating a vertically polarized field. In view of the wavelengths 
used (1,000 to 20,000 m.) the height of the wire is always very small compared 
with the wavelength A, and the above equations are simplified. 

In fact, if the antenna is not loaded it behaves sensibly as a dipole of a height 
h = 1/2, such that the equation (3,4) is written: 

2 


h 
Ry = 160n? B19) 


since the impedance of a vertical wire is half that of a wire in space. 

But this is on the assumption that the current is constant along the length of 
the antenna as in the dipole. In fact, due to the sinusoidal variation of current 
the resistance Ry is smaller, but it can always be written: 


Ry = 1602 (3,20) 


with: 
het <h 


her is called the effective height of the antenna. Naturally this height should 
approach as nearly as possible / and for this a constant current along the length 
of the vertical wire must be obtained: it is therefore helpful to load the antenna 
such that the current is not zero at the top. 

The most suitable method is to load capacitively by a sheet of horizontal 
wires, this giving the system shown in figure III-9. The sheet of wires is carried 
by metal pylons as high as possible, (to increase /) and the radiating portion is the 
vertical section which may consist of one or a number of wires which need only 
be approximately vertical. The sheet is insulated from the pylons by insulators 
which must support the very considerable weight of the system. 

The height of the antenna being very small compared with the wavelength 
it can be considered that this is reduced from the point of view of reactance, 
to the capacity of the sheet, and the feeding of this antenna is achieved by tuning 
the antenna with inductance which resonates with the capacitance of the sheet. 
From the point of view of circuit, the vertical portion of the antenna is a simple 
connection along which flows the resonant current due to the antenna inductance 
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and the capacitance of the sheet. Due to the smallness of h compared with a, 
the current is sensibly constant along the length of the vertical portion of the 
antenna. The major disadvantage of the system is that the wires carry the voltage 
appearing at the terminals of the antenna inductance, this voltage always being 
considerable. 


Insulator 


Ficure III-9 


Such installations call for great care regarding resistive losses. Indeed, the 
antenna current encounters: the radiation resistance Ro, the resistance of the 
inductance R,, the resistance of the sheet and of the vertical portion of the an- 
tenna R,, the resistance of the earth R,, and finally a real component R,, due to 
mutual coupling between the pylons and the antenna to which may be added the 
insulator losses R, and those of the guy-wires represented by R,. If W, is 
the power supplied by the transmitter, and if J is the effective antenna current, 
then: 


Wa [RoR aah eee eee ore le 
while the useful power radiated, Wz, is: 


The efficiency of the system is thus: 
Ro 
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uf 

It is therefore necessary to reduce all resistances other than Ry to a minimum, 

while raising the latter to the highest possible value. This may be done by 
increasing the effective height. 

The inductive losses are reduced by using very high-Q coils: thus in a station 

of 500 kW the antenna loading inductance was made up of a cable of 120 mm. 
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in diameter in the form of atorus made bya hundred smaller cables each of which 
were in turn formed of toruses of separate wires; the magnification factor was 
greater than 1,000 at a wavelength of 20,000 m. The losses in the wires are 
reduced by using cables as thick as possible, but the weight and the wind resis- 
tance are serious limitations. There should, however, be no hesitation in using 
wires of a large diameter since, due to the very high voltages encountered, there 
is always the danger of corona losses. 
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Ficure III-10 


The losses in the pylons can be reduced by insulating them from the earth; 
in some stations the pylons have been mounted on granite blocks giving a 
certain measure of insulation. Lightning-conductors must also be included in the 
construction. If the pylons are guyed, the guy-wires must be broken up by 
insulators to prevent large currents being induced and thus producing further 
losses. 

The insulator losses depend upon the quality of the dielectric which must 
clearly be chosen with a loss angle as small as possible. 

The earth resistance, which often represents an important proportion of the 
total resistance, must be reduced to a minimum by metallizing the earth under 
the sheet and in the near vicinity, This is done by means of zinc or copper strips, 
the resistance of the latter being more favourable but the price being greater. 
Copper wires are also used, having diameters of 2 to 3 mm buried at a depth of 
30 to 40 cm in grooves cut with a plough. A technique often used is to combine 
the wires and copper strips, the latter collecting the currents circulating in the 
wires; under the effective part of the sheet the wires can be replaced by strips 
whose size corresponds to intensity of the currents. 

In order to reduce the resistance to an absolute minimum it is necessary to 
pay a great deal of attention to the connections between the wires and strips. 
To avoid corrosion acid soldering cannot be used, and sometimes the connec- 
tions are effected by a crimping technique. The general rule which serves as a 
guide in deciding the area to be metallized is the following; the earth conductors 
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must cover the surface limited by the projection of the sheet to earth, surrounded 
by a width equal to the height of the antenna. 

It is possible further to diminish the resistance of the earth by diminishing 
the lengths of the paths for the currents in the earth: this is the principle of the 
Alexanderson aerials, shown in figure III-10. 

The antenna consists of several downleads M of which one is driven by the 
transmitter. All the vertical wires are tuned by the inductances L which are 
adjusted so that they each carry currents of equal phase and amplitude. This 
gives the effect of several identical elementary antennas working in parallel: 
under these conditions the paths taken by the earth currents in returning to the 
feed point are sensibly reduced. Thus, at the station at New Brunswick, the 
total antenna resistance which was 0-45 ohms had been reduced to 0:3 ohms by 
this means, representing an appreciable increase in antenna efficiency. 

We can also consider replacing the system of conductors buried in the earth 
by a system of wires stretched out a few metres above earth: this system is 
known as a counterpoise, and has given interesting results. It has however 
several disadvantages, notably its price of installation and cost of maintenance, 
Furthermore it hinders work being carried out on the antenna and the effective 
height of the antenna is reduced by the height of the counterpoise. 

Compound systems employing multiple counterpoises equipped with tuning 
inductances (Meissner system) have also been employed with success. 

To give an idea of the dimensions and characteristics of sheet antennas for 
long waves, the following table is given showing those for some high power 
stations. 


Sheet 
Station Length 
Sainte-Assise : 0:065 1/10 
Croix-d’Hins : 0-075 5/100 
La Crau ‘ 0-50 1-3/100 
Coltano . 0-07 6°5/100 
Jim Creek : 0-057 1/10 


The characteristics of Jim Creek have been estimated by Bouvier (see bibliography). 


The table does not give the currents and voltages acting in these antennas: 
their values are for the most part very high. The new American station at Jim 
Creek works with an aerial current of 2,100 amperes, which corresponds to a 
voltage on the sheet of 240 kV. Voltages of the same order exist at the stations 
at Sainte-Assise and Croix-d’Hins. 

The capacity of a sheet is estimated in the following manner. 

Let us consider n equidistant wires, parallel between themselves, and to caret 
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Let / be the length of each wire (i.e. of the sheet), d their diameter, and D their 
spacing. The capacity per centimetre of sheet length is: 


—] 
Cre pe — k pF/cm. (3,22) 
with, according to Mesny: 
Py = 41605 losio — — K,) 
Pi 810 : 1 Ah 
Pz: = 4605 (log. a St K,) 
n= 4-605 (logis 7 —K,] | ay. 


l 
P2 = 4-605 (108. D = x.) 


k depends upon n as shown in the following table: 


0-1 0-001 0-043 0-6 0-035 0-247 
0-2 0-004 0-086 0:7 0-045 0-283 
0-3 0-009 0-128 0-8 0-057 0-318 
0-4 0:016 0-169 0:9 0-069 0-351 
0:5 0-025 0-209 1:0 0-082 0-383 


All these formulae assume that /5> 4h and that the dimensions are very small 
in comparison with the wavelength A. 

Having calculated the capacity, we can find the necessary inductance, the 
magnification factor, the coupling etc. 


5 
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It is also possible to evaluate rapidly the capacity of the sheet by the use of 
Austin’s formula, given below (but the results are less precise): 


C= (4ovs + 8:85 ] pF (3,23) 


where S is the surface of the sheet in square metres and h the height in metres. 


3.5 T AND L AERIALS FOR MEDIUM WAVES. ANTI-FADING 
ANTENNAS 


Starting with the medium wave band, it becomes practicable to construct 
antennas where the height is appreciable compared with the wavelength: the 
equations (3,11), (3,16) and (3,18) are applicable to these antennas. 

It has already been stated that loaded antennas give radiation diagrams 
similar to those of unloaded antennas at a greater height. This is of the greatest 
interest because it permits the construction of antennas at lower heights; the 
cost of the installation is essentially controlled by the pylon height. 

Another consideration appears on this waveband: the influence of the radia- 
tion diagram on the fading due to interference between the ground wave and the 
reflected sky-wave taking place particularly at night, and always in conditions 
of a variable character. Clearly it is necessary to make the ground wave a 
maximum (for 6 = 90°) and prevent, as much as possible, the radiation con- 
tributing waves which will result in reflections of a serious nature. 

From the equation (3,16) it is possible to calculate the radiation resistance 
at the current node and deduce, for 1 kW radiated for example, the value of the 
current J). Using this value in (3,12) the value of the field due to the ground 
wave can be deduced, and the value of this field as a function of A and Bcan be 
drawn. This has been done by G. H. Brown who finds that the maximum field 
exists when: 

A+ B= 220° 


This is not always easy to obtain and it is often necessary to compromise with: 
A + B= 190° 


which gives a very small loss of field. This value of 190° has also the advantage 
of giving rise to only a very weak secondary lobe on the radiation diagram (see 
figure (III-6) for B = 0 and (III-7) for A + B= 195°) and generally speaking 
tending to concentrate the radiation at low levels. 

The height of the antenna is inversely proportional to that of B, and some 
designs even go as far as to include a series inductance at the top of the antenna 
so as to artificially increase the value of the capacity. However, this coil must 
carry very heavy currents hence the losses become serious necessitating as a 
minimum A = 135° to make the system a practical proposition; alternatively 
a capacity can be used. 
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This can of course, be realized by a sheet as in the case of long-wave aerials, 
but with the dimensions reduced in proportion: it follows that the condition 
1> 4his not respected and that the equations given for long-waves are no longer 
applicable. 


Ficure III-11 


The practical construction in this case follows that of the figure III-1la: 
the capacitive sheet is supported by a horizontal wire stretched between two 
pylons and broken up by insulators (I) in order to avoid large currents being 
induced into the supporting wires. 

If A is the electrical length of the vertical portion and B the equivalent length 
of the capacity, then, most frequently: 


B= 190° — A 
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and the value of the terminal capacity C, is deduced from: 


A =— 1 
= — t 3,24 
B ae arc CO ( Z, a! (3,24) 
where B is in radians and where Z, is the characteristic impedance of the vertical 
portion. Z, is given by the equation due to Siegel and Labus: 


Zi = 00 (Ion —|— 5 log =) : (3,25) 
where Z, is expressed in ohms and h, d, A in metres (f: antenna height, 
d: diameter of the vertical wire). 

It is an advantage to keep Z, as low as possible so as to reduce the value of the 
reactive terms and to increase the passband (see section 6.4): it is therefore 
necessary to use a thick wire. The wire size is limited by mechanical considera- 

tions, in addition to which it is customary to use 


Ve instead of a single wire, a group of wires of which 
P17 vite the equivalent diameter d enters into the equation 
eee (3,25), and is calculated on the basis of the geo- 
Po ay oa ee ———*® metrical mean distance. 
\p me Let us consider figure III-12, a network of parallel 
‘ S wires of which the figure is a cross-section, and let 
» . Po be the radius of one of the wires, and pj, po, 
Ficure III-12 Pg» «++» Pyn—1 be the distances between it and the 


other wires. If n is the total number of these other 
wires, the quantity called the geometrical mean distance p of the wire being 
considered to the others as a group is: 


p= WV poPiPe ++ Pu—1 (3,26) 


It is obvious from considerations of symmetry that the value of p is the same 
whichever wire is taken as a reference, where the various wires are placed at 
the angles of a regular polygon. In this case and on condition that the length of 
the wires is great compared to p, this value can be considered as the radius of a 
conductor having the same capacitance and the same distributed inductance as 
the prism. 

This is equally applied to the terminal sheet, and where this is constructed 
of two parallel wires or of a prism, the distributed capacitance is given by: 


Ci aS= 


ae Th cm/cm (3,27) 
p 


This equation is only valid if the length of the wires forming the capacity 
loading sheet is small in comparison with the wavelength. 
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It often happens that the sheet takes the form of a circular plate of diameter 
D; in this case the terminal capacitance is: 


D 
C = — cm, D being expressed in centimetres. (3,28) 
7 


To match the antenna to the feeder it is essential to know the value of the 
base impedance. 

The resistance R, is calculated from (3,16) and (3,17). 

The reactance is more easily calculated from transmission line theory. The 
antenna being an open line of electrical length (A + B), the base reactance is: 


X, = —jZ, cot (A + B) (3,29) 

where Z, is given by the equation (3,25). 
In place of a capacitative sheet a horizontal wire is used to form a T or L 
type antenna (fig. III-11b and c). In calling 2/ the length of the horizontal section 


and Z, its characteristic impedance, it is seen that each arm of the T behaves 
as an open line of length / and gives at the top of the antenna a reactance: 


; : 2rl 
X» = TA oe 
which is a capacitance, / being less than 4/4. 

As these two arms of the 7 are in parallel at the extremity of the vertical wire, 


the latter is thus loaded by a reactance: 


Ze 21 
X, = —jF cot = (3,30) 
with: rer 
L, 
Z, = 30,/— ohms (3,31) 
Cy 
2 
L, = 2 log a 
and: n (3,32) 
si oT 
2 log — 
Po 


In these equations p is either the radius of the wire (single-wire T), or the 
geometric mean distance (prism construction), n is equal to the number of wires 
of the antenna construction; p, is always the radius of a wire. 

The value of B is found from the relation (3,30): 


o us 
B = —arc cot ( re a (3,33) 


27 0 


and the value of X, is found from (3,29). 
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In the case of an L-type antenna there would be: 


4a! 


X, = —iZ, cot 
b J41 69 7 


(3,34) 


since the antenna is loaded by a single wire of length 2/. 

It will be noticed that in the three types of antenna the base reactance is 
proportional to Z,) (equation 3,29). But in order to extend the frequency range 
over which the antenna will function satisfactorily this reactance should be 
reduced, thus diminishing Z,). The equation (3,25) shows that d must be increased 
and, consequently, prisms must be used. This is equally true for the horizontal 
sections. 


3.6 PYLON ANTENNAS 


The antennas which have just been studied necessitate the use of two pylons 
(either set into the ground so that they are self-supporting, or guyed), it is 
therefore interesting to examine the possibility of using a single pylon functioning 
as an antenna: by this means the cost of the installation could almost be divided 
by two. This solution became a practicable proposition with the advent of 
insulators having the mechanical strength required to support the weight of 
the mast. The mast is then guyed and the bottom end rests on a pivot buried in 
the insulator. 

Figure (IIJ-11d) shows the pylon antenna due to the Société Frangaise 
Radioélectrique: at the top there are three movable arms (c) constituting a 
variable capacitance; by opening or closing these arms it is possible to vary B 
and hence move the current node along the pylon. This system also allows the 
antenna to be correctly adjusted over a large range of frequencies. 

Figure (III-11e) shows a Blaw-Knox pylon, consisting of two pyramids joined 
at their bases; with this antenna there is no capacity loading and the wavelength 
is adjusted by means of the telescopic section at the top of the mast. 

All these pylons are supported by guy-wires which are broken up by numerous 
insulators to reduce the losses caused by induced currents. There are as many 
sets of guy-wires as there are sides to the pylon, usually there are three (SFR 
and B.K.). 

The calculations are similar to those for T or L-type antennas, and the 
equation given by Siegel and Labus remains valid for the calculation of Z): 
to calculate p, it is sufficient to regard the pylon as a simple vertical section, 
in which case the errors introduced are not appreciable. In determining the base 
reactance it must not be forgotten that the insulator forms part of a capacitance 
which is in parallel with the reactance of the antenna. In fact, the calculation 
of the base reactance can only yield an approximate result and the insulator 
capacitance is even more difficult to deduce; consequently the reactance is 
measured under working conditions and the matching is adjusted accordingly. 
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Figure III-13 gives the mean values of resistances and reactances at the base 
of pylon antennas with guy-wires, according to Chamberlain and Lodge: 
anti-resonance is shown here for a height of 0-45 A, These curves do not take 
into account the insulator capacitance at the base; If we call this capacitance 
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Caan 7, — K, -- 1s , the base impedance (fig. III-13), the impedance at the 
point of connection of the feeder will be: 


7 ees 
fT ACh te 


The earth connections are made in a similar fashion to that used for long-wave 
antennas. The network of buried wires radiate from the base of the antennas, 
and are connected together by concentric strips. The radius of the construction 
should be at least equal to one half-wavelength: should this dimension be 
reduced to one quarter-wavelength the field at a distance is reduced by about 


30%. 


3.7 MATCHING MEDIUM-WAVE ANTENNAS TO THE FEEDER 


Antennas working on medium-waves are usually connected to the transmitter 
by means of transmission lines, since it is unusual to be able to place the trans- 
mitter at the foot of the radiating system, as in the cases of systems working at 
several thousands of metres wavelength. 
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Due to the construction of the antenna the feeder must be asymmetrical with 
one conductor earthed. This immediately implies the use of a co-axial line, 
but in the case of high-power installations the cost of such a feeder becomes high. 
It is possible to construct feeders with a configuration of wires such that the cen- 
tral conductor is insulated from earth, several examples being shown in cross- 
section in figure III-14. There are of course, many possible variants which could 
be devised. The characteristic impedance of these systems depends on their 
height above earth, and the equations by which this can be calculated tend to be 
complicated. 
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A matching network is necessary to match the antenna to the feeder. This 
may consist of a T or 7 section, and by the use of three elements it is possible 
to control the phase relationship between the feeder and the antenna. In the 
case of a single radiator the phasing does not interest us, hence the matching 
device may consist of two elements only: a series reactance and a shunt reac- 
tance. However, the adjustment of such a system is very difficult because it does 
not consist of bringing any circuit to resonance. 

A device which is both easier to adjust and more flexible uses impedance 
transformers which is the ideal solution. 

Figure III-15 shows the possible methods of constructing these impedance 
inverters. At resonance, i.e. when: 


LCo=t 
the network has an input impedance Z, equal to: 


oye 1 . L 
MEA acto © 
which shows the reason for the term impedance inversion (Z, is the output 
impedance). 
In this case the base impedance of the antenna becomes Z,, such that: 


Li = R, + 5X}. 


So that the input of the network presents a pure resistance equal to Z, to 
the feeder, it is necessary that only R, appears at the output. To achieve this 
a reactance must be placed in series (— X,) between the network and the antenna. 
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Let us assume that this compensation has been made; there will then be, from 
the above relations: 


L 
Cc = ZR, 
and: 
1 
SEs: 


FiGcure III-15 


For the compensation, it will be sufficient to make the branch (3) of the net- 
work a reactance equal to: 


Lo — X, 
or 
ioe 
er 


according to the case. 

The adjustment of the system is simple: the calculations give L and C approxi- 
mately. If the antenna is connected to the right-hand side of the network, 
disconnect at (a) and tune the system: 


branch (2) + branch (3) + antenna 


to resonance. In this way the compensation of X, is certain to have been effected. 
The connection is re-established at (a), a disconnection being made at (5) 
and the input of the network is short-circuited; without touching branch (2), 
tune 
branch (1) ++ branch (2) 


together to resonance (condition LCw? = 1). 

Then connect the feeder and check the standing-wave ratio. According to 
the result obtained it will be necessary to re-touch branch (2) and recommence 
the adjustment for resonance until the S.W.R. is acceptable. 

It should be noted that from the form (— Xj), it is possible that the inductance 
of branch (3) in the series-inductance example may become a capacitance, 
and vice versa. 
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CHAPTER FOUR 


Groups of Radiators 


| 
@ 


The properties of antennas consisting of either a vertical wire or a tower 
have now been studied; it has been seen that the radiation was omnidirectional 
in the horizontal plane, and if it is necessary to favour a specific area by direc- 
tional radiation then an array of several vertical antennas must be used. Further- 
more, the comparatively small dimensions of half-wave antennas designed for 
high frequencies makes it possible to group a large number of such antennas in 
quite a small space, giving highly directive properties and a high antenna gain. 
The field at a distance is the resultant of the interference between the fields 
radiated by each of the dipoles in the array, and the.-calculation is fairly simple. 

Although antenna arrays consisting of groups of half-wave dipoles or of 
long-wire systems are most usually employed at metre wavelengths, at centi- 
metre wavelengths this type of arrangement is invariably abandoned in favour 
of radiating apertures such as we shall examine later. This is mainly because it is 
very difficult to feed a large number of dipoles, particularly when a fairly large 
bandwidth is required. Each dipole must be fed with a precise phase relationship 
to the others in the array, and this difficulty is clearly in proportion to the number 
of elements constituting the array; conversely, the number of elements must be 
high in order to obtain the directivity required. In addition, due to the mutual 
coupling between the various dipoles their impedances at the feed points vary 
widely, hence the matching transformers are difficult to adjust. Finally, by virtue 
of the half-wave nature of the dipoles the system will have a certain selectivity, 
thus in itself limiting the band over which the array may function. In practice, 
the radiation patterns deteriorate rapidly when the frequency is varied, while 
the standing-wave ratio on the feeders becomes prohibitive as soon as the 
frequency is shifted by as little as a few percent of the resonant frequency of 
the array. 


4.1 RADIATION FROM TWO ISOTROPIC SOURCES 


4.1.1 General case.—Consider (fig. IV-1) two identical sources of radiation 
separated by a distance d and fed by two e.m.f.’s of the same frequency but with 
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a phase difference equal to ~. Let P be a point situated at a very great distance 
from the two sources, such that the length AB is quite negligible compared to 
AP or BP. 

Now proceed to calculate the field at P. 

It is immediately seen that, due to the distances involved, AP and BP are 
effectively parallel one to the other, such that at P, the field E., due to A and 
which is normal to AP lies in the same direction as Ez due to B, which is normal 
to BP. Under these conditions E., and Ep, can be added algebraically. This 
would not be true if P was too close for AP and BP to be considered parallel. 


FIGURE IV-1 


Let e be the e.m.f. feeding A; the e.m.f. feeding B is ee)”. The field E is out 
of phase with respect to « by an amount depending upon the time taken to 
travel the distance AP, i.e. the electrical length of AP. If the length of AP is 
Py E 4 will be of the form: 


K 277 py A 
Ej == 6 ra (ce) 
P1 
where K is a constant. 


Similarly, if BP = py, Ep will be of the form: 
ee as eI P(ceilor+-ony 
Pe 


AS Pp; & Po & po, the resultant field will be: 


K 277 py P .27po | . 
Eg = bee a) 4. ee" aan el 
Po 


where 6 indicates the direction of the field. 
If a perpendicular Bb is dropped from B to AP it is seen that: 


AP = p, = pp + Ab = pp + dsin 8, 
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thus: 
K .27T Q , .27 pe r 
E, = — € ei zleata sin 0) os e%e-5- eiot 
Po 
K 277 po 2nd’, . ° 
E,= — ee Sa |e ha? 4+ el? |i”, 
Po 


aoa te : | 
The value K/p, cc-* 1 e)” is a constant for a given distance p,» as, also, 


: dy eer . Oey ; 
is the value K/p,) cei elel? which shall be equal to Ey. Factorizing e’?, 
it becomes: 


: nd, 
ae B,|1 4 e-i(ot sin | (4,1) 


According to the value of the imaginary exponent, the term between brackets 
may vary between zero and two, thus varying E, from zero to 2Ep. In fact, the 
relation (4,1) represents two vectors of modulus Fy of which one revolves 
around the other (fig. [V-2) when 0 varies. 


—(@ +22 Scin @) 


FIGURE IV-2 


For present purposes there is no interest in making a general study of the 
variations of E, for different values of y. On the other hand there are three 
special cases of particular importance which are as follows: 


gy = 0 (sources in phase) 
g = 7 (sources in phase opposition) 
gy = 7/2 (sources in quadrature). 
4.1.2 Radiation from two isotropic sources in phase.—Since m= 0 the 
equation (4,1) can be written: 
Qnd 
Eo F,1 oes Ries 4 (4,2) 


which gives, in amplitude: 
- 2rd 
EF? = Fal + cos (= sin a) | + sin? (= sin a)| : 
thus: 


d ; 
E?2 = 2E, cos? (= sin a) (4,24) 
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Figure IV-2 shows us that FE, will be a maximum and equal to 2£, for: 


ZOE Ae Oia 
A 
i.e. for: 
A 
(sin Oye =K 5) (K). (4,3) 


It will be zero for: 

2nd . 

— sin 6 = (2K + 1)r 
that is to say for: 


(sin 0), = 2K + 1) < (®). (4,4) 


There will always be a maximum, equal to 2£), in the direction normal to 
the axis of the two sources, then a series of maxima and zeros on both sides, 
distributed symmetrically around this direction and numerically proportional 
to the distance d. 

The similarity will be recognized between the present case and that of two 
luminous sources in the field of optics giving rise to a bright central fringe 
accompanied by symmetrically disposed fringes whose separation is in inverse 
proportion to the distance between the two sources of light. 

Figure ([V-3a) gives the radiation diagram of two isotropic sources in phase, 
separated by one half-wavelength: in this particular case there is a zero in the 
direction of the axis of the sources, but this is not a general rule. 

4.1.3 Radiation from two isotropic sources in phase.—In this case: gy = 7, 
and (4,1) becomes: 


at, —jr seg la 
Wai) aS EN ah Ta 


ae aa netting 
E, = E,| 1 —e7*7 (4,5) 


which gives in amplitude: 
2 2 
E2 = F? 1E — COs (= sin a) | + sin? (= sin a)| 


which is: 
d 
E, = 2E, sin & sin a) (4,5A) 
Figure [V-2 now shows that FE, will be a maximum for: 


2rd 
— sin 9 = TT, 37, St, => (2K + 1)m 


2ird 
since then the angle (> -|- on sin a) will be of the form (2K7). 
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It is sufficient to glance at the previous reasoning to see that the angles of 
maximum radiation 6 are now given by: 


(sini) == (2Ki- 1) 2 (4,6) 


hie (a) we 
Y, 9 
sae yi 


(b) 


Sra 


FIGuRE IV-3 


while the zeros of the diagram correspond to: 


: A 

(SiniG) ge Ke aq (4,7) 

The specific case where K = 0 for which 6 = 0 or 27 gives here a direction 
of zero radiation. Thus there will always be a zero in the direction normal to 
the axis of the two sources, then a series of maxima and zeros on both sides 
distributed symmetrically about this direction, and in numerical proportion to 
the distance d. Figure (IV-3b) gives the radiation diagram of two isotropic 
sources in phase opposition, separated by one half-wavelength. It must be 
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observed here too, that maximum radiation in the direction of the axis is nota 


general rule. 
4.1.4 Radiation from two isotropic sources in quadrature-—We now HS 


@ = 7/2, which gives: 
| E, = Fy 4. en iel2g— iF sin 
becoming: 
tapes ,|1— je care 


The amplitude is written: 


27d : 2nd , 4 
EL, = iE + sin & sin) + cos? (= sin s)| 


2 
ee y2|1 -- sin (724 sin 0) | 


Ep ait eh 
<9 sin) — — Si 4 
Fai 20sin1 (7 a sin a) e | (4,8) 


The amplitude of the field will be a maximum for: 


a auaaT ane T 
riceae Wi eyeaaiceS tr I)» 
thus for: 
All 2K+ | 
Regie ben Be : 4 
(sin Gnas He D) ( 59) 
While the zeros of the diagram will appear for: 
d 
: — = sin 0 = 2K 
which is: 
(sin 0) aE 2K | (4,10) 
i = -—|- — : 
rons Pa 


Figure (I[V-3c) reproduces the radiation diagram of two sources one half-wave 
apart, the right-hand one having a phase lead of 90° on the other. 

A particularly interesting case is that where the two antennas are placed one 
quarter wavelength apart: the equation (4,8) is then written: 


E, =2sin - (1 — sin 6) (4,11) 


and the radiation diagram is given by figure (IV-3d) in which the right-hand 
element is leading by 90° on the left. Under these conditions it can be seen thata 
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zero exists in the direction of the axis of the two sources, to the right, with a 
maximum in the opposite direction: the antenna 2 therefore behaves as if it 
were a reflector. 

It is not necessary that this reflector be fed in order to give the directional 
effect to the arrangement. Suppose that antenna 1 alone is fed with an e.m/f. 
and hence carries a current: 

ee 


Due to the radiation of this antenna, at any point in space distant from R 
there will be a field of the form: 


i 2rR 
KIe'“e 3 


where K is a proportional factor. 


FIGURE IV-4 


The field at the position of the second antenna, for which R = //4 is: 
Kleie-'5. 


This field therefore lags 90° on the current in antenna 1: it induces in antenna 
2 a current in phase opposition with it (Lenz’s law), thus leading by 90° on the 
current in antenna 1. Therefore the conditions of the diagram of figure ([V-3d) 
have been produced. To be precise it must be admitted that, due to losses, the 
amplitude of the current induced in antenna 2 will be smaller than that in 
antenna 1, hence there will still be a certain radiation in the direction (1 — 2). 

Nevertheless, the system of an antenna with a reflector finds numerous 
practical applications. 


4.2 ARRAY OF ISOTROPIC SOURCES 


Now consider (fig. [V-4) an array of n identical sources regularly spaced at a 
distance d one from the other. Proceed to determine the radiation diagram of 
this arrangement by the method already used in the case of two sources. 


6 
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The field in a direction OP, making an angle 6 with the normal to the axis, 
will be the vectorial sum of the fields due to each of the sources. Suppose that 


the phase difference between each source is equal to 9. 
The field at P, due to Sj, is: 


2 
Ey Ree g ea 
where K is a proportional factor. The field at P due to S, is: 
Ey = Keio IG Pieio, 


But: 


Thus £, is written: 


: 277 2rd, A 
Ey Khe ema eae! 


Similarly the field due to Sy is: 


Qn 


: : oT ee ; 
E, — Kele-3 781P et 2 sin De2ie 
In putting: 
27d 


fre sin 6 + 9. 


An expression for the total field is obtained: 


Vo Kele FP] + el? 4 el? 4 ely 4 elim—Dy], 


Now, put: 
Ey = Keiei 75s? 
multiplying the two equal parts (4,16) by e!”; it becomes: 
Fe” = E,fel? + e7¥ + Flv +... eMiv]. 
Abbreviating this expression of: 


E = El + el” + ei” + .., ei], 


it becomes: 
E(1 — el”) = E,(1 — e””). 
thus: 
1 — e”!v 
a met 


Factorizing e”!”/? in the numerator, and e!”? in the denominator: 


ny ny _ any 
eo | eo —e Fe 


-Y -Y -Y 
es [et — aed 


E=E, 


(4,12) 


(4,13) 


(4,14) 


(4,15) 


(4,16) 
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which is: 


(4,17) 


It is therefore seen that the amplitude of the resultant field varies as a function 
of 6, this variation being given by the function: 


sin (= sin 0 + £) 
EO} Te amenneN (4,18) 
sin (+ sin G +- z) 

It is this last function which allows the radiation diagram of the antenna 
to be drawn since it is only the amplitude of the field which is of interest. 

The imaginary exponential factor relates a phase variation relative to the 
field as a function of 6 and this variation depends essentially on the position of 
the point taken as the origin of the direction OP. If instead of taking this origin 
at the extremity of the array it was taken in the middle, then this exponential 
term would have disappeared and the equation for the field would have been 
reduced to: 


(4,19) 


If y = 0 in this equation, an indeterminate form of which the true value is 
n is found as will be readily understood by applying I’H6pital’s rule. It follows 
that, for y = 0, the field is always a maximum and equal to: 


EG OVE. 


In tracing the variations of (4,19) it is observed that this maximum is always 
considerably higher than the others obtained by varying y from 0° to 360°: 
the radiation diagram of the array is thus constituted by a major lobe, or 
principal lobe, in addition to lobes of smaller amplitudes which are the secondary 
lobes. 

In order to more readily compare the diagrams obtained, it is useful to 
transform all the maxima of the major lobes to the same value: for this it is 
sufficient to divide (4,19) by n and, in neglecting the constant factor Ep, a 


JG 
180 
wt 


GeBB BG. 
PEE ie 


qu/2 
310%5)3008 =-290 280i == 27052 260 1250; 240 230. =< 720 ee 10m 200 0 


35t/2 


Kofb eee 
Cia 
navarace 
Loe 
Za ae 
YZ er 
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FiGurE IV-5 
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standardized value is obtained which defines each diagram and which is called 
the array factor: 


an ae) (4,20) 


Figure (IV-5) gives the variations of F for different values of n between 1 and 
10, and for values of y between 0° and 360°. These curves are valid for all 
arrays since y takes into account both the spacing between the antennas and 
their relative phases. The equation (4,18) shows that the maximum radiation 
takes place in a direction 0) satisfying the relation: 


hence: 


a 
sin Open ee, (4,21) 


By changing the phasing between the different antennas constituting an array 
the direction of maximum radiation of the system can thus be chosen. 


4.3 BROADSIDE ARRAYS 

Inspection of the equation (4,21) immediately shows that, if m = 0, then 
6) = 0. In other words an array where all the antennas are in phase gives a 
maximum of radiation in the direction normal to its plane. 

The array factor is written, from (4,20) and (4,18): 


_ (nad . 
\ sin (a sin a) 
EF = — ——___—___—_ (4,22) 


d 
i sin (= sin a) 


Since the sines of two supplementary angles are identical, the radiation dia- 
gram is symmetrical about the direction 6 = 7/2, i.e. on both sides of the 
array. It is also on both sides of the normal. This property is illustrated in figure 
(1V-6) which reproduces the diagram corresponding to four sources in phase 
with half-wave spacing between them. The phase variations of the field is the 
next study. 

The curves of figure ([V-5) show all the amplitudes drawn as positive but 
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marked (+) or (—) according to their true value. It can be seen that if the 
principal lobe is regarded as being positive, the first secondary lobe will be 
considered negative, the second positive, the third negative, etc. This means that 
if the diagram is based on the centre of the array, the fields are all in phase for 
a given lobe, and the phase change encountered in a neighbouring lobe is 
immediately 180°; thus the odd-numbered lobes are in phase opposition with 
the principal lobe, while the even lobes are in phase with it. 

These properties can be shown graphically. 

As an example take an array consisting of seven sources (fig. IV-7a) and 
proceed to determine graphically the field in any direction. 


Take, first of all, an extremity of the array (fig. 1V-7b). The source I gives the 


BLY 
Al2 
[a/2 


FIGURE IV-6 


vector 1, taken arbitrarily as the origin of the phases; source II gives the vector 
2 of the same amplitude but differing in phase by an angle: 


oma 9 
OSS ceo SN Oat 
from (4,15), since in this case ym = 0. 

Source III gives the vector 3, also of the same amplitude and differing in 
phase on vector 2 by the angle «; and so on. The global field is thus the resultant 
of the seven vectors and makes an angle ¢ with the axis Ox which is a function 
of «, hence of 6. In fact a geometrical examination of the figure thus constructed 
shows that: 

Cae 


and in more normal terms it is easy to see that, by construction, € = (n — 1)yp/2 
since « = y which is found in the equation (4,17). 

Thus the resultant field has a phase which varies with 0 and, in the following 
paragraph the significance of this variation will be seen. 

Take as the reference point the central source, which is number IV in the 
figure, and construct the resultant field (fig. IV-7c). For this write down the 
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sources situated on either side of IV, and in the interests of symmetry consider 
the central vector as being composed of two identical vectors side by side, in the 
direction taken arbitrarily as the origin of the phases, Ox. Source V gives the 
vector 5 twice the amplitude of the half-vector 4 and differing in phase by «, 
in advance of the latter in the same way as previously noted that vector 2 was 
advanced by « on vector 1. The same constructions may be applied to vectors 
6 and 7. The resultant of the vectors 5, 6 and 7 and of the half-vector 4 is a 
vector Ej. : 


LET ESS WR A eee, emma ty ean 4 
eo e re ee pea 


Ee 
Main lobe First nulf Ist. Secondary lobe 


FIGURE IV-7 


Sources III, II and I give vectors 3, 2 and 1 each differing in phase by angles 
of (—«), and the net result with the other half-vector 4 is a vector Ej which by 
construction is symmetrical to Ej in relation to Ox. 

The total field of the array is a vector Ey, resultant of E, and E;, lying along 
Ox. As E, and E; are always symmetrical whatever the value of 9 may be, 
E, always lies along Ox. For 0 = 0, « = 0 and all the vectors are on Ox and are 
added arithmetically: the radiation is then at a maximum. As 9 increases, « 
becomes greater and E, and E, become more widely spaced from Ox, such that 
their resultant becomes smaller and smaller: the radiated field diminishes but 
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remains in the direction Ox, which is equal to saying that the fields are always 
radiated in phase. 

When 0 is such that E, and EY are normal to Ox, their resultant is zero and 
the field radiated is zero. This is the first zero of the diagram. Beyond this, the 
resultant moves in the negative-x direction and the resultant field is in phase 
opposition with that which was radiated in the principal lobe. 

The vectors E; and E£, continue to rotate, the resultant field passing through 
a series of maxima and zeros accompanied by a phase change of z at each of the 
latter. 


4.4 THE PHASE CENTRE OF AN ARRAY 


The phase of the radiated field remains constant only if this field was derived 
from the centre of the array. Physically this means that if the field is traced with 
the help of a receiving antenna moved in a circle around the geometrical centre 
of the array, the different e.m.f. delivered by this antenna will be in phase for all 
angles 0 corresponding to a given lobe. 

If on the contrary, the receiving antenna is displaced in a circle centred on 
any point in the array, the e.m.f. delivered will no longer be in phase, and in the 
special case where the centre of the circle is an extremity of the array, the phase 
difference as a function of 6 is given by the exponential factor of (4,17). 

Since, in the case where the circle is centred on the geometrical centre of the 
array, the e.m.f.’s delivered by the receiving antenna are in phase, the circle 
in which the antenna is moved is a line of equi-phase. This line is the intersection 
of the equi-phase surface and the plane in which the measurement is made; 
the equi-phase surface is therefore a sphere. 

Consequently, the array radiates a spherical wave centred on the geometrical 
centre of the system, which can be considered as the source of the wave, and is 
known as the phase centre of the array. 

An antenna radiating a spherical wave will always have a definite phase 
centre, but not all radiating systems fall into this class. 


4.5 END-FIRE ARRAYS 


There is a connection between the angle of maximum radiation 6), the 
phasing and the spacing between the elements of an array: this is the relation 
(4,21). The principal lobe can therefore be arranged to point in the direction 
of the array: for this it is sufficient to make 6) = +-7/2, which gives: 


hence: 


Ve ee re i) (4,23) 
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There are therefore two solutions, except for d = 4/2 where » = z in which 
the two solutions coincide. In the latter case the diagram is bi-directional, in 
the form of a figure 8, similar to the diagrams previously studied. But, in the 
case where d < 4/2, there is a single principal lobe pointing towards either the 
right of the left of the figure IV-4 according to the sign of the phase difference. 

To know the direction in which the lobe will point, it is sufficient to remember 
that the antenna radiates in the direction where the phase of the current fed to 
the antenna is lagging. 

When the radiation diagram of an end-fire array is drawn it is observed 
that the lobe is less directional than that produced by the same array phased 
to radiate in a direction normal to its own direction (i.e. as a broadside array). 
This situation can be improved by feeding the elements in a phase relationship 
satisfying the following equation: 


(4,24) 


in place of (4,23); n is the number of sources. 


FiIGuRE IV-8 


This method has been given by Hansen and Woodyard; in this case the array 
factor becomes: 


sin fas 
\ T 2 
F = —-sin (=) (4,25) 
n 2n an y , 
D 


Figure (IV-8) shows the diagrams obtained from an array of ten antennas 
in which the phase difference between each element is shifted by (—0-57) and 
by (—0-67r), the first value corresponding to (4,23) and the second to (4,24). 

A comparison between the two figures shows that the array giving an improved 
directivity has larger secondary lobes than that of normal directivity. This 
example is a demonstration of a general law which states that for an antenna 
of given dimensions, the level of the secondary lobes will be in inverse proportion 
to the width of the principal lobe. 
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46 ARRAY OF RADIATORS CONTRIBUTING DIFFERENT 
AMPLITUDES 


Until now arrays of sources of equal power have been examined, but clearly 
if the sources comprising an array are fed with different amplitudes the radiation 
pattern will be affected. The intention, therefore is to proceed to investigate such 
a case where the amplitude is non-uniformly distributed. The usual example, 
where all the sources are equi-phased and where the system radiates in a direc- 
tion normal to its own direction will, however, be adhered to here. 

The next illustration shows such a network of sources which can consist of 
an even number of elements (fig. [V-9a) or of an odd number (fig. IV-95). 
Let Ay, Ay, Ag, -.. , A; be the amplitudes in each source, amplitudes which will 
be supposed to be symmetrically distributed around the axis normal to the 


FIGURE IV-9 


array; for reasons of symmetry the amplitude of the central source in the case of 
figure (IV-9b) is also taken as 2A,. 
Since all the sources are in phase the equation (4,15) gives: 


ends. 9. 
HON ees “a. oe 


The fields radiated by the sources of amplitude Ay (in the case of an array 
having an even number of sources) differ in phase to that which would be 
radiated by a source placed at the origin O, by: 


20 2a 
7 (Ag) sin O xia .5-sin 8 = 5 

Since the fields radiated are proportional to the amplitudes of the sources, 
the contribution of the two sources of amplitude A, is, approximately as a 
proportional factor: 


en A, es = al =A cos = 
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On the other hand, since for the two sources of amplitude A, the phase 
difference is: 


2a (3d 3y 
(0A 0 = — =— 
(OA,) sin = (2) sino 7? 


the contribution of these two last sources is then written: 


3 3 3 
re A,| e+ 8 -|- oF | == LAL COS = 


It is also found that: 
4 ov bY Sy 
€,:—= Aol e' 72) + ©7743 =z eile COB .- « 
The expression for the total field of the array becomes: 
J ee 2| 4, cos Lag A, cos + Ayoos 2 + ... A; cos (n — 1) 4 (4,26) 


n being the total number of sources in the array. 
Now take the case of an odd number of sources. An argument analogous to 
that which has just been used shows that the field will be: 
—] 
Wy 


b= 2| 4, + A, cos y + A, cos 2p + A, cos 3y + ... A, cos (" 
which can also be written: 
We We ¥ 
1 eae Ag + A, cos 2, + A,cos4, -- ... A,.cos(n — 1) ~ (4,27) 


where n is always the total number of sources in the array. 
The fields are thus expressed by the sums of terms of the form cos m(y/2). 
But, from the binomial theorem and Moivre’s equation it can be shown that: 


cos m — = cos” — — ————_ cos” 
2 2 2! 


aC ea ATE aa) RE 3) 
4! 


tl 
y y  m(m ) 12 sine 


ee sod 
cos™—* — sin* — , — 
ae) 
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Putting sin? y/2 = 1 — cos® y/2 and in giving to m whole values 0, 1, 2,3 ... 
we find, in putting cos y/2 = x, 


ve 


For m = 0, COST amt eek 
Le. a 
For m = 1, COS me =X, 
Porn: = 2: cos me = 2 cost =| — iy tae 
2 y ) 
Hor m= 3; cos ms = 4 cost — 3 cos 2 == 4x3 — 3x 


For m = 4, cos m= = 8 cost — 8 cos*S + 1 = 8x* — 8x? + l,etc.... 


Therefore the terms in the form cos m y/2 can be expressed as polynomials of 
m. These are called Tchebyscheff’s polynomials, of which five have just been 
calculated. The first eight are: 


AX) ul 
IE(Gay ese 
T(x) = 2x? — 1 


PAX) = 4x3) 3X 
T,(x) = 8x* — 8x? + 1 
L(x) =| 16x?" 20%? = ox 
T,(x) = 32x® — 48x4 + 18x? — 1 
T(x) = 64x? — 112x5 + 56x3 — 7x. 
The expressions (4,26) and (4,27) show that the fields appear as a series of 


terms of which the highest value is (n — 1). 
Thus, putting: 


Uae 
cos 5 = x. 


For (4,26) E = 2[Ag1\(%) + A1T3(x) + Aol;(x) + -.. AjT,_.()] (4529) 
For (4,27) E = 2[AgTo(x) + AiTQ(x) + Aol ,(x) +... A,T,_,00] (4330) 


Consequently, the fields are expressed by polynomials of a value equal to the 
total number of sources, minus one. 


4.7 OPTIMUM DISTRIBUTION OF RADIATOR AMPLITUDES 


It is obvious that the radiation diagrams and particularly the level of the 
secondary lobes depend on the coefficients Ay, Aj, A>... . However, in antenna 
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practice it is often the endeavour to obtain the maximum gain at the same time 
as a minimum of minor lobes. 

If the equations which allow us to evaluate the gain of an antenna as a func- 
tion of the radiation diagram (1,7) or (1,13) are considered, it is noted that this 
gain increases as the surface of the principal lobe decreases, and hence that its 
aperture is made small. 

To obtain a high gain it is therefore necessary that the first zeros shall fall as 
closely as possible to the axis of principal radiation: the principal lobe is thus as 
narrow as possible. This is realized when all the sources are fed with the same 
amplitude. The drawing shows that the minor lobes are serious under these 
conditions. To reduce these lobes it is sufficient to excite the sources with 
amplitudes which diminish from the centre to the extremities: the level of the 
minor lobes and the aperture of the principal lobe (hence the gain) depend on 
the law of the curve by which the amplitudes have been diminished. It can be 
shown that if the amplitudes are proportional to coefficients of the binomial 
series value (n — 1) (n being the number of sources), the secondary lobes dis- 
appear leaving only the principal lobe. However, this principal lobe then pre- 
sents an aperture equal to roughly 1:5 times that corresponding to a uniform 
power distribution and the gain is sensibly diminished. 

Under these conditions it is interesting to find out the necessary amplitude 
distribution which, for a given level of minor lobes, gives the maximum gain, 
and which conversely, for a required gain, will give a minimum of minor lobes. 
A method devised by Dolph, then generalized by Riblet, can be used to find this 
distribution. 

Dolph’s method uses the fact that the optimum distribution is that which 
gives, as polynomial representing the field from n sources, Tchebyscheff’s 
polynomial for (n — 1). In the case of a six element array for example, we will 
find from (4,29): 


QAoT (x) + AqTq(x) + A5T,(x)] = T(z) = 1625 — 2028 + 5z (4,31) 


z signifies a variable the nature of which we shall come back to later; for the 
moment only the polynomials are of interest. 

This conclusion can be justified in the following way. Let (fig. IV-10) the 
polynomial be 7,(z) for example, and R the ratio between the maximum of 
the principal lobe and the level of the minor lobes. Since 7;(z) represents the 
diagram, these have amplitudes of --1 and the point M of co-ordinates (Zp, R) 
represents the maximum of the principal lobe: this maximum thus corresponds 
to the value z). The first zero of the diagram corresponds to the root z; of 
the polynomial and the distance (z;z)) corresponds to the half-aperture of the 
principal lobe. 

Suppose that another polynomial exists which represents the diagram: this 
polynomial will necessarily be of the fifth degree which will be called P,(z). 
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It can now be shown that if P,(z) corresponds to a half-aperture z}z, there 
cannot be minor lobes smaller than +1 in amplitude. 

Again, suppose that these secondary lobes have amplitudes smaller than 
+1. Since P,(z) is of the fifth degree, it has five roots and these are situated in 
space (—z}, +z); as the ordinates are included between +1, P,(z) must cut 
T(z) at five points between —z} and +z}. 


(Zo,) 


ee ee ee ee —_— ee ee ee ee 


FiGur_E IV-10 


Since the radiation maxima corresponding to P,(z) and 7;,(z) are identical, 
P;(z) has also the value R for zy and passes through the point (zy, R). P;(z) cuts 
T;(z) at six points: P;(z) cannot therefore be distinguished from T;(z). 

It follows that, for a given aperture, there can be no polynomial giving a level 
of secondary lobes lower than that given by Tchebyscheff’s polynomial. From 
this fact there follows a much more general theory which we shall consider 
without going into details. 

Consider a function representing a maximum maximorum and a series of 
ondulations on both sides of this, as shown in the figure (IV-11), This function 
is presumed symmetrical about 0€. Let &),, be the value of the maximum maxi- 
morum and €,, the maximum amplitude of the ondulations. Tchebyscheff has 
shown that for the ratio: 


Com 
R= — 
Fm 


i.e. maximum, all the ondulations must be of the same amplitude, which indicates 
that if the maximum ratio between the levels of the principal lobe and the minor 
lobes is to be achieved then these latter must all have the same amplitude. On 
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the other hand, it is likewise possible to show that if this condition is realized, 
the interval 1,7, between the two zeros nearest to the origin will be a minimum. 

This signifies that if the condition of equal amplitudes of the minor lobes is 
realized, the aperture of the principal lobe is also as small as possible. The 
conclusion is that the gain of the array is as great as possible for the acceptable 
minimum of secondary lobes. 

To return to the array: the diagram of the radiation must be represented by a 
Tchebyscheff polynomial of the degree (n — 1), if is the number of sources. Let 
T,,_(x) be this polynomial. If ratio R between the level of maximum radiation 
and the level of the minor lobes is required, then, using the notation of figure 
(IV-10): 

T,,-1(Zo) =R (4,32) 

But, in the theory of Tchebyscheff’s polynomials z was a cosine: the maximum 


value of z is thus +1; but figure (IV-10) representing 7;(z) shows that the value 
R is obtained for a value of z greater than 1. This is however normal if it is 


Ficure IV-11 


noted that R is greater than 1, which is impossible with a cosine power. The 
definition of Tchebyscheff’s polynomials which are given is therefore limited to 
a range of +1 for the polynomial and the same for the variable z. As soon as 
these intervals are exceeded z will no longer represent the cosine of a real 
number, the number then becoming imaginary: z is therefore a hyperbolic 
cosine and Z, is consequently of the form: 


e*?7+e% 
fie Tain 


(4,33) 


where a is a real number. 
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It can be shown that this generalization is justified and it has been used in the 
general theory outlined above. 
Under these conditions 7,,_,(z) is written: 


e(n—1)a ~[ e—(m—l1)a 


uF n-1(2) nae 5) 


In eliminating the quantity a between this expression and the relation (4,33), 
the value zy corresponding to R for a polynomial of degree n — 1 is found. 
Therefore: 


1 
which is written: 


— a(n—1)a 
2R 2 aR e(n—l)a 


Je(-laR — e2(n—1)a = dy 


Putting: 
e(m—-1l)a — y 
It becomes: 
y?—2Ry+1=0 
y=RLivR-—1 
ema — R4 V7 R?—] 
and 


1 
6 "(R WV Ree de 


Using this value in (4,33), then: 


hy . G BU aah aye mer (4,34) 
(Ri VR 


Return to the equations (4,29), (4,30) and (4,31). 


(4,29) and (4,30) give the values of the fields calculated from d and 0. In these 
equations: 


d 
ae cos 5 = COS (= sin | : (4,35) 
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In writing that the polynomials giving the fields, i.e. the polynomials of 
(4,29) and (4,30) are identical to 7,,_,(z), and the values of A), ... A;, i.e. the 
amplitudes relative to each of the sources are found. But it has been shown 
that Z) was greater than 1 and, as a result, cannot be identified with x which is a 
cosine. To make this possible, it is sufficient to put: 


Thus, in the case of a six-element array as mentioned above, there obtains, 
from (4,31): 


AoT (x) + AyT3(x) + AoT;(x) = 16z3x® — 20z8x3 + 5zpx. 
which becomes: 
A ox + A,(4x3 — 3x) + A,(16x> — 20x3 + 5x) = 162z)x® — 20z8x? + 5z,x 

thus: 
16A,x® + (44, — 20A,)x? + (Ay — 3A, + 5SAq)x = 16z3x° — 20z3x? + S5zpx. 
_ From which three equations are drawn in making the coefficients equal: 

IGA, ==16z, 

4A, — 20A, = —20z) 

Ay — 3,4 + 5A, = 5Zp. 


Let us suppose that a level of secondary lobes of 26 decibels is desired, which 
gives a ratio of 20 in amplitude. Then: 


R=20 
and: 
1 


JD 1 en 
Eos (20 + V399)5 + 5 (20 — /399)/5 — 1-284. 
From the group of three equations above: 
Ay = (1:284)® = 3°51 
4A, = —20 x (1-284)? + 20 x 3°51, A, =7 


Ag =o x '1:284 4.3, x -7 — 5X, 3S) = 9:87. 


82 THE ANTENNA 


The distribution of the amplitudes of the six sources will therefore be as follows 
(with the maxima of 9-87 referred to 1). 


0-354 0-71 1 It 0-71 0:354 
—9-08 dB —3 dB 0 dB 0 dB —3 dB —9-08 dB 
The distribution of the amplitudes and the ratio of the secondary lobes being 

known, it is interesting to find out the aperture of the principal lobe. The 
radiation diagram is given by the function: 


L eae: ox) 
with: 


mda . 
x = cos — sin 0, 
A 


as indicated by (4,35). 
The equation giving the diagram is thus written: 


F(6) = T ale, cos (= sin 6) | (4,36) 


The maximum maximorum, corresponding to F(#)=R, takes place as 
known, for 6 = 0. The aperture of the principal lobe is thus given by the 
smallest values of 0, (+05), which cancel (4,36). 

But F(0) is a Tchebyscheff’s polynomial of degree (n — 1): this is therefore 
a function of the form: cos [(n — 1)q] of which the two first zeros are given by: 


IT 
(n— l)p= a5 
thus: 
Tae i) T 
Y = Z,) COS (7 sn 0 ee a) 
or further: 
md . 9 ) 1 7 
COs (7 sn 0 We ep 


Note.—Dolph’s method is of use only where the presence of secondary 
lobes is an embarrassment, as for example in a radar installation. It is 
evident that in a problem of telecommunication where the sole criterion is 
maximum forward gain, it is necessary that all the sources in the array 
be equi-phased and fed with equal amplitudes. 


4.8 CASE WHERE THE NUMBER OF RADIATORS IS HIGH 

The method just demonstrated becomes unwieldy as the number of sources 
is increased: with as few as 20 elements it becomes necessary to calculate terms 
to the power 19... and, at UHF it is common to use a far higher number of 
elements. 
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A means of overcoming this difficulty is to consider a continuous distribution, 
making an analysis analogous to that of paragraph (3.2). Reconsider figure 
(III-2): the field of two isotropic elements P and P’, in phase, is of the form: 


Gh — -K:. Die aie kt a* coe) a e per dere ON dz, 


where K is a proportional factor and where J, represents the amplitude of 
excitation of the element on the side z. Formula (3,5) is now written: 


dE = KI, cos (kz cos 6) dz. 


Admitting that J, is symmetrical on both sides of O, which is always the case, 
the expression for the field of an array of length 2/ is written: 


1 
Eee [7 cos (kz cos 6) dz. (4,37) 
0 


Suppose, for example, that the amplitudes are distributed according to a 
cosine law with maximum amplitude at the centre at O, and zero at the two 
extremities. In this case J is written: 


Z 
I, = cos — 
ne oy, 
and the field of the array is: 
: MZ 
(= K,| cos (=) cos (kz cos 0) dz. (4,38) 
0 


In order to avoid all confusion, call a the total length of the array, such that: 
a= 21. 
It is convenient to make use of an auxiliary variable: 


we ~ sin 0 (4,39) 


and to calculate E(u) in referring its maximum value to 1. Let e(u) be this last 
function; under the conditions (4,38) gives: 


such that only small values of 6 are available. Reconcile this equation with 
that obtained in the study of the radiation of apertures. 
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The same method in the case of a distribution with equal amplitudes gives: 


sin u 
e(u) = ——_. 
u 


The table given below, which is taken from work done at the Telecommunica- 
tions Research Establishment in England, gives an idea of the results which can 
be obtained with this method. 


Law of Aperture at 3 Level of Relative 
distribution decibels secondary lobes gain 
icy A 51 Ala 13:4 dB 0 dB 
I(z) = cos = 70 ala 23 dB —1-:7dB 
1(z) = cos? = 82 Ala 31 dB —1-75 dB 
Dolph 64 Ala 37 dB —0:95 dB 


The aperture of 3 dB is the aperture of the principal lobe radiated between 
half-power points. The relative gain is expressed as a ratio to the gain which 
would be obteined if all the sources were excited with uniform amplitude, i.e. 
the maximum gain realizable. The above table shows clearly the advantages of a 
Dolph distribution in comparison with the other methods, which are only 
approximations of the problem to be solved. 

It is therefore highly desirable to be able to calculate a Dolph distribution 
whatever the number of sources in the array. The problem has recently been 
resolved by Hersovici (see bibliography). 


4.9 PRINCIPLE OF MULTIPLICATION OF DIAGRAMS 

So far only arrays of isotropic sources have been examined: it is now necessary 
to see what happens to the diagrams when these sources are replaced by antennas 
which themselves possess a definite radiation diagram. 

Knowing that, in view of the linearity of Maxwell’s equations, if two electric 


fields 26 and E, exist simultaneously at the same point in space then the total 
field at this point will be: 

> = > 

E == Ey + E. 


This is the principle of superposition of fields. 
Consider an array of non-isotropic sources, each of which having a radiation 
diagram characterized by a function f(6, ®) and calculate the field radiated in 
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a direction 0,, @,. At any point in this direction the resultant field will be the 
vectorial sum of the fields of each of the sources in the array; but, due to the 
individual radiation patterns of each source, 
the field components are all proportional to 
Jf(8@, ®) such that the total field will also be 
proportional to f(#, ®). But, considered as 
an array, this field is also proportional to 
F(0, ®) if F(0, ) is the diagram of the array 
when the sources are isotropic. It follows 
that the diagram for the array of non- 
isotropic sources is of the form: 


D(6, ©) = f(0, ®) F(6, ®). 


This is the principle of multiplication of Ficure IV-I2 
diagrams. This principle is entirely general 
and is treated rigourously in the work of Silver. It allows the calculations of 
diagrams of all combinations of antennas provided that all the elements are 
identical. 

In the case of a system in lines or in columns (fig. IV-12) then: 


D(O, D) = f(G, ©) F,(6, ®)F,(0, ©) F(8, ®), 
with: 


f(@, ®): radiation diagram of a single source. 
F,(0, ©): diagram of an array of isotropic sources in the direction Ox. 
F,(0, ®): diagram of an array of isotropic sources in the direction Oy. 


F,(0, ©): diagram of an array of isotropic sources in the direction Oz. 


To establish this equation it is sufficient to recall that with a suitable choice 
of reference system, an array can be compared to a non-isotropic source of 
spherical waves. 
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CHAPTER FIVE 


Beamed Transmissions 
on Medium Waves 


V4 


@ 


It was noted in Chapter 3 that an antenna in which the high-angle radiation 
had been largely eliminated presented a particularly interesting case, since it is 
usually desired to concentrate the radiation more or less in line with the horizon. 
Such antennas present a directive effect in the vertical plane. On the other hand, 
being constituted by making a revolution around vertical axis of the antenna, 
the radiation is omnidirectional in the horizontal plane. However, this property 
can sometimes be an embarrassment when it is necessary to cover a particular 
region to the exclusion of others: under such circumstances it is necessary to use 
an antenna possessing directivity in the horizontal plane. 

In view of the dimensions involved, it is not practicable to use multielement 
arrays, and thus the radiation diagrams will be wide, which is not generally a 
disadvantage for such purposes as, for example, in the case of broadcasting. 

Most frequently, the directive antenna consists of two elements, rarely of three 
or four. 


5.1 ARRAY OF TWO ANTENNAS SEPARATELY DRIVEN 


Considering figure (V-1), two antennas 0 and 1, separated by a distance d, 
in which flow the currents J) and 7, connected by the relation: 


ie ines®, (5,1) 
in which M is a proportional factor and the phase difference between the two 
currents. J) and J, naturally depend upon the excitation of the antennas. 


Let M be a point M, far removed from the antenna, such that r, > d and 
o> d. ry and r, are connected by the relation; 


ry =rot+dcosyp 
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but as: 
cos y = sin. cos O, 
then: 
ry =1r,) + dsin 6 cos ®, 


The field at M due to the antenna O is: 
vOOmeEle 
F(9)) =j oi e~#rof, f(0), 
0 


where /(@) is the fraction of the expression (3,11). 


FIGURE V-1 


Similarly the field at M due to the antenna 1 is, supposing that the two 
antennas are of identical form which is always the case in practice: 


60. 
F(0), = j— el, f(6). 
1 


In noticing that the denominator can be written as rg ~ r,, the total field 
of the two antennas gives: 


F(6) ha j = eof) [I aii Tee ee ee coe ab 
0 
Replacing J, by the value taken from (5,1) it is found that: 
F(6) = j = e—*roT, f(8)[1 a Mei(e—-dsin 6 cos 2) (5,2) 
0 
This relation gives the distribution of the field of the array in three dimensions, 
as a function of 6 and of ®. In particular, if we make 0 = 90° in the equation, 


the diagram in the horizontal plane is obtained; this diagram is 


fe, 6 ramen 
F®) = jel, f(QOY[1 + MeKe- Hao oy), (5,3) 
0 
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If only relative values are considered, it is sufficient to take: 
AD) Le Meira a (3,4) 


In the special case where the two currents J) and J, are of the same amplitude, 
M = 1 and f(®) can be written: 


S(®) = 1 + cos (y — kd cos ) + j sin (y — kdcos 9), 


thus in amplitude: 


f(®) = 2cos E ee S cos o|. (5,5) 


This is another form of the equation (4,1). 

Figure V-2 gives a collection of diagrams obtained from this equation as 
calculated by G. H. Brown. These diagrams are very useful for the determination 
of the radiation characteristics of antennas: let us suppose that we need to 
construct an antenna radiating a nearly uniform field over 180°, the axis of this 
sector running, for example, North-South, with no energy being radiated towards 
the North, either because, in that direction, there is another transmitter working 
on the same frequency, or because the site is on a Northerly sea coast. 

An examination of figure V-2 shows that two antennas are required, aligned 
in a North-South direction, and that three arrangements are possible. 

(a) d = 0-375 A: the current in the Northern antenna leads by 45° on that in 
the other. 

(b) d = 0-25 A: current in the Northern antenna leading by 90°. 

(c) d= 0-125 A: current in the Northern antenna leading by 135° on that in 
the Southern antenna. 

To make a choice examine more closely the distribution of radiation: thus 
the solution (a) favours the regions East and West, while (c) particularly favours 
the South. It is also necessary to examine the situation in the vertical plane. 

Making ® = 0, and M = 1 in (5,2) the expression for amplitude is found: 


iC) pa as eJroT, f(8) . cos [2 — re a]. (5,6) 
ro ere OA 

Here the function f(@) of (3,11) plays a preponderant role and the diagrams 

thus obtained will depend upon A and B. It is in fact necessary to try several 

solutions, for example to make A + B= 190°, then take the quarter-wave 

condition (A = 90°; B = 0) etc., and calculate the diagrams in the three possible 
solutions. 

The solution giving the most suitable radiation will be chosen, not only for 

@® = 0, but also for the intermediate values such as ® = 30 and ® = 60°. 


CA FINI 


QO O- 
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5.2 BASE IMPEDANCE OF EACH ANTENNA 


Due to their proximity, the two antennas influence each other, which can be 
translated in terms of mutual impedance between the two antennas. Let Z,, 
be this mutual impedance, Zp), the impedance of the antenna 0, and Z,, the 
impedance of the antenna (1). If V) and V, are the voltages at the bases of the 
antennas we shall find: 


Vo = Lolo + Zmli 


(5,7) 
Vy aa Zyl, a Znlo 


and the resolution of this system will give the values of the base impedances: 


o= z and Z,=—. E 
We are able to calculate Z), and Z,,, which 
follows from the methods explained in 
Chapter 3. 

Now find Z,,. For this calculate the 
electric field due to a current J in the 
proximity of an antenna in which this 
current is flowing, then integrate this 
field along the length of the other antenna, which gives the induced e.m.f. The 
ratio of this e.m.f. to the current J gives Z,,,. ; 

In the case of two wires in free space, of length /, and separated by a distance 
d (fig. V-3), the mutual impedance is: 


—— ee 


FIGURE V-3 


Zim = +30{2Ei(—jkd) — Ei[— jk(Vd? + 2? — D] 


— Ei[—jAVd? + P+ DQ (5,8) 
with: 
Ei(—jx) = Ci(x) — jSi(x), 
and 
k = 2n/A, 


in the case where / is an odd number of half-waves. 

This expression containing at the same time both real and imaginary terms, 
Zm can be broken down into a mutual resistance R,, and a mutual reactance 
X »- Figure V-4 gives these two terms for two half-wave antennas in free space: 
for two vertical quarter-wave antennas, earthed, these values must be divided 
by two. 

If J is any length, the equations become much more complex. 

Figure (V-5) gives the modulus and figure (V-6) the argument of the mutual 
impedance between two vertical antennas. 
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Now that Z,,, can be calculated, return to equation (5,7). From (5,1): 


and we can write: 


‘“ 


oO 


aS 
S&S 
Q 
= 
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Mutual impedance between half wave antennas 
FIGURE V-4 


where |Z,,,| and 0,,, are given respectively by figures (V-5) and (V-6). In putting: 
Zoo = Roo + jXo0 
Zy= Ry + jxXu 
the equations (5,7) are written: 
Vo = If [Roo + jXoo] + MIZ,,| m+} 


; ] 
Vy = TC Ry + JX) + M IZ ml ett it 
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impedance between = 
vertical antennas 


FIGURE V-5 
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Phase of mutual Impedance 
between vertical antennas 
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FIGURE V- 
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which gives: 


Vi . 
z= Roo + M [Zml COS Om + 9) + jXoo + M|Zmnl Sin Om + —)1 (5,9) 
0 

Tar Sp teas | cos (Om — ) +i x eZ, | sin (0, — } (5,10) 
a ae M m m ? J 11 Wie (os te a 


From these two relations the values of the base reactances and resistances are 
obtained: 


Ro = Roo + M|Z,,| cos (0. + —) (5,11) 
RH ki + = Za cos (6,, — @) (5,12) 
Xo = Xoo + M{Z,,,| sin (6,, + ) (S333) 
Ae Agi za sin (0, + 9) (5,14) 


5.3 POWER IN EACH ANTENNA AND EFFICIENCY OF THE 
SYSTEM 


From the above relationship it is easy to deduce the power required to excite 
each antenna; the following equations can be supplied: 


Py = Rolo 
The total power applied to the antenna is thus: 
P. — P, se Lo 
which gives: 
P = I7[Roo(1 + M?) + 2MR,, cos 9] (5,15) 


in the practical case where the two antennas are identical, i.e. where Rog = R43. 

From this last relationship it is possible to deduce the current J, for a power P, 
and, from the value of this current, deduce the field in a given direction using the 
equation (5,2); therefore, in combining (5,2) and (5,15) we find: 


1 + Mele —Fd sin 0 cos ®) 


Rite eae 
Saeed teh Paine inte aie IAC A 
prccbst: VPof@) [Rol + M2) + 2MR,, cos of}! 


(5,16) 
This relation allows the calculation of the field of the antennas knowing the 
total applied power P. | 
It is interesting to know the ratio between the field produced by the two 
antennas and the field produced by one of these antennas alone supplied with 
the same power: in this it is possible to assess the gain in a given direction due 
to the use of this type of array. 
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The field of a single antenna is given by the equation (3,11) which is written: 


F'(6) = jPe-sngn, | a (5,17) 


And the ratio of the fields, or the gain of the system is written: 


ne F(0) a V Rooll + Mei(¢—Fd sin 6 cos ®) 
~ -F'(0) — [Roo(1 + M?) + 2MR,, cos 9]? 


giving a modulus: 


_ fl+ M?-+ 2M cos (y — kdsin 6 cos ®)]3 
Y eer. | (5,18) 


R 
1+ M?+ 2M —cos 9 
Roo 


This expression defines the gain of the system stated as a ratio to a single 
antenna, which must not be confused with the gain as defined in the first chapter. 


dai Maximum gain ofan array of ae 
two antennas 
ee aresy. 
ple Lav an 
geal sae 
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FIGURE V-7 


It is interesting to see under what conditions the gain will be a maximum, in 
relation to M and 9. To find the variation in relation to M derive an expression 
from (5,18) in relation to M: it can then be seen that this derivative is limited 
by M = +1. As Mis only a ratio completed by the phase gy, the value +-1 is the 
only significant one, and then (5,18) becomes: 


4/2 cos (@ ao 7 cos ® sin a) 


& = Vie 
Puce 


00 


(5,19) 


This new expression gives the gain of the two antennas when the currents 
I, and J, have the same amplitude, which is the condition of maximum gain. 
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The maximum values of (5,19) corresponding to certain values of 0 and ® 
have been calculated and are given in figure V-7 as a function of the phase 
difference y and of d/A. These curves permit the determination of the optimum 
phase angle corresponding to a given aerial spacing: it can be observed that 
the gain in some cases is as great as 75% on the field. 


5.4 CASE WHERE ONE ANTENNA IS NOT DRIVEN 


Suppose that only antenna | is excited by the transmitter. In this case the 
equations (5,7) are written: 


Vy peas LZ, ne LZ m 


(5,20) 
from which: 
Z Zin| e8°m 
I, = —L = = a 
: Was [Zoo] e770 
hence: 
[Znlee 
[, = —F, —= hm %o) 
‘ *iZinol 
and: 
Z 
L=—-I a e@(F00— 9m) (5,21) 


This expression, compared to the relation (5,1), gives: 


ga 
Z 


Vie and. P = Doo — In 


™m 
and the radiation diagram of the system is always given by the expression (5,2), 
which is now written: 


GORE. Z be, 
F(6) — j ae SO = aa eil0o9 — 9m —kd sin. cos a 
ro Zr 


m 


then, as a relative value, in the horizontal plane: 


f(®) eee [Zool @) (900 — 98m —kd cos 2) (5,23) 
Zn 

When the two antennas are identical |Z,,| and 0,, are set by the distance d 
and the height of the antennas; but this last dimension controls |Zpo| and Oo, 
such that if one or the other of these two quantities is taken as a parameter, 
the mutual impedance as a function of d is implicitly imposed. It is thus possible 
to draw the radiation diagrams uniquely as a function of d and 699. This has 
been done by G. H. Brown and the results are given in figure V-8. 
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This figure will be used in the same way as figure V-2 and, from the value 
Of Oo, the necessary height of the antenna can be deduced, then the correctness 
of the diagrams in the vertical plane calculated from (5,22) can be checked. 


a & ne) 


From the equations (5,20) the base impedance of the driven antenna can 
readily be calculated: 


Vie ee 
2, =24, — = =241— = ef (28m — P00) 
00 00 
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of which the real term is: 


Zz 
Ry = Ry — |5Z—| Cos 24, — Ooo) (5,24) 
Zo0 
and the imaginary term: 
2 
Zoo . 


This gives all the information required to match the aerial. 
In a similar way, knowing the power supplied to the aerial and the gain of the 
system it is possible to calculate the radiated field. 


5.5 LOW ANTENNAS WITH REDUCED VERTICAL RADIATION 

It is well-known that in order to combat fading it is desirable to use an antenna 
having a small degree of ‘sky-wave’ radiation, and this entails arranging the 
height to be around a half-wave or a little less. As long as the wavelength does 
not exceed 500 m, the necessary towers are practicable, but at lower frequencies 
the cost factor becomes prohibitive. It is then necessary to use a system with a 
large surface. 

A sheet of vertical currents projected on the ground in the fashion of a circle 
(fig. V-9), is such that their phase crosses angle f linearly, in the direction of the 
arrow, one complete turn, (m), giving a variation of 27m. Let A and B be two 
elementary symmetrical antennas, with respective phases +nf and —nf, and 
a width of Rdf, R being the radius of the circle. If J is the current density in the 
sheet, the current in A is: 

Tj dpe: 
and that in B, 
Tp Ropes 


In supposing the A and B are sufficiently short to be able to be compared to an 
elementary dipole, and in noticing that: 


Oa = Ob = Rsin f, 
the field at M/ due to A and Bis of the form: 
dE ued Ksin a) Te ehh rey SL) a e —i(nB —kR sin f sin 7 df, 


where K is a proportional factor. 
This can also be written: 


dE = 2K sin 6/,R cos [nB — kR sin f sin 6] df. 
The total field of the sheet is thus: 


E(6) ~ Rsin 6 i ‘cos [(KR sin 6). sin B — nf] dé, 
0 
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which is: 
E(0) ~ Rsin 0. J,(KR sin 60). 


According to whether the elementary dipoles are all in phase or, for one 
revolution, have a- phase difference of 27(n = 1), 47 (n = 3), ... the Bessel 
functions Jy, J;, J;, ... come into the expression for the field. 


FIGURE V-9 


It can therefore be seen that the greater the rotation of phase, the less will be 
the high-angle radiation. 

In practice the cylindrical sheet is replaced by a certain number of antennas, 
usually four or six (the SFR system due to Chireix). The equations are therefore 
more complicated and the radiation diagram is no longer given by a revolution 
around the axis of the cylinder: if m is the number of antennas (four or six) 
and if m is the number of phase revolutions (one or two), the fluctuation of the 
field in the horizontal plane is expressed by the ratio: 


Jom —n) [k R] 
JnLkR)] 


An examination of a table of Bessel functions shows that a system of four 
antennas differing in phase by 7/2 (m = 4, n = 1) is suitable for R < 0-194, 
while a six-antenna system phased 47/3 (m = 6, n = 2) is suitable for R < 0-25 A 
(field fluctuations less than 10% in the two cases). 
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Figure V-10 reproduces the radiation diagrams in the vertical plane for 
four antennas at a height of 4/6 disposed in a circle having a diameter of 0-38 A, 
and for six antennas A/2 high, circle diameter = 0-5 /. 
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FIGURE V-10 


Systems using a central vertical antenna are also used, in which case a directive 
effect in the horizontal plane can be obtained by a suitable adjustment of the 
amplitude and phase of the current in the central element. 


5.6 FEEDING GROUPS OF ANTENNAS 


In general terms, if n antennas are being fed, voltages and currents are given 
by the following relations: 


Vy a Zyl, ag Ziel + Zi3l3 sige Livan 
Vo = Zoil, + Zoole + Zogle + ... Zanl, 


Ve is Znily sit Znale ar Znsls ee Wap tts 
where the Z;; are the impedances of the antenna itself (1) and the Z;, are the 
mutual impedances between the antenna (i) and the antenna (j). Resolving this 
system of equations will always provide the base impedances of the various 
antenna following the equations and graphs giving Z,, and Z;,. 


The radiation diagram will be calculated by methods analogous to those 
which have just been used. 


| 
: 
; 
. 
| 
; 
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If the antenna system consists of one driven and one parasitic element, the 
matching transformer is similar to those used for exciting a single antenna 
(impedance reverser, for example). 


Where two or more antennas are being driven, each element must be excited 


with a given amplitude and phase: three-element T or pi networks are then 
required. 


The theory of four-pole networks shows that if: 


— R, is the resistance to be matched, 
—R, is the resistance required, 
—f is the phase difference between the input and output, 


the reactances constituting the network are given by the equations: 


a. / Ry cos p — V RiRS 
“i sin B 
R, cos B — V RR, 
J sin fp 
mV ROR, 
sin B 


T network Vig re 


Z,= 


- R,R, sin B 
am network R,R, sin B 
on R, cos f — V RR, 
Zo = jV R,R, sin B. 


In putting: 
pes 
Ry 
. ” \/ > ° 
ty soadinarn taco b= Vrsin p: pe igen Gt ees 
Vr — cos B 1 — Vrcos p 


Table V-1 can be drawn up for the different types of networks possible; 
in the table the values of the reactances are expressed as a function of a, b, and c. 

A rapid examination of the equations shows that the various elements con- 
stituting the network are not tuned to the working frequency, which represents 
a major disadvantage of this type of transformer: the adjustment of such a 
device will always be difficult. 

Each element of the network must be measured precisely since the values of 
reactance and resistance are required to be known, the network being constructed 
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Typet — large phase lag 


ch, Re 


ee ee ee a a ae _ oe 


C positive 


TypelV — small phase lead 


-bR> -f,/c -F,/a 


ie: negative 


FIGURE (TABLE) V-1 


purely on the results of calculations. This limits the use of such a system to 
long and medium waves as the short waves would generally entail difficulties 
of precision. 

It should be noted that in the case where R, has a parasitic reactive term, 
where a TJ-network would be used, the reactive term will be compensated by the 
series reactance of the network. 

Example: The problem is to match two antennas having an impedance 
(200 — j60) to a 300 ohm feeder. The two antennas are connected to the same 
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point of the feeder; the phase relationship between the antennas must be such 


that the first (1) lags 90° on (2). 
First consider the network relative to antenna (1). Take an arbitrary phase 
difference, say a retard of 30°. The resistance R, to be obtained will be 600 


ohms, such that the two networks give 300 ohms when they are in parallel. 
600 


Aer iar 33) Sint /=='0'5.8 COS P) = 0-866, 
3 x 0°5 
pec SS SIRES Bs ey) 
V3 — 0:866 
b= V3 x 0-5 = 0-866, 
ee BOE AOR ae 1-732: 
1 — V3 x 0-866 


c is negative since the phase is slightly retarded; therefore make use of a T- 
network, type II, so that the reactive term of the antenna may be compensated. 


Then: 


R, - 600 
Semen! —_—_ —_ —_ — 4 
Z, =] ‘ IT739 j346 ohms 
Rin 600 . 
He te Pale Aa ore, Fa | 
eel acting mune 
Re 600 
a Se eg PUUCeO3'C) 
Aa ia lay TOREG 


To compensate the —j60 ohms of the antenna add +j60 ohms to Z, which 


will give: 
Ze = +5(346 + 60) = +7406 ©. 


Passing to the antenna (2) network, the phase retard will now be: 
30 + 90 = 120°. 
thus: 
Zeal 
sin 6 = 0:866; cos 6 = —0°5 

__ 3 x 0:866 

RNS 

b= V3 x 0866 = 1'5, 

V3 x 0:866 


| OE TES SEND I FAY. 
Ve 47 355<70:5 


eG): 
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The solution is positive and there is a large phase lag, therefore a network 
similar to type I must be chosen. Then: 


eRe ee 
Heel) Paar lr man ar 
Ri, 2600 
Des a Q 
ger tyes Mears ane e 
R 600 


In order to compensate for the reactive term of the antenna, Z, must become: 


Antenna 1 


3460, 4060 


Antenna 2 


746 Q $752 


FIGURE V-11 


Z, = j(515 + 60) = +]575 Q. 


Figure V-11 demonstrates the practical application of these results. 
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CHAPTER SIX 


Half-wave Antennas 
for Meter Wavelengths 


This chapter is devoted to antenna systems consisting of one or more half- 
wave dipoles; such arrays are not usually highly directive when compared to 
rhombics and similar antennas of large dimensions. 


6.1 HALF-WAVE DIPOLE 
The half-wave antenna in free space, or half-wave dipole, is the basic element 
from which all tuned antenna systems employed on short waves are derived. 
This antenna has been considered in Chapter 3; the radiation diagram is 
given by the equation (3,9), as follows: 


7 
ecIER Cos (5 cos a) 


and the impedance at the current node is: 
X, = 73:2 + j42°5. 


By a method similar to that which was used for the doublet, or elementary 
dipole, the gain of a half-wave dipole may be calculated. The following results 
are obtained: 


G = 1:64 = 2:14 dB. (6,2) 
It is possible, therefore, to obtain the gain of the half-wave antenna referred to 
the doublet, which is: 
g = 2:14 — 1-76 = 0-38 GB. 


These remarks apply only to a half-wave antenna suspended in free space; 
in practice of course, the antenna is always placed above the earth and it becomes 
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necessary to take into account the antenna image, the earth being considered 
as a perfect conductor. 

The principle of images (see paragraph 2.6) is illustrated in figure VI-1 for 
the cases of sloping, vertical and horizontal antennas. Depending upon whether 
the E component of the field falls in the incident plane, or is normal to it, the 
phase change will be zero or z for the reflected wave, and the image will either 
be in phase with the source (fig. VI-15), or in phase opposition with it (fig. VI-1c). 

In the general case of a sloping antenna, the directions of the currents are 
given by figure VI-1a. 


CAE ELD ASIDE 
| 
, i 
bes a 
oo ~y 
(a) (b) (c) 
FIGURE VI-1 


Following from the principle of multiplication of diagrams, the radiation 
diagram of a wire above ground is equal to the product of the diagram of the 
wire itself multiplied by the diagram of two isotropic sources placed at A and B. 

This particular diagram has been calculated in Chapters 4 and 5, being the 
diagram of antennas (0) and (1) in the plane zAy in which the two antennas act 
as identical sources. The field derived from the relations (4,1) and (5,5) is: 


aa 


f(®) = 2 cos \z Marke cos o| 


where ® is the angle between the direction connecting the two sources A and B 
and the direction of the radiation considered. For ease of calculation it is 
preferable to take the angle as being above the horizon: from figure VI-1, the 
angle A is seen to be the complement of ®, such that the above equation is 
written : 


f(A) = 2 cos (2 a = sin A) 


where d is the resistance AB which is equal to 2h if h is the height of the antenna 
above ground. 
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In the case of a vertical antenna the two currents are in phase, y = 0, and the 
equation (4,2a) applies: 


SUN) ==) 2 COS (= sin A) | (6,3) 


In the case of a horizontal antenna the two currents are in phase opposition 
and g/2 = 90°, which gives 


WAY oe) ain Fz sin A) (6,4) 


which is equation (4,5a). 


FIGURE VI-2 


For a half-wave dipole placed above earth (6,1) must be multiplied by either 
(6,3) or (6,4) according to whether the wire is vertical (vertical polarization) or 
horizontal (horizontal polarization). 

These remarks are of a general nature; figure VI-2 shows various representa- 
tions of equation (6,4) corresponding to different values of h. As the height of 
the dipole is increased it is observed that the diagram consists of progressively 
larger numbers of lobes of equal amplitude. Since short-wave communication 
relies principally upon propagation by ionospheric reflection, it is an obvious 
advantage to concentrate the radiation into a single beam around a chosen 
vertical angle; the height above ground of the antenna should therefore be 
roughly equal to one half wavelength. | 

In the case of vertical polarization, the equation (6,3) gives diagrams similar 
to those of figure VI-2 but with a maximum in the direction of the horizon. It 
is likewise desirable that the height of the centre of the antenna should not be 
very much more than one half-wavelength. 

The impedance at the current node of the antenna varies with the mutual 
impedance between the antenna and its image. Figure VI-3 shows the fluctua- 
tions of radiation resistance as a function of the height of the centre of the 
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antenna above ground. Clearly, the higher the antenna, the smaller are the 
variations in radiation resistance, which tends to become the 73:2 Q which is 
the value corresponding to an antenna in free space. 


FIGURE VI-3 


6.2 CONSTRUCTION OF DIPOLES 

The dipole is used only when a very simple antenna is required having little 
directivity; on short-waves it may be vertical or horizontal, the field at a distance 
always being elliptical due to ionospheric reflections and thus independent of 
the polarization of the transmitting antenna. If the dipole is vertical it will have 
a truly omnidirectional characteristic, while if it is mounted horizontally there 
will be no radiation in the direction of the wire; in certain circumstances this 
can be a disadvantage. 


FIGURE VI-4 


The simplest way to excite a dipole is to feed the centre, point of maximum 
current, by a symmetrical feeder as shown in figure VI-4. The feeder is thus 
terminated with an impedance of Z, = 73-2 + j42:5, and a matching device is 
necessary, as symmetrical lines are usually constructed with an impedance of 
500 to 600 2. 
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A quarter-wave stub carrying a standing-wave changes the antenna impedance 
to a high value, of the form (Z>/Z,), then this high impedance is matched to 
the feeder by a second quarter-wave stub which is short-circuited; adjustment 
is by varying the position of the feeder tap, i.e. the ratio / and /’ until a point is 
found where the standing-wave ratio on the feeder approaches 1. Frequently 
the lines employed for the quarter-wave section and the feeder are arranged to 
be of the same impedance, so that / and /’ can be found easily by the use of a 
circle diagram (sometimes known as a ‘Smith chart’), see Appendix. 


FIGURE VI-5 FiGureE VI-6 


The dipole is then said to be excited at resonance. 

It is also possible to feed the antenna at anti-resonance by end feeding, as 
shown in figure VI-5. If Z, is the resistance characteristic of the antenna, and 
Ro is the radiation resistance at the centre, the base resistance is roughly equal to: 


Roe Zo 6,5 
Ler Ry ( 5) ) 
For a half-wave, Ry = 73-2 Q and 
1 
Mp es 120] log otk 0-65, ohms (6,6) 


where /is the length of the wire, and d its diameter (this equation is due to Siegel 
and Labus to whom reference has already been made, and in which the height 
above ground is neglected). 

Equations (6,5) and (6,6) usually give very high values of R, (with A = 20m 
and d= 4mm, R, is found to be about 10,000 ohms), although in practice 
these values are lower partly because one is rarely at anti-resonance, and also 
because the resistance is distributed and not concentrated at the current node 
of the antenna. Nevertheless, R, is frequently greater than 3,000 ohms and 
matching to the feeder is effected by a quarter-wave stub similar to the second 
quarter-wave section used in the previous case. In the present case however, 
the symmetry is not perfect because one of the two wires of the feeder is con- 
nected to the antenna only by the capacity existing between the two. It is never- 
theless possible to obtain a standing-wave ratio lower than 1:5 on the feeder. 
Another method consists in exciting the antenna by a single wire (fig. VI-6) 
connected at a point A chosen such that the impedance at this point roughly 
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matches the feeder formed by the wire: in this case the antenna itself plays the 
role of impedance-transformer. 

A similar type of arrangement, but far more correct is shown in figure VI-7: 
the feeder opens to a delta-shape and is connected at two points A and A’ such 
that the impedance between these two points is equal to the characteristic 
impedance Z, of the transmission line. It is readily seen that, if 2/ is the distance 
AA’, the resistance appearing between the two points is: 


Ro 


ae 271 
A 


Rive 


(see equation 3,17). 


FiGureE VI-7 


The length 2/ is between 0:24 and 0-25 times the length of the dipole if the 
antenna is sufficiently high above ground; generally the delta length, h, is 0:3 
times the length of the half-wavelength. It should be remembered that for this 
and all other types of half-wave antennas that resonance appears a little under 
the half-wavelength, this being due to the capacity loading of the ends of the 
antenna both to the insulators and ‘end effects’, such that a practical half-wave 
wire is frequently considered to be 0-478 A instead of 0-5 A. 


6.3 THE FOLDED DIPOLE 


Finally we come to the ‘folded-dipole’ shown in figure VI-8; as the name 
suggests, the dipole is folded back on itself and fed symmetrically to one of the 
wires. Under these conditions the antenna appears as a resistance equal to 4Rp. 

In fact, the two antennas lying parallel to each other comprising the folded- 
dipole are very closely coupled so that half the total current flows in each wire. 
In the case of a single-wire antenna the useful power supplied by the feeder is 
R,I*. The feeder still supplies the same power but is now connected to a resis- 
tance R’ such that: r 

Wee re Haves 
Rea 


which gives roughly 300 Q with Ry = 73-2 Q. 


thus: 


i 
a 


| 
: 
: 
: 
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A symmetrical transmission line with such an impedance is a practical 
proposition, and an impedance matching arrangement is no longer required. 

It will also be noticed that it is possible to obtain various values of transformed 
impedance in using different diameters of wire for each half of the antenna. 
This is not usually done in practice. 


FIGURE VI-8 


A folded-dipole can also be constructed with three wires as shown in figure 
VI-9a; in this case the current flowing in each of the three wires will be one third 
of the total, and the impedance at the feed point will be 9 times the radiation 
resistance, i.e. approximately 650. 

The antenna may be fed at a different point, as shown in figure b; due to the 
inversions of phase at the ends of the half-waves, the three elements always 
radiate in phase. The input impedance of such an antenna is 900 Q. A wide range 
of variations can be devised, even departing from wires of a half-wavelength 
long. 


048 © 
{ 0127, l 
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FIGURE VI-9 


A derivation of the folded-dipole is the ‘7-match’ shown in figure VI-9c; 
the dimensions given are suitable for a 600 © line. By varying the length D 
the input impedance may be varied as in the case of the delta-match antenna. 


6.4 THE BANDWIDTH OF DIPOLES AND WIDE-BAND DIPOLES 


The antennas just described are tuned to the half-wavelength and will function 
satisfactorily only close to this wavelength. It is of value to know in what band 
of frequencies around resonance the antenna remains useful. 

Without investigating too deeply, it is evident that, from the point of view 
of radiation diagrams, there will be no difficulty in considerably shifting the 
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frequency. Indeed, in the plane normal to the wire there is no directive effect, 
and in the other plane the directivity is not generally an essential characteristic 
of the antenna. On the other hand there would be a serious change in the 
impedance presented to the transmission line due to changing the frequency, 
especially in the case of excitation at anti-resonance, and it is this feature which 
limits the pass-band of the antenna. The radiation resistance at the current 
maximum is given by equation (3,16) provided that we change 30 to 60. Figure 
III-8 (curve 90°, doubling the ordinates) shows that this resistance passes from 
73-2 Q for A/2 to approximately 20 Q for 4/3 and 150 © for 2 2/3. This variation 
depends purely upon the length of the wire and cannot be modified. 

We are concerned with the impedance presented to the feeder. In the case 
of a half-wave dipole excited at the centre, and at resonance, we know that this 
impedance is: 


The antenna can be considered as constituted by two quarter-wave lines of 
length J, such that the reactances of these two lines add together to give Zp; 
the input reactance of an open line is, calling z) the characteristic impedance: 


2al 


X, = —jz, cot 
1 JZ ©O 0 


which gives X, = 0 for / = 4/4; it is then possible to find Z,, above. 
If the dipole is not correctly at resonance, i.e. if / ~ A/4, the input impedance 

1S: 

271 


Z, = 713-2 + j42:5 — j2z, cot 7 


(6,7) 


The factor 2 comes from the fact that the antenna is being considered as 
constituted by two separate and identical lines. 
The impedance characteristic of a wire in free space is: 


if L, is the inductance per unit length. The calculation gives: 


DR 
Be 2(tog ma 0-65] cm, 


if / is the length of the wire, and a the radius in centimetres. 
By replacing L, by its value: 


D , 
ZOU (Iog = — 0-65] ohms. (6,8) 
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Zo is the characteristic impedance of a line, ie. half of a dipole. For the 
complete antenna the characteristic impedance will be 22), since it is a sym- 
metrical system. In the equation giving Z,, 2z) can thus be considered as the 
characteristic impedance of a dipole of length 2/: 


a 
22 120(log pay 065), 


which gives equation (6,6). 
Replacing 2z, by its value, we get: 
21 27 
Z, = 73-2 + j42:5 — j120( tog a 0-65 cot : 


In the case where the departure from resonance is small, ie. where / is of 
the order of 4/4: 


A 
[=5+ Al 
and: 
Aub Le Darisl 
oe eae ae 
which gives: 
= 73-2 + 542-5 + j120(tog= = 6: 65) (=~). (6,9) 


The sign will be positive if the length / is greater than 4/4, and negative if it is 


smaller. 
We are interested in the variation of Z, with 2 for an antenna of definite 


length. In noticing that: 


[= A/4, 
we see that 
Al 


and the relation (6,9) becomes 
i Al 

Z = 132 + j425 +: j120) log — 0-65] il el, (6,10) 
If Ap is called the resonant wavelength, then: 
A=A, + Ad; 

alternatively A, can be defined as the condition for which the input impedance 

is a pure resistance Ro, the equation (6,10) can then be written: 

AA 

TAA a — j120| tog re: 5]? al 

One 
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The negative sign is explained as follows: when AA is positive, A > A, and 
1 < 4/4: hence the antenna is capacitive and presents a negative reactance. The 
inverse is true when Ad is negative. 

If the characteristic impedance of the antenna is now defined by the expression: 


21 
Z) = 120| log = Ae 0-65|, (6,11) 


the equation (6,10) finally becomes: 


aL yal 
Ff y Oey ae, panied, ES O12 
1 0 J 9 an ( ) 
For simplicity it is assumed that the dipole is connected to a feeder of charac- 
teristic impedance Ry, and then the matching will be correct only for AA = 0, 
and for other wavelengths the coefficient of reflection on the feeder will be: 


The approximation made for the value of the reactive term, which consists of 
taking the angle for the tangent, is only valid for low values of this term. I 
can thus be written approximately: 


LS eae (6,13) 


It is therefore appears that the coefficient of reflection on the line is pro- 
portional to the product (Z,. Ad): if it is desired to construct a wide-band 
antenna it is necessary to use a characteristic impedance as low as possible, i.e. 
a ratio J/a. 

As with vertical antennas, it is necessary to use a wire of large diameter. This 
cannot of course be taken very far due to mechanical considerations and, in the 
case of meter wavelengths, the two wires of the dipole are replaced by cones or 
prisms. The equivalent radius of a prism can be calculated by the mean geo- 
metric distance method (see paragraph 3.5). 

Antennas having a diameter which is large compared to the length will be 
studied in detail in Chapter 9. 

The bandwidth of the antenna can be determined easily by applying the 
equation (6,12) and using a circle diagram knowing the standing-wave ratio 
to be found on the feeder. In Chapter 9 a method is given for increasing the 
bandwidth by means of an additional line. Z, being given by (6,11) it is interest- 
ing to know R,; the length / of the antenna needs also to be known and this is 
always less than a quarter-wave, the difference being inversely proportional to 


| 
: 
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the ratio //a. These values can be calculated from the equations given below 
which hold true provided that the ratio J/a > 10. 
The resonant length (zero reactance) is given by 


aed ee 
ae vi P23 5) (6, ) 


in this case, the resistance R, is 


10,500 
Ry = [732 — | ohms (6,15) 
0 
The reactance corresponding to a variation Al of / is: 
27Z, 100 
74 aa, [ a a Al ohms. (6,16) 
A Zo 


The impedance of a dipole measuring exactly one quarter-wavelength can be 
calculated from the equation: 


5400 9700 


0 0 


These equations are given by R. A. Smith in Aerials for Metre and Decimetre 
Wavelengths. 


6.5 DIPOLES FOR VERY SHORT WAVES AND VHF 


At high frequencies the dimensions of half-waves become small, and the 
wires may be replaced by rigid tubes fixed only at the point of connection of the 
feeder. At the same time it becomes increasingly difficult, particularly below a 
wavelength of five meters, to use a twin wire transmission line and the coaxial 
type of feeder becomes essential. The excitation of a symmetrical half-wave 
antenna by a coaxial line entails the use of a balance-to-unbalance transformer, 
sometimes called a ‘balun’. Since it is always desirable to endeavour to obtain 
the maximum bandwidth in the system, the procedures described in section 7.3 
are invariably adopted. 

If on the other hand a narrow-band system answers the needs (maximum 
variation +20%) the simplified arrangements of figure VI-10 will suffice. In 
the version (a), a coaxial feeder drives a three-quarter-wave wire while a further 
quarter-wave is connected to the outer conductor of the feeder; this latter 
quarter-wave together with the first quarter-wave of the antenna play the part 
of an impedance transformer and, in adjusting the distance d of the two sections, 
it is possible to match the antenna to the feeder. Version (5) functions in a 
similar way. 
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Instead of feeding a half-wave in anti-resonance, a quarter-wave may be 
excited in resonance, thus applying a medium-wave vertical antenna technique 
to ultra-short waves. Earth is now considered as the roof of the building or 
the vehicle upon which the antenna is mounted; this can also be the fuselage 
of an aeroplane. The construction is shown in figure VI-11. 

Antenna (a) is normal to the plane of the conducting surface forming the 
‘earth’; it is maintained in place by a short-circuited quarter-wave section of 
transmission line putting an infinite impedance in parallel with the base of the 
antenna. Excitation is by coaxial feeder, but the quarter-wave base impedance 
is 36-6 Q which is usually lower than the characteristic impedance of the feeder. 


(0) 


Ficure VI-10 Ficure VI-11 FIGURE VI-12 


A matching section (c) must therefore be included at the feed point. It is never- 
theless possible to avoid the use of this matching section if the feeder is connected 
to a point some distance from the centre of the antenna, at which point the 
impedance will be greater than the 36-6 Q found at the current-node at the centre 
of the system. 

A variation of this arrangement is shown in figure VI-12. The action of the 
sections (a), (b) and (c) is exactly the same, but the earth plane is replaced by 
four rods each one quarter-wave long connected to the end of the outer conduc- 
tor of the feeder. There are many variations of this general arrangement, one 
of which uses a folded section at (a) giving an impedance at the centre of 
approximately 150 Q. 

Other antennas employing sleeve transformers will be studied in Chapter 9. 


6.6 TELEVISION DIPOLES 


Television transmitting antennas are necessarily wide-band and, as such, 
must be of low impedance. They are, most frequently, half-wave antennas 
driven at the centre and a representative selection of types employed is shown 
in figure VI-13. 


: 
D 
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Cylindrical and bi-conical antennas are studied in detail in Chapter 9. Let us 
say briefly that the cylindrical antenna may be considered as an antenna con- 
structed with a very thick wire; as a result, the equations based on antennas 
where the ratio of length to diameter is considered as very great are no longer 
applicable. This is particularly true for the value of radiation resistance and for 
the calculation of input impedance. 

In all these antennas where the diameter is an appreciable fraction of the 
length, resonance is obtained with a length which is less than the true half- 
wavelength, and anti-resonance for a length under the full-wavelength. A full 
treatment of these dipoles appears in Chapter 9. 


> at | ees, 
| | {= —— 
| | | 
| | | 
| | 2 
—> —> —_> —_ 22 
FiGur_E VI-13 


The characteristic impedance of a cylindrical antenna, referring to figure 
VI-13 is: 


2/1 
ee 120| log ~ = 1 (6,18) 
a 
and for a conical antenna: 


Zea V20 cots (6,19) 


Other forms of antenna have been treated theoretically; their impedances are 
higher than those of the cylindrical antenna of similar dimensions (roughly 
10% for the spheroid and 20% for the double diamond). 

It should be remembered that the ‘folded-dipole’ also behaves as a large 
bandwidth antenna to a certain point. Thus, a given wire antenna which gives 
a coefficient of reflection of 0-4 at +3% of the resonant frequency gives only 
0-11 when replaced by a folded-dipole, and 0-02 if replaced by a conical antenna. 
This explains the success of folded-dipole antenna installations for French 
television receivers on the 819 line system. 

The transmitting antennas for the same television system are constructed 
of wide-band dipoles similar to those described above, grouped together so as to 
achieve an omni-directional radiation in the horizontal plane, and a highly 
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directional effect in the vertical plane. Turnstiles, superimposed squares, and 
such antennas are described in Chapter 9. 


6.7 SIMPLE DIPOLE ARRAYS 

In certain cases it is required to achieve a fairly marked directivity without 
having recourse to an array in the classical sense. This can happen in the case of 
beacons or in broadcasting. There are many ways of doing this according to 
the frequency at which it is desired to work, and one of these is to use a group 
of half-wave dipoles. 


FiGure VI-14 


The calculation of the radiation diagram of the configuration is made on the 
principle of multiplication of diagrams. The following is an example of such a 
calculation. 

It is required to determine the radiation diagram of the four half-waves shown 
in figure VI-14a in the plane which contains them (E plane). Each antenna has 
flowing in it currents of equal amplitude and zero phase, +7/2, +-7/2, and +7. 

It will be enough to calculate the diagram of the four identical sources shown 
in figure VI-145 and to multiply this diagram by that of a half-wave antenna; 
the product will be the diagram of the array as shown in figure VI-14a. 

Taking A as the origin of the system we will have: 


Field from source 1: 

jie’ Kei(kjsin +x at __ Keik{ sino 
where K is a proportional factor. 
Field from source 2: 

Ey = Kel(toos0+$) — jxeithooe 

Field from source 3: 

je ee Kei(-#j0089+3) — jKe~ iG 0780 
Field from source 4: 

E, = Kei(-#s9) 


| 
. 
: 
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Which gives as the resultant total field, replacing k by 27/A: 


E= K|- (ces ee a +3(en™ ia oa) 
eK [ cos (; cos 0) — jsin i sin 6) | 


E= 2jK cos é COS 0) —— Sip (F sin a) | 


FIGURE VI-15 


Multiplying this expression by that which gives the field of a half-wave antenna, 
we find that the field of the array will be proportional to: 


1) = COS (7 COs a) cos (7 COS 0) — sin G sin s) | (6,20) 

The field diagram corresponding to this equation is drawn in figure VI-15: 
it gives a major lobe with a maximum in the direction 06 = 7/2, and two very 
small secondary lobes. The radiation is zero in the direction of the wires (0 = 0) 
as well as 180° from the direction of maximum radiation. 

As a final calculation it is necessary to find the impedance at the feeding points 
of each dipole, which are at the centers. These impedances will be calculated 
by the method explained in section 5.6. The values of Z,, and Z., will be found 
in Chapter 8. The calculations will be simplified in noticing: 


213 oy Zi2 ae Z 43 =L4, = Z34 = Zo, = 234 = LZi4 
and 
Zo =a 239. 
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From these impedances it is possible to deduce the values of the voltages 
to be applied so that all currents will have the same amplitude, with the required 
phase relationships. 

It will be noticed that if the antenna is not very high above ground the image 
must be taken into account, which will profoundly modify the radiation diagram 
in the vertical plane, and introduce other mutual impedances. 


we i Horizontal square, side=0-97A/? 
_——S ira 
+ / i > ie, 

~ | 


Section of feeder =0-97A/2 


Intermediate transmission line=0-97A 


Adjustable section of line, total length 11A/A 


Cc A 
Ik Movable shorting bar 


DUA 


‘Main feeder 


FIGuRE VI-16 


6.8 GOURIAUD’S OMNI-DIRECTIONAL SQUARE 

The omni-directional square which has been studied in France by Gouriaud 
consists essentially of four half-waves forming a square, and excited such that 
the opposite sides are in phase in time, and in phase opposition in space, as 
shown by the figure VI-16: it follows that at a given instant currents all going 
in the same direction will flow in the antenna. 

The figure also explains the system of feeding and matching, which has 
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already been treated above in relation to the half-wave. In practice the antenna 
is supported by four wooden poles, and is erected at a height of approximately 
one half-wave length above earth. The square being horizontal, the polarization 
is likewise. 

The field distribution in the horizontal plane is the same for all squares, and 
is a distribution sensibly uniform, theoretical equations giving fluctuations of 


H/2=0.384 H/2>=0.460 
H/A=0.560 H/=0.70 


FIGurRE VI-17 


+10% in the field. In fact, field-strength measurements taken at ground-level 
give results around double this figure, but it must not be forgotten that the 
field is theoretically zero (which strictly speaking makes the diagram expression 
incorrect in the horizontal plane), if the earth is a perfect conductor, and in 
any event it depends upon the earth characteristics (conductivity and dielectric 
constant). 
In the vertical plane, the diagram of the square itself is multiplied by the 
expression: 
bey Perales 
sin ee sin A) , 
where h is the height of the square. 
Figure VI-17 gives four diagrams obtained for four different heights; these 
diagrams are symmetrical about the vertical axis passing through the origin. 
It can be seen that the optimum height is a little under 0-5 A. 
Several squares may be mounted one above the other, spaced by 4/2, the 
first being 4/2 above earth. In this case it can be shown that if n is the number 
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of squares, the diagram in the vertical plane is sensibly given by the equation: 
sin LC - ‘) sin N sin E 7 sin N sin E COS N 
sin 2 sin A] 


Figure VI-18 reproduces the diagrams for 2 and 3 stacked squares. 


ae 


2 squares 3 squares 


FIGURE VI-18 


E(A) = 


6.9 FEEDING SYSTEMS 


As we have been able to observe in the majority of cases, half-wave antennas 
are most frequently fed by twin-wire transmission lines in a symmetrical arrange- 
ment. Since the antenna impedance is invariably different from that of the line, 
it is necessary to include a matching device. Figures VI-4 and VI-16 show a very 
commonly used match called the ‘trombone’. 

The excitation points (points C and D in figure VI-16) and the length of the 
matching trombone are found quite easily by the use of a circle diagram; 
the standing-wave ratio on the unmatched line having been measured, it is 
sufficient to choose C and D at a point such that the real part of the admittance 
of the line is equal to the characteristic admittance, making the imaginary part 
correspond to a capacitative susceptance. This can be done by connecting to the 
points C and D a short-circuited stub having a length under a quarter-wave, 
which will behave as an inductive susceptance. The value of the susceptance is 
read off directly from the circle diagram; the length / of the stub is given by: 


where Y, and Z, are respectively the admittance and impedance, and B and ¥ 
are respectively the susceptance and the reactance to compensate. 
This matter is dealt with in detail in Appendix I. 
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By the use of arrays of dipole antennas it is possible to obtain a high degree 
of directivity and gain but, due to limitations of size, such arrangements are not 
practicable at wavelengths above a few tens of meters. The radiation from such 
arrays may be normal to the disposition of the elements, in which it is called a 
‘broadside array,’ or in line, when the term ‘end-fire array’ is used. All these 
arrays, of which there are many varieties, suffer from a common disadvantage in 
that they are tuned and are very sensitive to changes in frequency. Even if the 
elements consist of ‘wide-band’ dipoles it is not possible to obtain satisfactory 
operation at frequencies more than a few percent away from the resonant 
frequency. 

To overcome this disadvantage a number of aperiodic antennas have been 
developed, working on the principle of progressive waves in long-wire systems. 
The rhombic is the best known of this type of antenna. Nevertheless these an- 
tennas do not satisfy the needs of radar due to the level of secondary lobes which 
always persists. This objection is also true of certain types of resonant antennas, 
e.g. the Chireix-Mesny. 

The most common types of antenna will be considered: 


7.1 CURTAIN OF DIPOLES 

7.1.1 Description and radiation diagrams.—The arrays are constructed by 
arranging a number of half-wave dipoles spaced one half-wavelength apart as 
shown in figures VII-1 and VII-2. 

In figure VII-1 the polarization is vertical. In the case where the radiation is 
normal to the array all the dipoles must be driven in phase. The main feeder 
drives the central element on the bottom row, then, by a half-wave section, that 
of the top row. The connections must be such that the two dipoles are in phase 
despite the shift of 180° introduced by the half-wave section of transmission line, 
which means that the feeder must be transposed. From the central dipoles the 
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feeders must always be transposed once between each driven element for the 
same reason that all dipoles must be driven in phase. In order to achieve the 
maximum gain from the system it is also necessary that the amplitudes of the 
currents in each element shall be the same. However, the input impedance of 
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each element varies according to its position in the array due to the effect of 
mutual impedances. It is therefore only possible to realize this equality of ampli- 
tudes if special precautions are taken. In order to reduce to a minimum the 
differences, each row of dipoles is driven in exactly the same way. In the case of 
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the figure the impedances at MM’ and NN’ are obviously equal since the vertical 
feeder between the rows is one half-wavelength long and hence provides the 
same impedance found at MM’ at the point of connection NN’ to the lower 
dipole; the incident power is thus divided between the two. Had there been three 
rows of dipoles stacked one above the other the feeder would have been con- 
nected to the centre row, and hence the power would have been divided in equal 
proportion between the three. 

In the case of figure VII-2 the polarization is horizontal. Here also it is 
necessary to adopt the same precautions referred to above to ensure that all 
elements are fed in phase. In this example the main feeder divides in two 
immediately at the input to the curtain of antennas as there are only three rows, 
but if there were a greater number it would then be necessary to connect the 
feeder to the centre of the system where it would divide to drive the dipoles in a 
symmetrical fashion. 

It will be noticed that in this type of array it is not possible to be precise about 
the amplitude fed to each individual element; it is not therefore possible to 
make calculations using Dolph’s method, and these antennas are only useful 
for telecommunications where a maximum of gain is required without any 
stringent specification regarding the level of secondary lobes. 

If the level of secondary lobes must be reduced to a minimum, as in the 
case of radar antennas, it is possible to ensure equal amplitudes by feeding each 
dipole with a line of different impedance necessitating each line being matched. 
Take for example the case of figure VII-1, and let us suppose that we require 
to feed the central column with an amplitude equal to 1, the lateral columns being 
fed with amplitudes A, and A, symmetrically, where these latter are lower than 1. 
A, and A, could in this case conform to the Dolph-Tchebyscheff method. 

The excitation of the antenna shown in figure VII-3 takes place as follows: 
a main feeder of characteristic admittance Y, supplies on the one hand the 
feeder to the central column (characteristic admittance Y,) and, on the other 
hand, two feeders sharing the energy between the lateral elements. Let Y, 
and Y, be the characteristic admittances of the lines feeding the columns having 
amplitudes A, and A,. All lines are matched by quarter-wave stubs Sp, Sj, 
S, and the lengths and transpositioning of wires are such that the points 
M,, M,, Mz, are all in phase at a given instant. In order that this should be the 
case it is sufficient to transpose the wires in the lower horizontal sections between 
each column, in a similar way to that shown in figure VII-1. Quarter-wave lines 
feeding the dipoles leave each of the points My, M,, M,: these lines carry 
standing-waves and reflect a high resistance at the points M,, M,, M,; the 
matching trombones are therefore placed under these points at one quarter-wave 
at least, where the resistance on the line is equal to the characteristic impedance. 
Starting from the points So, S;, S,, in moving towards the source the lines are 
matched. It is clear that each of these lines must carry energy equal to the square 
of the amplitudes, such that the power in the feeders is of the form 1, A?, A?. 
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All lines are driven at constant voltage since they are connected to the same 
point 0. If W), W, and W, are the powers carried by each line, and if U is the 
common voltage, we will have: 


Wee UaY, Wak la Wa sel. 
i.e. proportionally of the order of: 
Veta; Vet ee da Yo rAs 
As for the admittance Y,, it will be: 
Y= ¥, 2Y, $2Yo-1 + 247 2. 
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FIGureE VII-3 


Other possibilities will come to mind, for example to group Y, and Y, on a 
single feeder of admittance (Y, + Y,); there would then be other relationships 
between the admittances which would be easily calculated. 

If the number of rows is greater than two, it is possible to combine with the 
above system of distribution an amplitude distribution to each column, the 
lines Yo, Yy, Yo, ... themselves feeding several lines each exciting an element in 
the column. 

It should be noticed that the calculations which have just been studied are 
only approximate; they presuppose that each of the dipoles have the same 
driving impedance which is not strictly true. The driving impedance of a dipole 
is a function of the mutual impedances between all elements and, for this 
reason, depends upon the position of the element in the array. As soon as the 
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number of elements becomes greater than a very few, the exact calculation is 
almost impossible to obtain; however, the results obtained with the simplified 
version agree fairly well with the practical case. 

The radiation diagrams of all these systems are readily calculated from the 
equations given in Chapter 4, applying the principle of multiplication of dia- 
grams; the diagram of the dipoles themselves must not be overlooked. If N 
and n are respectively the number of rows and the number of columns, then, 
in the case where the elementary antennas are all driven with the same ampli- 
tude: 

Radiation diagram in the vertical plane (vertical angle A) 

1. For vertical polarization (vertical dipoles): 


cos — sin A 
Oe | an | 
ee 1 sin (= sin A) 


i sin e sin A) 


\ Cos c sin A) sin (= sin A) 
F(A) er 
N 


hence: 


(a) 
cos A sin ( sin A) 


This equation is only valid if the curtain is very high above ground. If this is not 
the case the image must be taken into account, and (7,1) must be multiplied by: 


27H 
cos (4 sin A) 


H being the height of the centre of the array above ground. 

2. For horizontal polarization (dipoles horizontal). 

In this example the directivity of the dipole itself does not materially affect 
the case, since the diagram is calculated in the plane normal to the wire. There- 


fore: 
\ sin (oe sin a) 
F(A) = = ———_———— (7,2) 


N T 
. ar . A 
sin (; sin 
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which will then have to be multiplied by: 
sin (== sin A) 
A 

to account for the image. 

Radiation diagram in the horizontal plane (angle 0 between the normal to the 
plane of the antenna and the radiation). 

1. For vertical polarization: 

The directivity of the half-waves has no influence, and so: 


\ sin (= sin a) 


|B i ee (7,3) 


n 7 
(a. 7 
sin ( 5 sin 
2. For horizontal polarization: 
sin (= sin 0) COs (5 sin 0) 


(7,4) 
sin C sin 7 cos 6 


F(0) == 


7.1.2 Use of a reflector.—It has already been mentioned in Chapter 4 that 
two sources one, quarter-wavelength apart, one being driven and the other 
parasitic, give a unidirectional diagram, the passive source behaving as a 
reflector. It can therefore be appreciated that if an identical curtain of passive 
antennas is mounted one quarter-wave behind a curtain of driven elements, 
that the diagram which was bi-directional in the form of a figure-of-eight be- 
comes unidirectional, the radiation being in the direction of the passive elements 
through the driven ones. 

To find the diagram of the array with reflectors it is necessary to multiply 
the diagrams found above by the equation (4,11). It follows that the equations 
(7,1) and (7,2) relating to the diagram in the vertical plane must be multiplied by: 


2 sins (1 + cos A) 


because, in referring to the figure IV-1 we see that angles A and 6 of this figure 
differ by 7/2. Similarly, equations (7,3) and (7,4) for the diagram in the horizon- 
tal plane must be multiplied by 


2 sin 5 (1 + cos 6). 


It will be noticed that in the direction of maximum radiation (A = 0 = 0) 


the field is in both cases multiplied by (2 sin a being 2 provided that the 


SHORT-WAVE BEAM TRANSMISSIONS 129 


currents in the antennas are the same; but, these currents diminish as a result 
of the influence of the reflector which increases the radiation resistance by a 
factor which rapidly approaches 2 once there are more than a very few dipoles 
in the system; it is therefore true to say that the presence of the reflector doubles 
the radiation resistance of the active network. 

If this is always supplied with the same power, due to the relation: 


the network currents are all divided by 1/2, such that the radiated field in the 
direction of maximum radiation is multiplied by: 


2 
V/2 


the corresponding gain expressed in decibels is: 


= 4/2 


20 log 1/2 = 3 dB. 


The presence of the reflector therefore increases by three decibels the gain of 
the antenna in the direction of maximum radiation, or doubles the unit power 
being radiated in this direction. 

7.1.3 System gain.—The gain of the system can be determined in using the 
radiation diagrams following the general method explained in Chapter 1. 
However, this method does not offer a high degree of precision, nor is it always 
applicable. Unfortunately it is the only method available when the various 
dipoles comprising the array are not all fed with the same current amplitude. 

In the case where this amplitude is uniform it is possible to use the method 
outlined below; the gain found is the maximum possible with the antenna under 
consideration. 

The radiating system is composed of (Nn) antennas. If each of these antennas 
has flowing in it the same current J), the field in the direction of maximum 
radiation will be (4n) times the field of an isolated antenna with the same current 
I, and the corresponding power will be (Nn)? times the power radiated by this 
single antenna. 

If Ry is the radiation resistance of the single antenna, the power driving it is: 


Py = R,J?. 


If R, is the radiation resistance of the system of antennas, the driving power 
corresponding to the current J) is: 


P, = Rit: 


10 
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Thus, if the power radiated has been increased in the ratio (Nn)? at the same 
time a loss has been sustained in the ratio of driving power P,/P,. Effectively, 
the gain in power radiated becomes: 

P R 
G = (Nn)? x — = (Nn? x 
(Nn)? x 5 = (Nat x 5 
for an identical driving power. 
It follows that the gain of the network over one of its elements is: 


R 
G = 10 log (Nn)? CES) 
Ry 
where Ry is the radiation resistance of the single element, and R, that of the 
_ system. In the case of half-waves, Ry = 73-2 which gives: 
Nn)2 
Gis os iome es 
Ry 
But the gain of a half-wave is 2:14 dB; since it has been shown that the 
addition of a reflector gives a gain of 3 dB, it can be deduced that a curtain of 
ican ESN. half-waves to which a reflector has been added will have 
iy a gain of: 
(Nn)? 
G = 23°38 + 101 
lA a oe Ry 


(7,6) 


compared to an isotropic source. 

The calculation of gain thus becomes a calculation 
of radiation resistance. 

7.1.4 Calculation of radiation resistance.—This calcu- 
———- J __»1 ation is dependent upon that of the mutual resistance of 
two parallel wires disposed as shown in figure VII-4 and 
measuring a half-wave in length. 

This problem was first treated by Pistolkors, who 
has given a table and an equation relating to mutual 
resistances. Later, Carter derived the equation for the reactance. In these 
equations given below, reference should be made to figure VII-4: 


FiGur_e VII-4 


27h 
Rap 1 Sicas a (2614 2Ci4 Gin = Gib = Gia eG) 
be 27h ° ° , ° ° / ® S / 
+ 15 sin asi (2SiA — 2SiA’ — SiB + SiB’ — SiC + SiC’) ohms 
2Qah * 5 , . ° , . ° / 
Xm = —15 COS aa (2S1A + 2Si4° — SiB — SiB’ — SiC — SiC’) 


ah 
+ 15 sin — (2CiA — 2CiA' — CiB + CIB’ — CiC + Cicyenme 
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A=Z (VETER +I 

A’ =F VET h2 — h) 
D Aas eles eRe Be ee 

B= = [Va +(h— LP +(h—-D) 

B = 7 VETO DS —(h—L) 
27 

C= [VP + (h-LP+(h+ DI 
2 

Rar EIDE oa (ine) 


L is the length of the antenna, (A/2 in the case of a dipole). For the calculation of 
gain, these are the significant values of mutual resistance; they are given in the 
form of a table below, for d and h expressed as a whole number of half-waves 
which is nearly always the case in practice. 


13-29 
— 12°36 


A practical example (the array shown in figure VI-2) will be used to demon- 
strate the calculation of the radiation resistance R,. Noticing that R,,,, = Rim 
and referring to the figure, we have: 


Re hen Ravati tae Und cise os 
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where the r, are the resistances of each dipole. We have: 


ry = Rot Ryo + Rig + Rig + Ris + Rig + Riz + Rig 
+ Rig + Ryao + Ria + Rise 


Tp = Ro + Roi(= Rig) + Rog(= Rie) + Roa(= R43) 
an Ro3(= Rg) ie Ro(= Rys) ae Ro(= Rig) a Ro(= Ry) 
a Roo = Ry.10) 3 R3.49(= Ryo) at Ro. (= Rio) ao Ro.42(= Ry.11) 


and so on. 
It will be seen that this becomes an expression of the form: 


R, rate (Nn)Ro ab ei ems 


where the values of R,, ,, express the mutual impedances. The length of this 
calculation will depend upon the number of dipoles. It is however the only way 
of assessing the gain of the system with reasonable precision. The errors in the 
calculation are due to the fact that all the dipoles are not fed with the same 
amplitude since there is attenuation along the transmission lines, in addition to 
varying values of dipole input impedance. 


7.2 CHIREIX-MESNY ANTENNAS 

7.2.1 Description and radiation diagrams.—Instead of placing a number of 
dipoles parallel one to the other, they can be disposed in the form of saw-teeth 
with the advantage that each element may be driven by the one preceding it. 
The arrangement is shown in figure VII-5 where two rows of squares are shown, 
ie. four rows of saw-teeth, each element being inclined at an angle of 45°. 

The method of feeding is such that the points MN and M’N’ are driven in 
phase, while M and M’ on the one hand, and N and N ‘on the other, are excited 


ZA Es Sigs it he a 
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FiGcure VII-5 
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in phase opposition. It follows that at a given instant, the currents in each 
element will flow in the directions indicated by the arrows. To ensure the correct 
phase relationships in the array it is necessary that the main feeder (F) is con- 
nected to the mid-point of the feeder connecting the points MM’ and NN’; an 
alternative way of looking at it is to say that these points are fed by two identical 
half-waves which are both connected to the end of the main feeder. 

It will now be shown that from the point of view of radiated field, the saw- 
tooth network is equivalent to an array of parallel wires. 


(b) | (c) 
FIGURE VII-6 


Take the figure VII-6a: a current J considered as a vector at 45° may be ana- 
lysed as consisting of two components of equal amplitudes, a horizontal current 
I,, and a vertical current J,. Following from the principle of superposition, the 
field due to J at a distant point will be the vectorial sum of the two fields due to 
I, and to I,. Take now a square comprised of two saw-teeth, and fed in such a way 
that the top half is in phase opposition to the bottom half (fig. VII-65): in 
such a case feeding must be by a symmetrical line connected to the points A and 
B. Due to the phasing, the currents will correspond in sign to the indications of 
the arrows, and can be analysed as being equivalent to four vertical currents 
V1, Vz, Vz, Vz and four horizontal currents H,, H,, H3,, H,. With the directions 
of current flow indicated on the diagram we can see that at a distance the hori- 
zontal fields will cancel each other out, while the vertical ones will add together. 


4 
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Consequently, for a square of given dimensions the identical field would be 
radiated by four vertical wires of length 1/2,/2 and A/2,/2 apart, as shown in the 
figure; the polarization of the field radiated will be vertical. 

For the case of a square consisting of two saw-teeth where the right-hand 
one is in phase opposition to the left-hand one (fig. VII-6c) the same reasoning 
shows that the system is equivalent to four horizontal wires having lengths of 
A[2./2 and spaced 4/2/2 apart. In this case the polarization will be horizontal. 
An array of saw-teeth may therefore radiate with either horizontal or vertical 
polarization according to the way in which it is driven. 

The remarks in the previous paragraph regarding the equality of amplitudes 
in the dipoles is similarly applicable in this case; the attenuation due to the 
length of the wires together with differing radiation resistances destroy this 
equality. In order to reduce these inequalities in the amplitudes, the squares 
are always fed in a similar way as far as possible. Hence in the case of figure 
VII-5 it would be preferable to feed the four left-hand squares at points 1 and 3, 
and the four right-hand ones at 2 and 4, the upper and lower halves of the array 
being insulated from each other along the median. The lines connected to (1-3) 
and (2-4) must be of the same length to the point where they join together. 

The radiation diagrams are invariably calculated from the equations of 
Chapter 4, taking into account the observations of figure VII-6. If there are 
n wires per horizontal saw-tooth, and N rows of stacked saw-teeth, the equations 
are written as follows: 

Radiation diagram in the vertical plane. 

1. For vertical polarization: 


sin ( is in A) 
io | —— 3 
yal VAN) ie 22 cos A eR Os (CA) 
as sin ss sin A] 
ee 


(It being assumed that the diagram for a wire of length A/2,/2 is very similar 
to that of a doublet, cos A.) 
2. For horizontal polarization: 


sin sin (2 Wp sin Ny 


F(A) = (7,8) 
sin sn (5 sin A) 
Radiation diagram in the horizontal plane. 
1. For vertical polarization: 
Bed 
sin | ——- sin 
2/2 
F(6) a (7,9) 


‘ 
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2. For horizontal polarization: 
iG) nlig a eater eo 0. (7,10) 


These equations do not take into account either the presence of the earth 
or that of a possible reflector. To do so it will be necessary to multiply by the 
factors determined in sections 7.1.1 and 7.1.2. 

Figure VII-7 is given for the calculation of the diagram due to a Chireix- , 
Mesny antenna: 


G(a) = sin (= sin 2) : 
where « is taken as being equal to 6 or A, and which allows the calculation of 
the denominator of the equations. In the graph, the curve is also given for: 


H(«) = sin ; (1 + cos a), 


so that the effect of a possible reflector may also be considered. Figure VII-8 
gives the curves for: 


sin ( sin 0) 


which allows the diagram to be found in the horizontal plane. In the vertical 
plane the same curves will be used, but N will have to be substituted for n, 
and A for 0. 

To be quite accurate it must not be forgotten that, according to whether the 
polarization is horizontal or vertical we must multiply by cos A or cos 6; 
in practice however, the influence of these factors is negligible for angles of less 
than 20 degrees, and in the case of a fairly directive array they may be taken as 
being close to unity in the region of the axis of the main lobe. 

7.2.2 Gain and radiation resistance.—The gain and radiation resistance are 
calculated according to the methods discussed already in section 7.1.3. 

As far as the radiation resistance is concerned, it now becomes necessary to 
calculate the mutual impedances between the parallel half-waves and the per- 
pendicular wires. In the first case the table given in section 7.1.4 can be used. 
In the second case we may use Pistolkor’s equation. This equation finds the real 
part of the mutual impedance of two wires perpendicularly disposed as in 
figure VII-9, each wire having a length equal to a whole number of half-waves. 
The method used is always the same, the field of one of the wires being integrated 
along the length of the other; the field with which we are concerned here is 
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E,,, and the impedance appearing at the second antenna due to the first one will 


be written: 
jb he Z 
Z—=—+| By no dx 
To A 


<>» if Jis the current in (2) and / the length of 
i the antenna. Taking the real part of Z, the 


mutual resistance between (1) and (2) is 

obtained. 
Zz The expression of E, is fairly complex, 
so that the equation found by Pistolkors 


is far from simple. 
Ficure VII-9 If O(a, B) is a function defined by: 


(0, f) = CZ Vat + a + Ci [VET +a 
Gt WeTR—otatat Sern eee 


it is found that the mutual resistance for the case of a half-wave is given by: 


= em rs) en Oa ae 
‘Rio 15,C0s 7 feos ns Ol a oe — @ a 2 Xs 


2 
— cos = z[@(z, x.) — D(z, x} ohms. 


The numerical calculations may be facilitated by noticing certain POP 
of the functions D(a, 6); these properties are the following: 


D(a, B) = Df, a) 
O(—«, B) rir O(a, =a) nn — O(a, p), 
@O(—a, —f) = + O(a, f). 


Tivo 0 or B= 0, or io) 5) 0, then @(a,(6):—-.0.) Whe three most common 
values of mutual resistance are given below: 


Zl Or 20s | Xie 0 Ro 
Zia), Ky ea the Ria O a. 
Disa s3, x, =2>R=-—3Q, 


Knowing the mutual resistances of the perpendicular and parallel wires the 
radiation resistance of an array may be determined by the method given in 
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section 7.1.4. It must be remembered that this method presupposes that the 
currents are equal in all branches which is not entirely true, hence the results 
obtained are approximately correct. 

In the case of a single saw-tooth the calculation gives: 


with n being the number of half-wave elements in the saw-tooth. 
For a square having sides equal to A/2, the radiation resistance is 204 ohms. 


7.3 YAGI ANTENNAS 


7.3.1 Principle-—This type of antenna, first studied by Yagi, is an end-fire 
array and functions as follows: 

Take two dipoles (1) and (2) placed parallel to each other at a certain distance 
apart. The behaviour of such an arrangement has been examined in Chapter 5 
(beamed transmissions on medium-waves), and figure V-8 shows the radiation 
diagrams obtainable as a function of the spacing of the dipoles and their relative 
phasing. An examination of this figure shows that a marked directional effect 
is obtained with spacings of a small fraction of a wavelength (0-1 A) and for 
phase differences of less than 45°. It is a simple matter to control the phase 
relationships of the dipoles with respect to each other. Take the case where one 
of the dipoles is driven and the other is a parasitic element. The latter will then 
have an e.m.f. lagging on the current in the driven element by an amount equal 
to the time of propagation between the two antennas. This e.m-.f. will produce a 
current in the parasitic element which will be a function of the impedance of this 
element, such that the current flowing in the parasitic antenna will differ in phase 
with that in the driven element by a quantity which depends both on the element 
spacing and the reactance of the parasitic element. Since the radiation diagram 
depends on the respective phases of the two dipoles, it will therefore depend 
upon these two quantities. 

This is illustrated in figure VII-10 for two antennas spaced by 0-1 A: it is seen 
that radiation is a maximum in the forward direction when the reactance of the 
parasitic element is inductive and equal to +35 jQ. 

It is easy to produce this reactance by a choice of length for the parasitic ele- 
ment. Suppose, for example, that the antenna is a little longer than a half-wave: 


140 THE ANTENNA 


seen from the centre it then behaves as two open lines placed end to end and a 
little longer than a quarter-wave since the reactance of an open line is: 
Ay ===-1Z, cot zl 
A 
and where / > 4/4, the reactance is found to be positive, hence the antenna is 
inductive. In the example given above it is seen that provided that the parasitic 
element is a little longer than the half-wave it will act as a reflector. 

If on the other hand the length of the parasitic element is less than a half-wave 
it will be capacitive, and figure VII-10 shows that the ‘forward’ field is then less 
than the ‘backward’ radiation. Radiation then takes place in the direction 
antenna-parasite and the latter becomes known as a director. 


Parasitic Driven 

element element 
° pa of 
! } ransmission 
e021 xr 
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It is therefore possible to construct an array around a dipole consisting of 
directors and reflectors, such an array being a Yagi. 

7.3.2 Calculation.—Finding the radiation diagrams, the radiation resistance 
(hence the gain) and the impedance at the point of excitation is far from a simple 
procedure in using the methods explained in Chapter 5, the calculations being 
complicated by the fact that there are more than two antennas. 

As far as the radiation diagrams are concerned, it is possible to obtain approxi- 
mate values by supposing that all the elements are half-waves and that the 
currents are out of phase by amounts corresponding to the time of propagation 
from one element to the next. Such a case is that of an array radiating ‘forward’ 
in its own direction (see section 4.8) since the phase difference conforms to the 
pattern of equation (4,23): 

27d 
ae 
if d is the distance between elements. 
From the relation (4,15) we get: 


nd 
o= = (sin 6 — 1) (7,11) 
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and the standardized radiation diagram, or array factor for an antenna of n 


elements is: 
sin ae (sin 6 — | 
F = = ———__———_—. (7,12) 
” sin E (sin 0 — | 


The diagram calculated above is found readily from the figure IV-5 with the 
value of y taken from (7,11). The method is approximate and it is advisable 
‘to make a check by taking the diagram on a model. This diagram is always of 
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FIGurRE VII-11 


wider angle than that obtained with antennas which radiate normally to the 
direction of the array. 

The radiation resistance can be determined sufficiently accurately on the 
supposition that all the antennas are half-waves. For this the curves of figure 
VII-11 may be used which give the mutual reactance and resistance between two 
parallel half-wave antennas. The method of calculation is always that indicated 
in section 7.1.4. 

Finally, the input impedance may be calculated approximately from the same 
curves. This impedance is partially dependent on the nature of the dipole being 
driven. It often happens that in order to simplify the matching problem and 
increase the bandwidth the driven element is made a ‘folded-dipole’. The 
impedance found must then be multiplied by four. 

7.3.3 Practical data.—As precise calculations are very long, a summary 
of some results relating to arrays of a few dipoles are given below. 
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The following notation has been used: 


Xmax: Reactance of the parasitic element to achieve maximum gain, in ohms. 
Gmax: Maximum gain in decibels (referred to an isotropic source). 

R, : Input resistance of the driven element in ohms, for Gmax. 

d __: Spacing between the elements. 


7.3.3.1. 2 dipoles: 1 driven + 1 parasitic element.— 


Parasitic reflector Parasitic director 
d 
XxX max | Gmax | Ry xX max | Ginax | Ry 
O-1A aS j28 7:15 17 
0-15A =F j 18 6:7 24 
0:20 A =P SH 6:7 5°8 40 


7.3.3.2. 3 and 4 dipoles (identical directors).— 


antenna + 2 directors antenna + 3 directors 
d 
Xmax | Gmax | Ry Xmax | Gmax | Ry 
0-1 nu NW 125 15 —j8 8:70 18 
0-15 aI 8-80 20 = I30 9:10 40 
0-20 —j20 9-20 24 —}j63 8:40 43 


7.3.3.3. Reflector + antenna + director.——For a spacing of 0-15 A, the 
maximum gain equals 9-2 dB, being obtained with a reflector reactance of 
+j35 and a director reactance of +-j5; the input impedance which is of 4 to 
5 ohms is too low. 

It is possible to obtain an input impedance of 20 Q (80 Q with a folded-dipole) 
with a reflector reactance of + j45 © and a director reactance of —j40 Q. The 
power gain is then 8-2 dB, or a loss of 1 dB compared to the optimum. This 
is in exchange for a greater facility of excitation. 

For a spacing of 0-10 A, the optimum operation is obtained with a reflector 
of 0-58 A and a director of 0-45 A. 


7.3.3.4. Multi-element arrays ——The maximum gain realizable with a Yagi 
antenna of length / is given approximately by the equation due to Reid: 
22) 
G=—. 
A 
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In practice this value is never achieved, and the equation 


G 51 
id 
is far nearer to the results obtained experimentally. 

The table below gives an idea of the performance of arrays having a large 
number of elements. These results were obtained using 0-34 A spacing and second- 
ary lobe levels of about 10 dB; lower levels can be achieved (i.e. greater than 
10 dB) but always at the expense of gain and a wider beam angle. In general 
terms it will be noticed that the gain per unit length of the array diminishes as 
the length is increased. In practice there is little purpose in exceeding 6 A. 
To obtain a narrow beam it is better to arrange several arrays in parallel, suitably 
spaced, although this is not always easy due to mutual reactions. 


Number of Beam-width at Gain : Gain per 4 of 
directors —6 dB length 
30 Oo 
20 26° 34 4:9 
13 4 Be Dass, 5:4 
9 Bh. 21 6:25 
4 46° ifs) 9-5 


The length of the directors depends upon their number; in the case where 
the elements are mounted at the centre by a metal bar these lengths can be 
deduced from the table below (overall lengths, 0-34 A spacing). 


Number of directors | 42 | 30 | 20 | 13 | 10 | i | 5 


Length in wavelengths | 0:385 | 0-4 | 0-407 | 0-414 | 0-42 | 0-423 | 0-434 


It is assumed that the directors have a diameter of 6/1,000 of A; when the 
diameter increases by 50% the length increases by 20°%. For airborne antennas 
use is made of streamlined tubes, in which case the effective diameter closely 
corresponds to the largest dimension of the straight section of the element. 

The impedance at the point of excitation is a function of the spacing of the 
directors and their length; this impedance is always less than 70 Q, which is 
low for a twin wire feeder. This difficulty may be overcome by using a folded- 
dipole under which conditions the input impedance will be multiplied by 4. 
As we have already seen, it is possible to obtain other transformation ratios 
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by utilizing different wire diameters for the two parts of the folded-dipole. 
The ratio of multiplication of input impedance as a function of the ratio of the 
wire diameters of these wires is given below. 


Ratio of diameters 4 | 3 | 2 | 1 | TZ | 1/3 | 1/4 
Multiplication factor | a 6 arg 4 a PAs | ZS 


The best way to construct such an array is to mount all elements at their 
centres on a metal bar, carefully avoiding any insulating material. 

It should be noted that the bandwidth is not very great. 2% can be readily 
obtained, and with utmost difficulty a little more than 5% with allowance 
already made for the use of a folded dipole. In fact, the radiation diagrams 
deteriorate rapidly as the frequency is varied, and the gain diminishes in the 
same way. 


7.4 RHOMBIC ANTENNAS 

7.4.1. Principle. Radiation of a long wire.—With the rhombic we have a 
new type of antenna essentially consisting of wires which are long compared 
with the 4, and carrying travelling waves. 


Ficure VII-12 


Take first of all a wire in free space, terminated with its own impedance; 
this is a somewhat abstract conception since such a wire must necessarily be 
mounted at a given distance above earth, the effect of which will be taken into 
account later. 

At a distance x from the origin (fig. VII-12) the current in the wire is: 


if Jj is the current at the origin and « the attenuation constant of the line. 
In fact, « is complex because the current undergoes a certain attenuation due to 


SHORT-WAVE BEAM TRANSMISSIONS 145 


radiation and ohmic losses in the line. For simplicity it will be assumed that the 
attenuation is however zero, such that: 


Rica hi 
therefore: 


An elementary doublet placed at M will radiate a field given by equation (3,1), 
which is: 
e—ikR 


aR dx 


de = j607/ sin 0 


if dx is the length of the doublet. 
In noticing that the radiation of this doublet leads in phase on that at the 
origin O by: 


2 

a (Om) = kx cos 8 
and replacing J by its value, we get, in referring to the phases at the origin: 
—jkR 
AR 
which gives, for the total field radiated by a wire of length L: 


: e mH, ‘ 
de = j607 Testingesmer me) dx, 


e—ikR iF ms , 
E = 1607/I, i a| —jka(1 — cos ®) dy, data 
j607I, TR sin f e bc ( ) 


Taking only the field amplitude, which is the principal consideration, this last 
equation gives: 


I in 6 
Sued ists 5 {2[1 — cos kL(1 — cos 6)}}'? 


E| = —_———_— 
| | R 1—cos 


using the relation: 
: od 
1 — cos 2a = 2 sin’ 5 


we get: 
GOT. VSI) toarl 
= FF = 1 — 6 . 7,14 
. Ril scone A ane Oe 

For 0 = 0, the factor (1 — cos 8) is zero, but the sine factor is always zero 
and the value of the expression (7,14) is likewise zero. 

This shows that where a wire carries a travelling wave, the radiation is always 
zero in the direction of the wire. On the other hand the drawing of the polar 
diagram shows a marked directional effect in the direction origin-to-matching 
load (fig. VII-13). As the figure shows, the longer the wire is made the more 


11 
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the two lobes representing maximum radiation form a narrow angle between 
them. In addition the number of secondary lobes also increases. 

Suppose now that two identical wires are arranged as in figure VII-14a, such 
that the main lobes (a,) and (5,) lie in the same direction: the radiations in this 
direction will add together provided that they are in phase. Equation (7,13) 
shows that the diagram consists of a revolution around the wire, and the lobes 


L=2K L=4nr 
Ficure VII-13 


(a,) and (a,) are sections of this diagram which is itself three-dimensional. At 
a given instant the fields at a, and a, will be in opposite phase in space, which 
may be readily verified in putting (—0) in place of 6 in equation (7,13). Having 
established the respective positions of a, and b, relative to the wire such that they 
will be in phase, it is then required that the two wires be fed in phase opposition, 
i.e. symmetrically. This constitutes a V antenna. 


(b) 


FiGurE VII-14 


Grouping two V antennas as shown in figure VII-145, gives a rhombic. In 
this antenna the lobes aj, b,, c,, d, combine in phase if the two halves of the 
rhombic are fed symmetrically, as will be seen in the calculation of the diagram. 

The advantage of the rhombic over the V consists mainly in its construction; 
it will be seen that it is simple to excite the antenna at A and B with a symmetrical 
transmission line and to terminate the antenna by connecting a resistance be- 
tween C and D. This resistance must be equal to the characteristic impedance of 
the antenna. (It should be observed that the term characteristic impedance is 
not strictly correct since the line is not homogeneous). 
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The system is not tuned, and it will be shown later that under some circum- 
stances the antenna may function over a band of frequencies as great as 3 : 1. 

7.4.2 Radiation diagrams.—Equation (7,13) will be used to determine the 
radiation diagram, giving the field radiated by a wire in amplitude and in phase. 
The antenna being a rhombic stretched horizontally above ground, the diagram 
will first be calculated on the supposition that the antenna is in free space, and 
since the currents are horizontal, the result will be multiplied by: 


27H 
2 sin (“7 sin a) (H = antenna height) 


to take the image into account. 


Consider a rhombic as shown in figure VII-15. The notation is as follows: 
: the angle to the horizon from the point P where the field is calculated. 
: the angle of spread of the forward lobe referred to the main diagonal. 
: half the acute angle of the rhombic. 

: half the obtuse angle [thus: « = (7/2 — ®)], 

: the length of the side. 

: the height above ground. 


TN Oe np 


Take first of all the wire (1), to which has been drawn a trihedral, Oxyz, Oz 
coinciding with (1), and O being a point on the wire. Let Op be the projection 
of OP on the plane of the rhombic (the plane yOz: coinciding with this). We 
have in this plane: 

zOp =y=a— p. 
Further, from the fact that the plane (OP, Op) is normal to yOz we have: 
cos 6 = cos Acos y = cos Acos (« — f), 
6 being the angle between OP and the wire (1). 
The field of wire (1) given by equation (7,13) is thus: 
Of ease 


Eee el] eee ee ee a LCL — 608-0) 

AR (cos 7 : 
which is: 

“ikR 4/7 — cos® hoot (a = 8) 

Pe eo ee ONE COS as?) 


ates e —IkL[1— cos A cos («—A)] 
R_ 1—cos Acos (a — f) j 


(7,15) 
Take now wire (2). Angle y is now equal to (« + /) and the currents in this 
wire are in phase opposition with the currents in wire (1). We will therefore have: 
eR +/1 — cos? A cos? (« + £)] 
R 1 — cos Acos(« + /) (7,16) 
{1 es, e ikLL — cos A cos (a+) 


the radical taking the negative sign following the sense of the angles. 
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Consider wire (3). Here we have y = « + f. The currents flowing in the 
elements of this wire are out of phase with the corresponding currents in wire 
(1) by: 

(—kL) 
corresponding to the time of propagation along the length of the wire. 

The fields due to these elements are, due to their position, advanced in phase 

by: 
kL cos 6, = kL cos A cos (« — £) 


on the fields of the corresponding elements of wire (1). We therefore have: 


le e*RT__+/1 — cos? Acos (a + )] ] 
SOO On eR 1 — cos Acos (a + f) (Caw) 


{ jee ek LL — cos Acos(a+8)] , {e—ieL — cos Acos Gory 


Ficure VII-15 


Take finally wire (4). Here, too, there is a phase lag of (—kL) due to the 
propagation along the length of the wire, and a lead of: 


kL cos A cos (« + ) 


due to the position in space. The wire is fed in phase opposition to wire (1) such 
that: 


a 


—ikR 4/7 _ cos2 ah 
is pu V1 — cos? A cos (a — ) 
R 1 —cos Acos(a — f) | (7,18) 
{] — e—JkL[1— cos A cos (a1) feet — cos A cos (a +A) 
The total field of the rhombic including the image is: 


ja Or sea Big 2) 
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In the expressions (7,15) and (7,18) we can factorize (7,17); similarly in the 
case of (7,16) and (7,17) the former can be factorized, which gives finally: 


BP 4/ (cass Neos (ys aaa e Saar 
E=301,° w cos? A cos?(« — 8) | V1 — cos? Acos?(« + ) 


1 — cos Acos (a — f) 1 — cos Acos (a + £) | (7,19) 
{1 ess Ceo ences LIN | ple: e —JkL[1 — cos Acos (2—B) | 


This equation permits the calculation of the field radiated in any direction. 
However, as we are only interested in the radiation in the vertical and horizontal 
planes simpler expressions may be used. 

Diagram in the vertical plane.—In the vertical plane passing by the principal 
axis, 6 = 0 and (7,19) is written: 


» 


eikR ee — cos? A cos? « 


{1 cae e—JkL[1 — cos A cos«] 2, 
R | 


1 — cos Acos « 


A similar calculation to that of section 7.4.1 gives for the field amplitude: 


eR 1/1 — cos? Acos? « . . al 
En = ae Ota akeAicaeee ek d — COS A COS a). 


Replacing « by its complement ® and taking the influence of the image into 
account, we get: 


a ee e~JkR 4/1 — cos? A sin? © 
aye aR 1 —sin®cos A 


2 
sin? (1 — sin ® cos A). sin ee sin a) (7,20) 


which is the equation giving the diagram in the vertical plane. 

Diagram in the horizontal plane.—In this case A = 0. It is immediately 
apparent, that, due to the ground image, there is zero field in this plane. We know 
that the distribution is sensibly the same as in the main lobe of the vertical 
plane, and when we speak of the horizontal plane it is understood that the effect 
of the image is neglected. 

With A = 0 (7,19) is written: 


e ikk 


sin (% — ) sin (« + ) 
R 


1—cos(«—f) 1—cos(«+ £) 


{1 uy e FFL — cos (a +A] tat crak tn epee Te 
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which gives, in amplitude: 


ie e¥RY sin (a — B) sin (« + £) 
Ey = 120I) cere: wpe as 
i TL 
Or: | 
y e~#R ET cos ( — f) cos (® + £) 
Ee = 1201, iar eer Ee. 


(7,21) 
sin [1 — sin(® + £)] sin [1 — sin (® — py] 


Note on the diagram calculations.—Bruce would appear to be the first to have 
given the equations relating to the radiation diagrams of rhombic antennas. 
Bruce based his calculations on antennas used for reception and assumed that 
the incident waves were horizontally polarized, which is essentially true for 
short-waves. In calculating the current delivered by the antenna under these 
conditions, the results obtained were slightly different from those given above, 
at least in the vertical plane. 

In the horizontal plane the polarization of the radiated wave is horizontal 
since the wires are horizontal and Bruce gives precisely the equation (7,21). 

In the vertical plane the results differ purely by the value of the trigono- 
metrical fraction, and the disagreement is very small. 

From the above calculations we have: 


V1 — cos? A sin? ® 


1 — sin®cos A 
while Bruce gives: 
cos O 
1 — sin ® cos A’ 


These equations only differ noticeably for angles greater than 20° since for 
cos A ~ I they are identical. | 
7.4.3, Behaviour of the radiation patterns.—Take first of all equation (7,20). 
It will be seen that it is composed, (a) of a form factor: 
V1 — cos? A sin? © | 
1—sin®cosA ° 
(5) of a factor dependent upon the height: 


2 
sin ie sin A) : 
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R=24m 


A=60m 


me 
Sg 


FicureE VII-16. Rhombic measuring 262 m along the major axis, and having 
a 50° aperture. Polar diagrams in the vertical plane (field diagrams traced). 


YYUTA 


(c) of a factor dependent upon length: 
L 
sin? = (1 — sin D cos A). 


When either of the relationships: 


A 
A= K— 
sin aH” 
1 A 
AN = 1 — «| Vie? 
a sin O L ( ) 


is satisfied, the radiated field or the current delivered by the antenna is zero. 
The diagram is thus composed of a main lobe, and secondary lobes which 
increase in number the greater the ratio H/A and L/A become. Figure VII-16 
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shows some typical diagrams calculated for a given antenna at different wave- 


lengths. 

It is seen that the direction of maximum radiation makes a progressively 
smaller angle with the ground as H/A and L/A increase; at the same time the main 
lobe becomes sharper and the gain increases. 


Ficure VII-17. Rhombic measuring 262 m along the major axis, and having 
a 50° aperture. Radiation diagrams in the horizontal plane 
(field diagrams drawn). 


All the same, it should not be imagined that it is desirable to increase in- 
definitely the length of the wires because then the secondary lobes will become 
So serious that an appreciable loss of gain will be suffered. As far as the height is 
concerned, practical and economic considerations fix a limit at about 25 metres, © 
which is sufficient in most cases. 
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It will be seen later that the angle ® may not have any value. Take now the 
equation (7,21) relating to radiation in the horizontal plane. Here is found the 
form factor: 

cos (0 — #) cos (® + #) 
1—sin(®— f)  1—sin(® + £)’ 
and two factors, functions of ® and of L. 
The nuls of the diagram are given by the zeros of these two factors, which give: 


sin (® + 8) =1— ae (7,23) 


This relation shows that the greater L/A becomes, the more lobes there are in 
the diagram; the main lobe then becomes increasingly sharper, which is what is 
shown in figure VII-17. 

7.4.4 Antenna dimensions for maximum gain.—Maximum gain is always 
obtained in the plane 8 = 0, therefore equation (7,20) is the only one which will 
be considered, and which for simplicity will be written: 

em cos O 


L 
5. th i 


27H 
hen ° ° ° A 
[eo aa ee 7 (1 — sin ® cos A) sin fon sin ; 


which is admissible for angles not exceeding 20° as explained above. So that 
this expression shall be a maximum it is necessary that: 


OE OE OE 


Differentiating with respect to H: 


OE e sek 
= = 480], 
OH R 


i L cH | 
ee 27 sin A. sin? — (1 — sin ® cos A). cos (= sin a) ; 


We may write: 


OE — 0 for cos (727 sin A) == (); 
OH A 


which gives: 
Wien A 
asin 
In differentiating with respect to L it will be found that dE/0L = 0 for 


A 


L= ————_. . 
2(1 — sin ® cos A) 
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Finally the differentiation with respect to ® will give the nul for: 
sin ® = cos A 


Taking this last relation into account in the expression giving L, it is finally 
seen that maximum is achieved when the three relations 


A 7 A 
earn Tie. 2 z OTe a ce 
are simultaneously respected. 

It is thus seen that the antenna behaviour is a function of the angle A of the 
rays incident upon the wire, or the ‘firing angle’ of the antenna. 

However, if the diagram of the antenna thus calculated is traced it will be 
found that the direction A, of maximum gain does not correspond to the 
direction of maximum radiation in diagram VII-18. To obtain this coincidence, 


Ficure VII-18 


i.e. to make P and P’ the same point, the value of ZL must be calculated as a 
function of H and of ® so that 


” 


Women T—aNe, 
This is a lengthy calculation but presents no difficulty. In order to realize this 
condition it is necessary to have: 


H = sin © tan A tan (4 sin A) 


A VE (7,25) 
2n(1—sin®cosA) aL 
a sna tan = (1 — sin ® cos A) 
If it is required that the relation 


ae 
Pacis 
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is always respected, then: 
ib, 27rL 
tan (1 — sin ® cos A) = a (1 — sin D cos A). 


This equation is of the form tan x = 2x which, excluding the solution x = 0, 
gives the solution 


x == 0:37 lan 
which gives: 
z 0-371 2 
isin cosh 


In noticing that we must always make ® = 7/2 — A, it is found that 


A 7 0:371 A 
Ne th D = sin? A Cae 
which are the three conditions to be fulfilled in order to obtain maximum gain 
with coincidence of the favoured direction and the maximum of the diagram. 
These equations as well as those of (7,24) have been given by Bruce. 

It has been observed that the height H of the antenna is often limited. In 
such a case L will be taken from (7,25). This relation is written, in noticing that 


cos A = sin ®, 


Pe a sin A fs as a A iB 
ne cos A A 27 sin? A aL 
tan 7 (1 — cos? A) 
which gives: 
H a A Lsin A 
EGE) Geen oss ys Ce a oo 
tan (= sin A) bes tan & sin? A) 
A A 
hence: 
ae 1 ’ (= cs A) A iol 
Pein 27 sin A = ; he hr 8 
tan | —ssites 


This equation permits the calculation of the length of the wires, knowing A 
and H with the condition that M is the complement of A. 
The relation is of the form: 
x = «tan mx. 
To solve it put: 
(ee meee 


t = 
an mx = mx + 3 15 
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7.4.5 Determination of the vertical angle.—In all the preceding calculations, 
the firing angle (or angle of incidence of the waves in the case of reception) plays 
a primordial role in the design of the rhombic. 

A great deal of research has been done in order to determine this angle in the 
case of transmission over a long distance. It has been observed that this path 
angle varies according to the time of day. Figure VII-19 gives curves relating to 


FiGureE VII-19 


trans-atlantic traffic (referring to conditions at the U.S. end); in general terms, 
the angle decreases with the wavelength, which is fortunate since the direction 
of maximum of the diagram for the vertical plane follows an analogous law. 

For communication over medium distances, under 1,000 km, the probability is 
that there will be only one ionospheric reflection. If h is the equivalent height of 
this reflection, and if D is the distance between the transmitter and receiver 
then, roughly, 


Neal 
D 


in neglecting the curvature of the earth. The biggest unknown factor in the 
problem is the height of the ionosphere which may vary between 180 and 450 km 
in a single day. For these calculations consideration must be given to the extreme 
values of A corresponding to these two heights. In fact, the rhombic will be 
calculated to provide the maximum gain at an average angle of incidence 
falling between these two extremes. 

It is in this way that, for a point-to-point system where extremes of 15° and 
30° have been measured, by designing the antenna for A = 23° it is possible to 
limit the variations of signal to a change of only 3 dB when A passes from 15° 
to 30°. 

It should be appreciated that these considerations of incidence apply equally 
to all short-wave beamed transmissions. 

7.4.6 Characteristic impedance.—The rhombic antenna must be terminated 
according to its characteristic impedance, so as to obtain the condition of 
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travelling waves in the antenna. The input impedance of the antenna is inde- 
pendent of frequency provided that the antenna is correctly matched, and is 
equal to the characteristic impedance. This is not a very precise quantity as 
the inductance and capacity per unit length of the wires varies at different points. 
Obviously at the two extremities the unit capacity is sensibly greater than in the 
region of the apexes joined by the short axis. In order that the characteristic 


B 


A pes 
bp 
FIGURE VII-20 


impedance is well defined the ratio L,/C, must be constant (where L, and C, 
are the inductance and capacity per unit length). This can be achieved if C, 
remains constant, since L, and C, are related by the expression 


LC, = 1 /v?, 


where v is the velocity of propagation along the wire which is assumed to be 
constant. 

To make this capacity as constant as possible it is possible to construct the 
rhombic with several wires in parallel which are drawn together at the extremities 
but splayed out at the apexes of the minor axis by a vertical distance h as shown in 
figure VII-20 for a two-wire arrangement. Even so, the compensation thus 
obtained is not perfect even when three wires are used. This type of construction 
is only used for transmission, single-wire arrangements being considered sufficient 
for reception. 

If the antenna is terminated with its characteristic impedance, the input 
impedance will remain constant whatever the wavelength, and will equal the 
value of the termination. Hence, to check the correctness of matching it is 
sufficient to measure the input impedance as a function of wavelength. An 
impedance-frequency curve will then be obtained which, for a correctly matched 
antenna will be a straight line; in practice this is not found to be the case, and the 
curve consists of a series of ondulations. The rhombic is considered to be 
matched when these ondulations are reduced to a minimum. The matching is 
done by varying the disposition of the wires (the distance h), or by adjusting the 
value of the terminating resistance in the case of reception. A knowledge of 
the impedance-frequency curves has a particular significance; the variation of 
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the input impedance must be kept small over the working range to assure the 
correct functioning of the transmission lines which must be matched throughout 
the band of frequencies used. 

In figure VII-21 the impedance-frequency curve of a two-wire rhombic is 
shown. The characteristic impedance of such an antenna is in the region of 
600 ohms. The curve drawn represents the best adjustment of h, hence the 
smallest possible impedance variations obtainable. It will be noticed that these 
variations attain a value of +10% despite the precautions taken. 

Z 
700 fe. Vee of a 
S600 ie aeeanieecs eeemseemest ae a 
7) CoS ey RE Rg ce pe eae 
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Ficure VII-21. Rhombic measuring 216 m along the major axis, = 70°. 
Input impedance curve. Wavelength. 


In the case of reception it is important to pay attention to the impedance- 
frequency curve so that the input level to the receiver may be kept constant 
throughout the range. Figure VII-22 gives curves obtained with a single-wire 
rhombic having a major axis of 300 m, with an aperture of 30°. The terminating 
resistance of such an aerial is about 860 ohms when the height is 25m. The 


yh, 
800 — . : a= ey 800 
pas AA NAVs aha Minn ‘\ AN J wes a [ = (ae a 3 700@ 
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FiGureE VII-22. (a) correctly adjusted. (5) input wires too close together. (c) metal masts. 


(d) steel guy-wires running close to antenna wires. 


optimum impedance drops to roughly 820 ohms when the antenna is only 
20 m high. The amount by which the peaks of the ondulations differ are relatively 
small, and correspond to a standing-wave ratio of 5 to 7%. On the other hand, 
the impedance falls progressively with the wavelength. This is due to the input 
capacity of the rhombic arising from the proximity of the wires. 
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The same phenomenon appears in rhombics of two or three-wire types 
when the wires are insufficiently spaced at the apexes of the minor axis. In 
figure VII-22b a curve has been drawn showing an antenna where the input 
capacity is too high; this can arise when the wires are too closely spaced. The 
result is very marked, and under typical conditions the variation in impedance 
over the working range may be of the order of 25%. 

The antenna should always be mounted on wooden poles, or at least the 
upper part of the poles should be made of wood. Figure VII-22c shows the 
effect upon the impedance-frequency curve caused by the presence of steel 
halyards stretched along the length of the masts, making these electrically 
equivalent to metal masts. Similarly, the presence of steel cables in the vicinity 
of the antenna wires give rise to undesired effects as shown in figure VII-22d. 


FiGure VII-23 


7.4.7 Termination resistance.—It is always necessary to terminate a rhombic 
with a resistance equal to that of the characteristic impedance. This is done by 
connecting a resistance across the end of the antenna. 

In the case of reception this resistance consists of three separate resistances 
arranged as shown in figure VII-23. The two resistances R, are each of a value 
between 200 and 300 ohms. Resistance R, hasa value determined by the nature of 
the rhombic, and this is made variable as a means of adjustment for the antenna. 
The three resistances have together a total of 800 to 850 ohms. Due to the 
extremely low power concerned, these resistances may be of a type normally 
used in the construction of receivers; they must naturally be protected from 
the weather, and are consequently enclosed in ceramic tubes for this purpose. 
The disposition of the resistances shown in figure VII-23 is that which is found 
most favourable to the production of a satisfactory impedance-frequency curve. 
It will be observed that R, is shunted by the capacity between the two sections 
AB and CD. 

For transmission the termination of the antenna presents a different problem. 
The efficiency of the rhombic is usually between 0-5 and 0-75. It is therefore 
required that the terminating resistance be capable of dissipating a significant 
proportion of the power supplied to the antenna, for which purpose resistances 
capable of absorbing several kilowatts may be required. 
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The construction of such resistances is practically impossible since they 
must ideally have neither inductance nor capacity, which immediately excludes 
the majority of wirewound resistances. One solution is to make use of a trans- 
mission line having intentionally a very high loss, which is connected between 
to end of the antenna and the terminating resistance which will now have to 
handle a much lower power. Such a line will have a characteristic impedance of 
600 ohms for two-wire rhombics and 500 ohms for three-wire versions. The 
terminating resistance will then be 600 or 500 ohms respectively. The system is 
shown in figure VII-24. 


6000, absorption line 


Ficure VII-24 


The line is situated under the antenna, and is folded back on itself. The 
characteristic impedance is given by the classical equation: 


2D 
Zo = 277 log —. 


The wire used in the construction of this line is often stainless steel. The total 
power loss is arranged to be 15 to 20 dB, so that the power to be dissipated in 
the terminating resistance will be reduced by 30 to 100 times. It is constructed 
in such a way as to avoid introducing phase changes into the system throughout 
the working range of the antenna. 

Use may be made of non-reactive wirewound resistances capable of dissipating 
several tens of watts. 

The lossy line is stretched along the major axis of the rhombic, and suspended 
two or three metres above ground by means of small posts. Very often the 
length of this line is equal to twice that of the major axis, as in the case illustrated. 

7.4.8 Gain of a rhombic.—Take a correctly terminated rhombic, impedance 
Zo, fed by a feeder of the same impedance; although there will exist a small 
standing-wave ratio on the feeder, it can nevertheless be assumed with negligible 


> A#=6002 
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error that the rhombic presents a pure resistance of value Z, to the feeder. 
Under these conditions the power delivered to the rhombic is: 


W,, = Like. 


In this equation J, is the current at the input to the antenna, and that which is 
used in equation (7,20) for the field calculation in the supposition that zero 
attenuation takes place along the wires of the antenna. 

If a half-wave antenna is now considered, fed with the same power W,, which 
is entirely radiated, and the current in the half-wave is given by: 


W, iz Roli, 


where R, is the radiation resistance of the half-wave, 73-2 ohms. 
From the above relations: 


Vi SN er (7,28) 
L Op ae ee et Raa 4 e nievo, 9 


Equation (7,20) allows the calculation of the field in the direction (Ay) of 
maximum radiation, but it is logical in this calculation to give J) a value equal 
to the mean current, and not that of J, which represents the input current. The 
mean value takes into account the attenuation along the wire due to radiation. 

Let R be the radiation resistance of the antenna; each wire of length Z will 
therefore present a radiation resistance of R/4, which corresponds to a distri- 
buted resistance of R/4/. The attenuation constant along the wire becomes: 


R 


P= 37 


if Z is the characteristic impedance of the wire. But this impedance is half of 


Z, (symmetrical line). Thus: 
(7,29) 


The antenna current at any given point x remote from the input, is 
jb es 
and the current at the remote end of the antenna: 
Veet oar ont 


Knowing the input and output currents, it is possible to determine their 
mean value. This is clearly an approximation, and it may be disputed whether 
in fact the arithmetic or geometric mean should be taken. The above seems better 
adapted to the problem to be solved, hence; 


Ih =[,. 1]? =1,. e7F2. (7,30) 
12 
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Under these conditions the field calculated by means of equation (7,20) will be: 


By = 480Le. "4 | 
1 — cos? A, sin? ® B _ (20H | (7,31) 


The field of the half-wave antenna in the same direction is: 


Re 1 
E, = 60/, cos (; sin Ao) coat 


1 ; 
The factor cos ( sin Ao} ——— is roughly equal to 1 so long as Ag is less 
2 cos Ay 


than 25°, which is invariably the case. Replacing J, by its value taken from (7,28) 
and writing the fields as a ratio, the gain in amplitude becomes: 


0 


where K is the factor between brackets in (7,31). 
This is written: 
r nc 
00) KS 
VZy 


Z, for a transmitting antenna will be between 500 and 600 ohms, such that a 
mean of 550 ohms may be used, hence: 


T = 2:9Ke~°4, (7,32) 


The gain in decibels will be obtained in taking 20 times the log of [. To 
express this gain against an isotropic source, the gain of a dipole, 2:14 dB would 
have to be added. 

This calculation of gain is fairly complicated, and even so it is only an approxi- 
mation. It necessitates a knowledge of the radiation resistance, unless the 
supposition of a constant-amplitude current J, along the antenna is acceptable, 
where the approximation (2:9K) may be used. First a curve will be drawn for 
the variation of radiation resistance R as a function of A, then a curve for the 
variation of A, similarly as a function of A. The behaviour of the antenna may 
then be calculated (7,32) for various wavelengths. 

In general terms, it is found that the gain passes through a maximum for a 
given angle ®, for a certain value of //A. The table below gives the optimum of 
//A, and the extreme values for gain variations of 3 and 6 dB in the band over 
which the antenna functions. These curves neglect the effect of the factor H; 
the maximum values of gain which are influenced by this factor are therefore 
not given. 
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Values of 1/4 for a variation of gain of: 
iA pti Sac INA Cal le ea a ee 
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The ratios of range covered are independent of ®; there is a gain variation of 
3 dB for a wavelength ratio of 1 : 2 (e.g. 20 to 40 m), and a variation of 6 dB 
for a ratio of 1 : 3. 

7.4.9 Radiation resistance.—It is rather difficult to calculate the radiation 
resistance. Lewin gives the following equation: 


AnL, | 
pie 240 tog (= cos? 0} a 0577 | ohms (7,33) 


There is another means of finding the radiation resistance, depending upon a 
knowledge of the efficiency of the rhombic, i.e. the ratio of power radiated to 
power supplied to the antenna: for this it suffices to measure the residual power 
at the output of the antenna. This power is: 


W a Zole ? 
while the power at the input is: 
W, aay Zyl? 
The power radiated is: 
WoW ay, 
and the efficiency 
Ky ule 1 W, 
Wain ru a, 
being 
(i) 
Uf peer a 2 i. ; 
As 
Teeny ery 
we have 
n=1—e #4 
or 


R 
n=1—erTz. (7,34) 
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The values of R taken from this last equation do not agree very well with 
those calculated by (7,33); this is explained by the arbitrary hypotheses of the 
calculation, and particularly by the difficulties of power measurements. It is 
preferable to calculate R by equation (7,33) and to use (7,34) purely to determine 
the order of magnitude of the power to be dissipated in the terminating resistance. 

7.4.10 Group of rhombics.—It might be thought that it would be better to 
replace the transmission line attenuator by a second rhombic, in order to 
usefully employ the energy; this proposition leads to the construction of a 


+450 
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number of rhombics in series, all arranged to lie in the same axis. If the phasing 
of the currents in a rhombic is checked it is found that an advance takes place 
where the wires converge. This phenomenon is demonstrated in figure VII-25 
which gives experimental results. The major axes of the rhombics were about 
2 4; the values of y shown are the differences between the phase of the existing 
wave and that of a plane wave being propagated in the same direction. So that 
the maximum radiation is obtained in the direction of the major axis this 
difference must be reduced to zero, which is not the case. The explanation of 
this phase advance is fairly complex; the consequence of the phenomenon is 
that the maximum radiation of the system as a whole will be inclined with 
reference to the major axis, and the gain in this direction will be mediocre. It 
is not therefore possible to dispose several rhombics in series. It has been pro- 
posed that two or more rhombics may be mounted in series taking care to incline 


' 

' 
i 
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their axes one to the other, in such a way as to produce the maximum radiation 
in one in a direction where the secondary lobes are weak in the other. Given the 
attenuation in the first antenna on the one hand, and the phase advance which 
has just been mentioned, it will be seen that the results would be difficult to 
predict, and the system cannot be recommended. 

On the other hand, it is not impossible to dispose several rhombics side a 
side with their minor axes in line. The feeding of these antennas must be strictly 
in phase. The polar diagram of the whole is the product of the diagram of one 


C3 
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antenna by that of the diagram of identical sources situated at the centres of the 
rhombics and all fed in phase; this calculation does not present any difficulty. 
This arrangement is particularly interesting for the relatively long wavelengths, 
where the major axes might attain 500 m. There is no change in the efficiency 
of the antenna due to the adoption of this method. 

7.4.11 Feeding rhombics.—Rhombics may be fed either with simple coaxial 
feeders, or with bifilar transmission lines. The choice of the feeder will depend 
mainly upon the use to which the antenna is being put. 

For transmission it is more usual to employ a bifilar line, having a lower cost 
than a coaxial one, the attenuation being less critical than in the case of reception, 
and the external influences being quite negligible. The feeder may be directly 
connected to the antenna (having an impedance of 500 to 600 ohms), thus 
assuring that the system has the maximum bandwidth. 

For reception there are distinct advantages in the use of coaxial transmission 
lines due to their possibility of very low attenuation, and the possibility of 
eliminating certain external influences resulting from the method of construction 
of the line. The characteristic impedance chosen for such a line is 75 ohms, as 
this value corresponds to a minimum attenuation obtainable. 

As the rhombic has an input impedance of the order of 800 ohms it will be 
necessary to ensure matching by means of a coupling device. This is placed at 
the input of the antenna, at the top of the mast supporting the feeding end of the 
system. It must have the following characteristics: 


(a) symmetrical input, unbalanced output; 

(5) input impedance of 800 ohms; 

(c) output impedance of 75 ohms; 

(d) negligible attenuation over the entire working range. 
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Clearly, the last condition is the most difficult to achieve. This result is obtained 
by using matching units conforming to the circuit diagram of figure VII-26. 

The transformer S,—S, is wound as shown in the drawing, the two halves of 
the primary S being situated on either side of the secondary S,. This consists 
of two windings (each representing one half of the total), wound in opposite 
directions. This method of construction is indicated in the interests of symmetry. 
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CHAPTER EIGHT 


End-fire Antennas 


M4 


In this chapter a study will be made of antennas having maximum radiation 
in the same direction as the antenna axis. Clearly both rhombics and ‘end-fire’ 
arrays of the Yagi type fall within this category, and their exclusion in the present 
chapter does not imply the contrary. The antennas treated below are helical, 
dielectric, and finally ‘cigar’ antennas, the last mentioned having been recently 
developed in France. 


8.1 HELICAL ANTENNAS 


8.1.1 Description and principle.—As the name indicates, this antenna con- 
sists of a wire formed into a helix (figure VIII-la). The antenna is driven by a 
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Ficure VIII-1 


coaxial line F having the outer conductor connected to a reflector R which acts 
as an ‘earth’. The radiation diagram for a helix of certain dimensions is uni- 
directional (towards the right, in the case of the above figure) and the maxmum 
coincides with the axis of the helix, i.e. with ® = 0. 

Figure VIII-la gives the main dimensions of the antenna; the length A, the 
diameter of the coil D, while S is the pitch. C is the length of the circumference: 


C= 77D 
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and figure VIII-15 shows the relation between C, S and L, the length of a turn: 
L = V7?D? + S2 (8,1) 


It also defines the angle of the pitch of the helix, «, such that 
S 
t — —, 8,2 
an a CG (8,2) 


The polar diagram of the helical antenna is drastically modified by changes 
in the dimensions of the device. 

If these dimensions are small compared to the wavelength A, the antenna 
behaves as a solenoid of a few turns, i.e. practically as a magnetic doublet; 
the radiation diagram is of the form (sin ®), the direction of maximum being 
normal to the axis. 

This normal mode of radiation, called the T, mode, is similar to that of a 
frame to which reference will be made in Chapter 16. 

If, on the contrary, the dimensions are not negligible compared to A, the 
maximum will probably fall along the axis. Consider the effect of points such as 
1, 2, 3, 4, .. . lying along the outer diameter of the helix. Each of these points is 
able to be considered as an identical source to a close approximation, and in 
each flows the current J of the helix. The phase of the current at each of these 
points depends upon the time taken for the current to flow through one turn of 
the helix. This phase difference may be arranged to produce a longitudinal 
radiation (end-fire array), giving radiation along the axis of the system. It will 
be appreciated that a similar effect is produced at all points on the outer dia- 
meter of the system, giving a rotating diagram. Finally, following the properties 
of end-fire arrays, the diagram will be unidirectional provided that S'is less than 
4/2; the reflector is not therefore indispensable to obtain a unidirectional effect, 
but is often necessary for feeder matching. 

This axial mode of radiation is called the T, mode. It takes place for values 
of C falling between 3/4 and 4/3 A. 

8.1.2 Radiation diagram and gain.—The field radiated by an array is given 


by: 
__ sin (ny/2) 
sin (/2) ” b 
with 
oi =e cos ® + S. (8,4) 


6 is the phase difference between the sources, hence the phase difference per 
turn, and n is the number of sources, hence the number of turns. It will also be 
noticed that © is the complement of angle 0 chosen in the theory of arrays. In 
this case it is more convenient to take ®. 
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The radiation will be maximum for: 


y = —2rm, (8,5) 
where m is an integer. 
In writing that the second parts of the equalities (8,4) and (8,5) are equal to 
each other, we get: 


= —2n(? cos @O + m| 
and maximum radiation will appear for © = 0 if 
6 = —27r = oT m| : (8,6) 
It should be borne in mind that the velocity of propagation of the wave along 


the wire of the helix is not necessarily the same as in free space. If y is the velocity 
along the wire, the phase difference 6 for one turn is 


27 Lc 
6 = — ——- 
A -y’ 
or, putting 
y 
aes vd 
p=- (8,7) 
2nL | 
, panty eailere sy (8,8) 
A p 
Using this expression in (8,6) we get 
Ll S 
a_i - Sl  ——- Soe e 9 
ar e AS m (8,9) 
In the case where m = 1 and p = 1, we get 
LD SS 
~- >= =A : 
qa l or L ae (8,10) 


Which may be written, using the relation (8,1) 


S 
2-+1 
D i ( A C al S 
yo re or ies 2741 4 (8,11) 
While these values of D and C are true for the condition p = 1, i.e. for 


propagation along the wire at the speed of light, this is not a condition generally 
obtained, p being less than 1 and (8,10) becomes: 


Gat SS or L=p(a+S). (8,12) 
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The maximum values of D and C for which the 7, mode, corresponding to 
m = 1, can exist, are given by expression (8,11). 

Making m = 2, 3,..., the diameters corresponding to modes 7%, T3, will be 
found, although these are of no practical interest. Returning to mode T7,, it 
will be seen that in using expression (8,12), L can be determined from p and 
S, or inversely p from L (or C) and S. Experience shows that the helical antenna 
functions correctly for 

3 4 

a oe (8,13) 
with angle « falling between 12° and 14°. This corresponds to a propagation 
constant of between 0-7 and 1. 

It is found empirically that the phase relationship required is established 
automatically in the helix with 


Wee elas (8,14) 


and the radiation diagram for the 7, mode can be calculated from the equation 
(8,3) in which 
y = —27. 


To obtain the diagram for the helix it is necessary to multiply (8,3) by the dia- 
gram for one turn. But the diagram for one turn, having a circumference of 
approximately A, is roughly 

1 Dpg tay ere LU 


such that the diagram of the helical antenna will be given by: 


_ (ny 


PH eos) (8,15) 
_ (yp 
sin (¥) 


This calculation indicates a wider diagram than that which is found in practice 
by measurement. If on the other hand the equation for Hanson and Woodyard’s 
method of calculation for longitudinal arrays is used, the theoretical and prac- 
tical results will be found to agree much more closely. 

The diagram of the helical antenna is then given by: 


sin zy 
‘be sin (2) —\— cos ® (8,16) 
2) aan 


For large values of n, i.e. for long helices, (8,16) tends towards (8,12) and the 
divergence between the two methods becomes smaller. 
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For practical purposes the calculation of the diagram can be made from 
(8,15). Many measurements taken on existing antennas have lead to the following 
empirical formulas: 

Diagram aperture at half-power (3 dB) 


52 
0, = ——— deerees 8,17 
Fe 
Aperture between the two first zeros: 
115 
= — 8,18 
AN Ah 
Forward gain:— 
C*nS 
G = 10 log (1s 75 : C12) 
These three equations are valid for: 
Let ea TS" 


G 
Hs rel 
ie: 


8.1.3. Polarization of the radiated field—The polarization of the forward 
radiated field (in the axis of the helix) for the T, mode will be seen to be circular 
the moment that the condition for longitudinal radiation is obtained. Under 
these conditions all the points in relation on the helix, i.e. the pointsal, 2573: 
4,..., of figure VIII-1, are in phase. Hence, to study the polarization of the 
field, the antenna can be considered as a single turn. If we notice that the turn is 
constituted by n currents J, sensibly rectilinear, it will be appreciated that each 
of these currents corresponds to a radiated field proportional to J, and in the 
same direction as it. The radiated field is thus constituted by n vectors of equal 
amplitude, each of these vectors making an angle of 27/n with the preceding one, 
and differing in phase by 27/n, since along the turn there is a total phase change of 
2m. These are precisely the conditions for circular polarization. 

By grouping two antennas it is possible to obtain rectilinear polarization, 
as shown in figure VIII-2; in each case one helice is wound clockwise and the 
other anti-clockwise. In the arrangement (a), the polar diagram is the product 
of the diagram of one of the helices and the diagram of two points in phase 
separated by the distance between the axes of the two helices. 
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8.1.4 Input impedance and pass-band.—The equation (8,13) shows that from 
the point of view of radiation, the wavelength for a given helix can vary over a 
range of 1 : 1.8. The impedance variation over such a range will now be examined. 
It is not practicable to calculate this impedance, hence it must be measured. 
Figure VIII-3a gives a typical result in terms of resistance and reactance, 
parameters being C/A. 


igi <a 


Ficure VIII-2 


It is seen that for C/A. taken between 0-75 and 1-3 the resistance varies from 
90 to 220 Q with a reactive term varying between +5 and +40 Q. The measure- 
ments relate to the impedance at point P at the aperture of the co-axial line, 
and were made with a connection PQ making an angle with the plane of the 
reflector equal to «, PQ being in a plane passing through the axis of the helix 
which itself lies along a line representing a continuation of the feeder. 
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Ficure VIII-3 


Under these conditions, with the limitation of «, C and n being valid for 
equations (8,13) and (8,20), the input impedance is almost a pure resistance 
equal to: 


C 
R= 140 5 ohms. (8,20) 


The insulators and the diameter of the reflector do not materially affect this 
value provided that the diameter is greater than /, and that the insulator has a 
minimum of dielectric material. Equation (8,20) gives values which are within 
+20% of the exact value. 
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Equation (8,13) and figure VIII-3 show that a helix may operate correctly 
over a band of 1 : 1-7 in frequency, and it is not unusual to find in practice that 
such a range is attainable with this type of antenna. 

This is made possible by the propagation constant along the wires as a 
function of wavelength, since, if this velocity remained constant the longitudinal 
radiation conditions would be rapidly destroyed when the wavelength was 
varied, and the band over which the antenna would function would be in inverse 
proportion to the length of the helix. However, despite the advantages of 
bandwidth, this type of antenna has very limited application due both to the 
difficulty of construction and adjustment of large helices capable of high gain, 
and secondly due to the relatively high proportion of secondary lobes produced. 

The following table gives some results obtained experimentally: 


0, 0; * N 
degrees degrees mes dB 


Type A 


4): nominal working wavelength. 

0, and 6;: apertures of the diagram at 3 dB points in the two planes perpendicular to 
each other. 

N: the maximum level of the secondary lobes. 

* The standing-wave ratio measured on a 53 ohm co-axial line. 


8.2 DIELECTRIC ANTENNAS 
8.2.1 Principle-—Take a line carrying energy (fig. VIII-4) so constructed as 
to produce a radiation diagram given by: 


e(0) 


which can be assumed, for purposes of simplification, to be a revolution around 
the axis of the line. This is shown in figure VIII-4. 

To commence with it will be assumed that the current is constant along the 
line, and that the line is terminated with its characteristic impedance. It is 
further assumed that the velocity of propagation v along the line is different from 


174 THE ANTENNA 


c, which means to say that the wavelength must be /,, different from A, the 
wavelength in free space. The propagation constant on the line is: 


jk (8,21) 


40 
I= I,e"*7, (8,22) 


Ficure VIII-4 


The radiation from the element placed at M is in advance by (kx cos 8) on 
that from an element placed at O, and a similar argument to that used for a 
wire in Chapter 7 gives, as the expression for a field radiated by a line: 


oo 


ikR EO a i 
E = j60zI, = e(0) i Cr ete dx (8,23) 
0 


which is, in amplitude, 
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In this expression the fraction is of the form sin u/u, and this function gives 
a maximum for u = 0. Maximum radiation is thus produced for: 


1 cos 9 


hence: 


A 
cos 9 = — (8,25) 


END-FIRE ANTENNAS L75 


Thus if 4, is of the order of A), there is a maximum of radiation in the direction 
of the axis. It will be noticed that in the case where the line is a simple metallic 
wire, 


e(0) = sin 0, 


which then gives a zero in the direction of the wire, as has already been observed. 
The polar diagram therefore depends upon e(8), which depends upon the nature 
of the radiating element. 

Consider now a line consisting of a cylinder of dielectric material, upon 
which there is a travelling wave (matched line); the radiation then becomes a 
wafer of thickness dx, normal to the axis of the line. 

This line is a waveguide where the transmission of energy may correspond to 
a number of different modes. These may be of revolutionary symmetry such as 
I'M,,, or TE,,, which, like mode TEM in the case of the wire conductor, will 
give a zero for e(0) when 0 = 0. These modes are therefore unsuitable for an 
antenna destined for longitudinal radiation. 

As opposed to the behaviour in hollow metallic waveguides, the lines of force 
of the electric and magnetic fields are not confined to the interior of the dielectric, 
but are in existence around the exterior of the waveguide. The conditions on the 
surface of a dielectric cylinder are such that the existence of pure transversal 
modes 7M,,,, and TE nn 1S impossible. The only modes which can exist are 
combinations of 7M and TE and which M. Bouix, who has studied this question 
in France, calls hybrid modes E mn: Lhese modes give cut-off frequencies, 
with the exception of mode EM,, and, when the dielectric line is to be used as 
an antenna, the diameter is chosen such that only this mode will be propagated. 
Under these conditions e(6) is not zero for 6 = 0, and A, is fairly close to A) so 
that the radiation of the antenna will be centred on the axis. 

8.2.2 Practical examples.—Dielectric antennas are used only at micro- 
wavelengths; their bandwidth is large, for example 7 to 14 cm. Unfortunately 
their excitation is fraught with difficulties when large bandwidths are required 
thus limiting their use to special cases, although they were highly popular during 
the last war. 

The antenna has the form of a solid rod of dielectric material (sleeve-antenna, © 
candle) or hollow (fig. VIII-5). As has been seen, the antenna must be terminated 
with its own characteristic impedance, or, which comes to the same thing, must 
exhibit no standing-waves. To obtain this latter condition, rods are used which 
become narrower in going from the base to the extremity, and terminate in a 
hemispherical dome. This variation of diameter which in turn produces a 
variation of the wavelength along the line, influences the diagram ina way which 
will be explained later. | 

The calculation of this diagram is clumsy and, as far as the author is aware, 
no equation has yet been derived which will give it accurately. As long as the 
length of the antenna does not exceed a few wavelengths, the equation (8,24) 
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may be used, with e(@) = cos 6 and the approximate magnitude will be obtained. 
In fact, an increase in antenna length does not give a proportional increase in 
gain, and this seems due to the mechanism of radiation which is principally 
concerned with the extremity of the rod; it will therefore be appreciated that the 
polar diagrams will have to be obtained experimentally. 


<a 


Candle antenna Hollow-tube antenna 
FiGure VIII-5 


The optimum conditions for such an antenna are realized when the following 
experimental relations are respected: 
For dielectric rods: 


0:56 A 
maximum diameter, Oita Hee 
a /(e — 1) 
(e: dielectric constant). 
0-36 A 
Minimum diameter, OF ein 
wy (emo) 


These values of ® ,, and ®,, correspond to a relatively low secondary lobe level: 
17-5 dB for an antenna having a length of 3-3 A. In general terms, the secondary 
lobe level diminishes as ® ,,/®,,, increases, but there is a loss of gain. The above 
values correspond to a compromise compatible with matching the antenna. 

For hollow antennas.—The diameter of the tube may fall between the values of 
©,, and ®,, indicated above, and the thickness of the tube must be: 


2 01d 
fe — 1) 


The length of the antenna can vary from 3 A, to 7 Ay, the optimum being 
close to the latter value. Measurements show that the curve plotting the variation 
of the aperture of the radiation diagram as a function of the length L/A) gives a 
horizontal asymptote. Thus, such an antenna giving an aperture of 28° with 
L=34A,, gives an aperture of 23° with L = 64 , while the equation (8,24) 
would lead us to expect half this angle. 

8.2.3 Method of feeding.—Feeding is fairly difficult, and seriously limits 
the useful frequency range which, by radiation characteristics alone ought to 
extend over a ratio of roughly 2 : 1. Figure VITI-6 shows a form of this antenna 
due to M. Bouix. The diameter of the coupling hole T, drilled in the large side 
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of a rectangular waveguide, must be determined experimentally. A tuning screw 
provides for matching to the guide. By similarly mounting several antennas at 
distances of A, it is possible to drive them all in phase and hence make up an 
array. Under these circumstances the arrangement becomes clearly sensitive 
to frequency. 


Dyelectric | 
radiator 


Section of 
cylindrical waveguide 


Rectangular 
guide 


FiGur_E VIII-6 


In certain cases a dielectric antenna may be placed at the end of a waveguide, 
a possibility which has been found most successful in the excitation of short 
antennas. Figure VIII-7 shows the construction of a cylindrical rod mounted at 
the extremity of a circular waveguide working in the TE,, mode. The transition 
from air to dielectric is progressive, the antenna being terminated within the 


FiGure VIII-7 


waveguide by an elongated cone. The diameter at the straight portion of the 
antenna is D)//<, Dy being the diameter of the circular guide filled with air. 
Theoretically, the section of the latter should diminish according to a fairly 
complex law, but in taking a long cone good results are realized. Matching can 
be made by an inductive iris, and it is then possible to realize a bandwidth of 
5% With a SWR of less than 1-2. The antenna may be kept in place by a rod T 


13 
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crossing the guide normally to the electric field. A similar sort of construction 
can be made with a rectangular waveguide. 

8.2.4 Polarization of radiated field.—The polarization of the field is deter- 
mined by the method of excitation of the antenna. In the cases of figures VIII-6 
and VIII-7 the polarization is rectilinear, and beamed in the same direction as 
the field inside the waveguide driving the antenna. 

If this latter employs circular polarization, the radiated field limes has 
circular polarization. Advantage can be taken of this property in constructing 
receiving antennas working with transmitters of any polarization. 


8.3 ARTIFICIAL DIELECTRIC CIGAR AERIALS 


This type of antenna has recently been perfected in France by Simon a 
Weill. 

8.3.1 Principle of the antenna.—We have seen in section 8.2 that a dielectric 
line in which is flowing a travelling wave can radiate energy, and that the 
radiation is longitudinal if the wavelength in the line is of the order of the length 
of the wave in free space. In fact, the calculation that was made, based on a 
conception of the line as a number of radiating elements, supposes by implication 
that all these elements radiate in an identical fashion, with a diagram e(9), 
and that the function e(@) is known (it appears as a factor in (8,24)). 

It is logical to inquire into the origin of this radiation. The construction of 
dielectric lines for the transfer of energy at UHF is well-known, in these cases 
radiation is excluded. In fact, in a line rigorously homogeneous no radiation 
can take place, radiation appearing only if there is a variation in the line, as 
will be seen later. 

In the case of a dielectric antenna this variation can be a change in section 
(the rod becoming thinner as it progresses from base to extremity), or the end of 
the line itself. A profound study of the mechanism of radiation shows that, in the 
case of an antenna of constant section, radiation takes place mainly at the 
terminal zone. This explains why, after a certain length, there is no improvement 
to be had by further increasing the length of a dielectric antenna, which is a 
serious limitation to the use of such an antenna as a high-gain device. 

One solution of this difficulty is to vary periodically a characteristic of the 
line, e.g. the value of the wavelength in the line A,, such that the entire length of 
line radiates. This will give an overall increase in the efficiency of the line as a 
radiator (hence the gain), and making worthwhile an increase of length to 
provide a high-gain system. 

This idea is behind ‘cigar’ antennas. The variation of /, is related to a variation 
of the dielectric constant of the line, hence of its index (n = +/e). It is possible 
to demonstrate that in the case of three adjacent media, I, IT and III (fig. VIII-8) 
the medium I having an index (7), the medium II having an index (m + dn), 
and medium III an index of 1, the passage of a wave from medium I to medium 
II gives rise to a discontinuity in medium III. 
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Take a plane wave having components Ey and Hy being propagated in 
medium I in the direction of the positive values of x. In medium III this wave is 
accompanied by a wave being rapidly attenuated as it becomes distant from 
medium I, i.e. diminishing rapidly as soon 


i | 
as y becomes positive. This last wave thus IV Ut , 
contains the following components having Imaginary 
' SOUPCES 
the form: cage 
Ee ™, pho Tey ! 
and it is possible to demonstrate optically Et 
that n n+da 
: 27 
geek (nn — 1), with k= cae Ficure VIII-8 


At the moment of passing from I to I, a reflection is produced at normal 
incidence (see Ch. 2); the transmitted wave has the following components: 


dn dn 
F4(1 — =) and Hol — = 


and the reflected wave is written: 


dn dn 
(#55) and (—105%). 
These waves are accompanied by rapidly diminishing corresponding waves in 
III, the attenuation constant being « to the right of I and (« + da) to the right 
of II, of which the index is (7 ++ dn). 


Since the reflected wave in I is —E,(dn/2n), the wave to be found in this 
medium, in the presence of II is 


and the corresponding evanescent wave is 
=| 
| OFA ote Me bat de 
: ( 2n 


This wave corresponds to negative values of x. 
On the other hand, the evanescent wave at the right of II, which will correspond 
to positive values of x is written: 


du 
g Eid big | nee ane — (a +der)y 
( | : 
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These two waves are equal only when y = 0; for y = 0 we have: 


d 
AE = F4(1 — = [e~(e tdeny —e “], 
2n 


This violent change of field can only be explained by radiation to the right of 
the I-II boundary. It can also be said that it is due to the presence of imaginary 
sources at this region, and that these sources radiate. 

Under these conditions the radiation can be calculated, giving the following 
results: 


the power radiated does not depend on the sign of dv; the nearer that n 
approaches unity, the higher the power radiated; the power radiated is 
higher when the electric vector is normal to the separation surface than 
when it is parallel to this surface. 


In a rod, having an axis Ox, it will now be assumed that the media I and II 
form part of this rod, medium III being air. It is now possible to calculate the 
polar diagram of the imaginary sources. Using the notations of figure VIII-4, 
this diagram is written: 

1 + cos 0 
n* — cos? 6 


f% = 


(0) expressing the field at a distance. 

This equation shows that for 0 = 7, f(@) is always zero, which indicates that 
the radiation tends to take place in the positive-x direction. It also shows that 
the maximum radiation approaches the axis (9 = 0) asm more nearly approaches 
1. It will be noticed that if n tends towards unity, the length of the wave in media 
I and II tends towards the value for free space (air), thus supporting the con- 
clusion reached in section 8.2.1 regarding dielectric antennas. 

It is also possible to calculate the power radiated using the variation of the 
index (dn). If 4, is the wavelength in I (7A, = Ay), if dA, is the variation of 
wavelength due to passing from I to II, and if P is the power available in the 
media I and II, the radiated power dP is: 


dP (22) ( da, ) 
Pane, Ag) \Ag — Ag 


A 
where f (2) is a function depending upon the rod due to the dimensions and 
0 


mode of propagation. It will now be appreciated why a classical dielectric 
antenna does not provide a gain proportional to its length. 

The antenna radiates due to a variation of the characteristic of the dielectric 
line. If this is increased in length, and if S is the section, the quantity dS/dx 
diminishes likewise dA,/dx. Furthermore, were the dielectric rod of constant 
section, the radiation would take place uniquely at the end. It is therefore an 
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advantage to vary dd,/dx periodically as a function of x, since the radiation does 
not depend upon the sign of (dz). 

8.3.2 Practical examples.—The construction 
of a line having a periodic variation of dielectric meena 
constant is not practical using a dielectric 
material. It is preferable to use an artificial 
dielectric, according to a technique to which 
reference will be made later in connection with 3 é 
electromagnetic lenses. 

The line shown in figure VIII-9 is made up of Ficure VIII-9 
metal washers regularly spaced, mounted on a 
metal rod. The propagation constant (index), hence the wavelength A, is a 
function of / and of (D — 6) = d. If //A, is small, A, is negligible compared with 
A, and the line is useless since the maximum radiation cannot take place in the 
direction of the axis. In fact, it is always necessary to have 


> 0-1e7. 


and, in this case, 2,/A) diminishes when d/A, increases. 

It is possible to vary A, leaving / fixed and acting on d; an antenna consisting 
of regularly spaced discs of differing diameters is then obtained (fig. VIII-10). 
It is also possible to keep d constant, and vary /; the antenna then consists of 
identical discs spaced at differing intervals (fig. VIII-11). 

This second solution is preferable because it is easier to construct. However, 
the secondary lobe level is fairly high. To improve this it is necessary to use 


Be EHH 


FiGure VIII-10 Ficur_e VIII-11 


discs whose diameters diminish as the end of the line is approached. Thus in a 
‘cigar’ formed by 16 washers, and working around a wavelength of 10 cm, the 
following spacing is used: 


using 3 washers, diameter 37-5 mm 
3 washers, diameter 35:5 mm 
3 washers, diameter 32:5 mm 
3 washers, diameter 28:5 mm 
1 washer, diameter 27 mm 
1 washer, diamter 25 mm 
1 washer, diameter 23 mm 
1 washer, diameter 21:5 mm 
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These washers are all 1 mm thick, and spaced in the following way: 


14, 14,20, 22, 26-5..30, 24.24.9492 29997) 00. 12 mm 


between each washer in the order of size given above. 

The line must be driven in a mode which does not present revolutionary 
symmetry, otherwise there will be zero field in the direction of the axis. Excita- 
tion by a circular waveguide using the TF,, mode gives good results. The polariza- 
tion of the radiated field is then rectilinear, parallel to the field in the guide. 
If this latter gives circular polarization, the radiated field will likewise have 
circular polarization. It is also possible to feed the antenna with a rectangular 
waveguide, using rectilinear polarization. | 

The length of the antenna can vary from a few /, to several hundred times Ap, 
the gain being proportional to the length. 

The construction may be either rigid or flexible. In the first case the washers 
are fixed on a rigid rod, and in the second the washers are mounted on a flexible 
wire. In this latter case the antenna may be coiled up when not required. 

The antenna is set up empirically, the washer spacing being arranged for 
maximum gain. This gain is given approximately by: 


G= 10(1 + log =) aB 


and, under these conditions the total aperture of the lobe, at half-power points, 
is approximately 


A 
Uh es aves = degrees. 


However, when steps are taken to diminish the secondary lobe level, the gain 
is slightly diminished, and the main lobe tends to become enlarged in the H 
plane. 

Matching to the feeding guide is achieved by adjusting the position of the 
first two or three washers. 

The pass-band attains +8 % with an SWR of 1-5. The following table gives 
experimental results obtained with 4 antennas of different lengths, adjusted for 
maximum gain. 


Gain (dB) 16 yao ES) 22 28 
Width of beam, 6,, at —3 dB IN 4 10° rhs 
Level of main secondary lobes 12 dB 12 dB 15 dB 17 dB 


Front-to-back ratio (dB) >30 >30 >30 >30 
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The 15-washer antenna (length 3-3 A,), the dimensions of which have been 
given above was adjusted for minimum secondary lobes and maximum band- 
width. The results obtained are given in the following table: 


Frequency L 6, 0, SWR Gain foes 
M 
c/s ho E plane | H plane dB isle ripe 


2,850 18 dB 
3,050 15 dB 
S520 20 dB 
3,350 


The above is measured gain; the loss at 3,350 Mc/s arises from the high 
standing ratio at this frequency. 
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CHAPTER NINE 


Omnidirectional Antennas 
and Wide-band Antennas 
for VHF and UHF 


"A 


9.1 CONICAL AND BI-CONICAL ANTENNAS 
9.1.1 Theory of the infinite bi-conical antenna.—Take a system consisting of 
two metallic cones placed apex to apex and let a sinusoidal e.m.f. be applied 
between the two points (fig. IX-1). The space 
between the external surfaces of the two cones 
may be considered as a waveguide limited by 
two conical conductors. It will be seen from the 
construction of the system that a spherical wave 
centred on O can be propagated, giving rise to a 
TEM mode; the lines of force of the electric field 
are then arcs of the circle centred on O (e.g. 
AA’A") and the lines of force of the magnetic field 
are circles falling in planes normal to the axis xx’ 
and centred on this axis. On the conductors the 
electric field is normal at all points, and the 
magnetic field is tangential, which is in agreement 
with Maxwell’s equations. In writing these as 
Ficure IX-1 spherical co-ordinates, it is found that the 
electric field at a point M defined by the direction OM making an angle 6 
with xx’ and by OM =r, is given by: 


. nr 

Eee ely (9,1) 
r sin 0 

where Z, is the impedance of the medium (377 Q for a vacuum or for air) and 


H, the magnetic field at the point 0. 
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The magnetic field at the same point is then given by: 


1 _ 5 227 
Ho a ‘ Aye A (9:2) 
r sin 0 


These two fields are independent of ®, since the system permits revolutionary 
symmetry. The voltage between the extremities of a line of force of the electric 
field is: 


n—64 
A == | E,r dé 
61 


which is 


n-@ 
: ZoHo e-i? 


Tr . 207 
Vee FE OVA T ITE ey cots (9,3) 


04 sin 6 


The current in the cone at a distance r from the apex is given by: 


(hers raier sin 0 d® = 2mrHg sin 9, 
which is : 
Orie a (9,4) 
It follows that the cone impedance at a distance r from the origin is: 


Z, = = 210g cot 


r qT 


This impedance, independent of the distance r, can be considered as the 
characteristic impedance of the line constituted by the two cones; in the case 
of air this becomes 


Z. = 120 log cot “ ohms (9,5) 


This relationship is due to Schelkunoff. It is seen that if the cones are driven 
by a line of the same characteristic impedance there will be no reflection at the 
point of connection. This means that it is possible to construct an antenna 
which will remain matched over a wide band of frequencies since the energy 
flows from O towards the extremities of the cones without encountering impe- 
dance changes. 

9.1.2 Finite bi-conical antenna.—It is not of course possible to construct 
an infinite system, the size of the cones being restricted to a certain length /. 
The behaviour in this practical case differs from that of the ideal case just 
considered. 

The TEM spherical wave can exist only between the two cones, in free space 
it must have higher order modes. In order to study the behaviour of the system 
Schelkunoff considered a sphere centred on O (fig. IX-2) which he called the 
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boundary sphere. Inside this sphere TEM and TE or TM waves can exist at 
the same time, while outside only TE or TM waves are possible. When the 
TEM wave reaches the sphere there is a transformation of mode, and this 
transformation is accompanied by an inevitable reflection, such that the surface 
of the sphere behaves as an impedance the value of which is different from Z,. 
In fact, around the equator, the change of the TEM mode to a higher order one 
takes place with little loss, and almost all the incident energy is radiated; on the 
other hand, near the walls almost all the energy is reflected back towards the 
source. The input impedance of the antenna can be calculated in considering 
the antenna as a line of characteristic impedance Z,, of length /, loaded by an 
impedance Z,, equal to the impedance of the boundary sphere. 


N 
7 “N a 
7 TM onl 
} Ye ~ NN ae Y 
7 \ 
Limit 4 TEM \ 
of sphere ou ‘Zn —> 
\ ] 
\ / i 
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eee j 
ne AG I ~~ 
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The input impedance is then 
Zm + jZ, tan me 


Z, +jZ,, tan eas 
A 
Schelkunoff, who calculated Z,,,, found it independent of 0, for cones having 
apexes of narrow angle; however, since Z, is uniquely a function of 6,, it follows 
that Z, is dependent upon both the length of the cone and its aperture. In the 
case where this is smaller than 5° the tangent may be used and the expression 
(9,5) becomes: 


Zi log= (9,6) 


if a is the radius of the base of the cone. This equation should be compared with 
that of Siegel and Labus giving the characteristic impedance of a cylindrical 
antenna. 
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Z,,, being known, Z, may be calculated; it then appears that the input impe- 
dance variations are made smaller as 0, becomes larger. In changing 0, from 
0-027° to 2-7° the anti-resonant resistance changes from 5,000 to 1,000 ohms, 
and the maximum reactance values from 2,600 22 to 400 ohms. To construct 
wideband antennas, cones of less than 20° aperture must be used. Unfortunately 
in this case, the calculations become impossibly difficult and the antenna must 
be studied by means of a model. 

9.1.3 The disc-cone antenna.—The bi-conical antenna such as has just been 
described has found very few practical applications. A conical antenna con- 
structed above a conducting plane surface, and excited by a co-axial feeder is to 
be preferred. The plane surface is often reduced to a disc to which part of the 


FiGure [X-3 


co-axial feeder is connected. The base of the cone may be a plane surface, or can 
be a second cone, this time with a large aperture. It can also be replaced by a 
spherical dome. Such an arrangement is often known as a disc-cone antenna. 
The characteristic impedance is half that of a bi-conical antenna, as in the case 
of vertical antennas. Thus: 


Ze. — 60 log . ohms. (9,7) 


Figure IX-3 is a sketch of the antenna. In this example the disc representing 
earth has been put above the construction, an arrangement which does not 
affect the functioning of the antenna but allows a certain practical simplification. 
(Notice that the outer conductor of the feeder is now connected to the cone.) 

The spacing e between the base of the cone and the disc plays an important 
part in the matching of the system. Experience shows that good results are 
obtained with 
re Oy 

3 


é 


for a 50 ohm feeder. 
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In the case of an antenna working on a frequency of several hundred mega- 
cycles where it is desired to construct an antenna as economical as possible in 
dimensions, a suitable length / is a little more than a quarter-wave. 0, can vary 
between 10° and 45° and, under these conditions D and ©,, must satisfy the 
relation 

D=0:70,, 


The influence of length / will be appreciated from figure IX-4, where this 
length, expressed in quarter-wavelengths, and the standing-wave ratio on the 
feeder are shown respectively as abscissa and ordinate. The line used was of 
50 ohms impedance. The table given below is based upon experimental results 
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FIGURE [X-4 


showing values of SWR encountered on a 50 Q line between 500 and 1,200 Mc/s 
for five types of disc-cones. 

It appears that angles at the apex (20,) in the region of 60° give the best results. 

The radiation diagrams are however fairly large, an average aperture at 3 dB 
points being of the order of 60°. In fact these diagrams are distorted, and it is 
not reliable to count upon a specific shape of polar diagram with this type of 
antenna. The polarization is vertical if the axis of the cone is vertical. In the 
H plane (the horizontal plane for a cone having its axis vertical) the radiation 
is sensibly omnidirectional. 

Figure IX-5 groups the results obtained with an antenna having a cone with 
an apex of 90°; the input impedance is given in terms of the real and imaginary 
components; it is then possible to deduce the SWR for a feeder of given impe- 
dance. It can be seen that the larger 0, becomes, the smaller the variations. 

Figure IX-6 shows a practical example of a conical antenna. The length is 
arranged to be about a half-wave at the centre of the band. 

The impedance of the feeder is 50 ohms and the aperture of the cone is 60°, 
which gives approximately a characteristic impedance of 78 ohms for a simple 
cone. A 78/50 ohm matching section is interposed between the feeder and the 
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Frequencies in megacycles 


Type 
500 | 600 | 700 | 800 | 900 1,000 | 1,100 | 1,200 
1 = 25 cm 
6, = 12-5° 2 33! Peep 1-25 1:9 1:6 1:8 BS 
®, =1cm 
i = 21cm 
6, = 25° 1-3 1-6 2 1-4 1-3 1-1 2 Le 
®,, = 1cm 
1 = 20-5 cm 
6, = 30° 1-4 1-4 1-1 1PM ae Fl 12 12 2 
®,, = 1cm 
1 = 20-25cm 
6, = 35° Ld et L2 1-2 1-2 1-2 1-3 1:4 
®,, =1cm 
1 = 19-8 cm 
6, = 45° 2 13 1:2 id 1-1 1-1 1-05 1-05 
®,, = 1cm 


base of the antenna. At high frequencies, where the input impedance of the 
antenna is highest, this matching section is more effective than at the lower 
frequencies where the input impedance diminishes and approaches 50 ohms. 

The cone is kept in place by a support made of insulating material. Suitable 
materials are laminated glass-resin insulators, or plastic materials such as 
perspex or alkathene. Such a device makes little difference to the radiation and 
has little influence on the matching provided that the thickness is small compared 
to the wavelength. This thickness should be kept below 1/50th of a wavelength. 
This method of supporting the cone avoids the use of an insulator in the 
matching section which would certainly increase the standing-wave ratio and 
reduce the bandwidth of the system. 

9.1.4 Bi-conical horns.—If the angle 0, exceeds 45° and if / attains several 
wavelengths, a new type of antenna will have been devised; this antenna is known 
as the bi-conical horn. Theoretically there is no difference between this type of 
antenna and the bi-conical antenna studied by Schelkunoff. In practice however, 
the large dimensions of the system in terms of wavelength sensibly modify its 
behaviour compared with a disc-cone. In the latter the wave between the plane 
and the cone is in the TEM mode, given the excitation mode and the small 
dimensions compared with the wavelength. In the bi-conical horn the TE and 
TM modes can also exist. 
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If a TEM mode is required, a co-axial feeder is employed as in the case of a 
disc-cone. The polarization then depends upon the axis of the cones, and the 
field distribution is as shown in figure IX-7. With this system polarization is 
vertical if omnidirectional radiation is sought in the horizontal plane. It is often 
desirable to utilize horizontal polarization due to better propagation charac- 
teristics. The horn then becomes driven to produce a TE), mode wave, excitation 


FIGURE [X-7 


being by a small loop fed by two co-axial lines working symmetrically one with 
the other. The field distribution is shown in figure IX-8. This type of excitation 
is not however very convenient to carry out in practice since the length of the 
loop must remain small compared to the wavelength, such that the feeders are 


pare ame = 
e Da 2 ey 
AEs y | tl Ov OE 1? iy 
AEN ie LD 
’ = ww 
wt 
FIGURE [X-8 


terminated by a very low resistance. It is also possible to drive the horn by a 
circular guide with longitudinal slots, or by a circular guide working in the 
TE»; mode (the lines of force of the electric field are then circles centred on the 
axis of the guide). Unfortunately, a slotted device does not usually give a very 
large bandwidth and the TE), mode in a guide engenders practical difficulties. 

The spacing between the apexes of the two cones is very critical ; if these apexes 
are too close, the TE), mode cannot be propagated while the TEM mode can 
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always exist, but the coupling to the feeder is very loose. If the apices of the two 
cones are too greatly spaced there is the risk of higher order modes appearing. 

Figure IX-9 gives optimum dimensions for TEM and TE), bi-conical horns 
as a function of their aperture © and of / (see fig. [X-7). 

It will be observed that the aperture of a horn increases as the diameter of 
the base diminishes; the fact that the curves cease after approximately /] = 6A 
does not signify that it is impossible to construct horns of smaller dimensions, 
but such horns would not be capable of realizing the maximum gain. 
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FIGURE IX-9 


The radiation diagrams in the plane containing the revolutionary axis are a 
function of /, of ® and of the mode used, for a given wavelength. When the 
condition of maximum gain is realized the polar diagram becomes an ‘8’ 
without serious irregularities, but there can also be secondary maxima present 
in the main lobe if //A is not optimum. It is fairly difficult to give equations for 
these diagrams and measurements must be taken on a model in order to deter- 
mine the type of performance to be expected. Nevertheless, the following equa- 
tions which are based on practical experience with rectangular horns allow an 
estimate to be made for the choice of dimensions: 


Total aperture 2%, at 3 dB for a TEM horn: 


20) = degrees 


1 sin ® 
Total aperture 2%, at 3 dB for a TE), horn: 


oes degrees. 


l sin © 


It must be appreciated that these equations are purely for making a rough 
estimate of performance. 
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9.22 CYLINDRICAL ANTENNAS 

9.2.1 Generalities.—In the general theory of antennas it is assumed that the 
diameter of the wire is negligible by comparison to its length. It is in fact possible 
to make the theory more complete by considering that the diameter is a signifi- 
cant proportion of the length, the calculations then showing the current distri- 
bution on the antenna and the input impedance as a function of the dimensions. 
These theories have been discussed by several authors, especially Hallén. 

If a comparison is made between the results obtained with a cylindrical 
antenna and with a cone, it is also observed that the thickening of the antenna 
gives variations of resistance and reactance of decreasing importance, while 
the maximum values of the anti-resonant resistances diminish with the ratio 
of length/diameter. 

These two tendencies are obvious from the curves (fig. IX-10, fig. [X-11). In 
the latter, which is due to the work of Hallén, curve 1 gives the resistance for a 
length of one quarter-wavelength; curve 2 the resistance for a half-wavelength 
(anti-resonance), curve 3 for 3/4 A, and curve 4 the resistance for one wavelength. 
These curves are valid for an antenna placed above a plane conductor; for a 
symmetrical structure the values must be doubled. 

The radiation diagrams show that the zeros existing on the diagrams of narrow 
antennas here become minima; this is seen in figure IX-12. It is further shown 
in figure IX-13 that by arranging two cylindrical antennas in the form of a V, 
a unidirectional diagram is obtainable. 

9.2.2 Impedance and choice of dimensions.—Cylindrical antennas have 
already been discussed with reference to wide-band dipoles (section 6.4) and 
the advantages of using diameters which are significant with respect to the 
length of the dipole have been mentioned, with particular reference to band- 
width. Figures IX-10 and IX-11 show this to be the case. 

Hallén’s theory makes it possible to predetermine the behaviour of a cylindri- 
cal antenna for ratios of L/D greater than 10. However, if a very large bandwidth 
is desired it is necessary to keep below this value and, under these conditions, 
the correct dimensions of the antenna can only be arrived at empirically. 

9.2.3 Improvement of the pass-band by an auxiliary line—The input 
impedance of a dipole is, from the equation (6,12) 


ap za Ak 
Daehn 
which gives an input admittance of the form 
aN, 


Y, = Gyo—- Je >; 
| , Jo 
where « is a certain factor. 
The antenna, being a quarter-wave open line, behaves as a capacity for 


wavelengths greater than the resonant wavelength, and as an inductance for 
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shorter wavelengths. On the other hand, a short-circuited quarter-wave line 
behaves in the opposite manner, such that if such a line is connected in parallel 
at the input of the antenna a certain degree of compensation may be achieved, 
the reactances more or less cancelling out since they are of opposite sign. 

The admittance of a quarter-wave short-circuited line is written: 


calling Y, the characteristic admittance and Af the frequency difference in 
relation to the anti-resonant frequency /). 


A AaOY 


£= A, O375A 05 0.6252A~ 0.752% 0.875% 
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In order that compensation may take place, it is required that 


ae ae 
ifs hg 
hence 
WT 
a=-Y, 
4 0 


hence the value of Yp. 

It is useless to calculate in greater detail; for a wide-band dipole « can only 
be determined experimentally with the help of a Smith diagram. A mean value 
of « can be found which allows Yo to be chosen. 

The antennas described in section 9.3.2 are a practical application of this 
technique. 

9.2.4 Streamlined dipole-—The streamlined antenna shown in figure [X-14 
is an airborne type; it is constructed from a solid piece of plastic material 
covered with copper. The progressive form of the transition between the feeder 
and the base of the antenna will be noticed. This form has a vital influence on 
the matching and must be determined experimentally. The greatest width is 
0-21 times the height above the conducting plane. Driven with a 50 ohm line, 
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the antenna gives a standing-wave ratio of less than 2 for heights between 0-22 
and 0-3 wavelengths. 
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9.3 SLEEVE ANTENNAS 


9.3.1 Definitions and general characteristics.—A sleeve antenna is an antenna 
consisting of a central conductor around which is placed a cylindrical con- 
ductor called a sleeve. The external part of this sleeve participates in the radia- 


{ 7 Pe SSA ES 
S (b) 


Ficure [X-15 


BAI 


| (c) 


tion, while the internal part plays the part of the external conductor of a co-axial 
system consisting of the internal conductor and the sleeve. 
Figure IX-15 shows three examples of sleeve antennas. 


ANTENNAS FOR VHF AND UHF 17 


Antenna (a) is a quarter-wave cylindrical antenna placed above a conducting 
plane and driven by a co-axial feeder. This device is frequently used, with 
variations as to the form and the height of the sleeve. The internal part of this 
Serves as a co-axial matching section, and the height allows an adjustment of the 
impedance presented by the antenna to the feeder since in varying it, the point 
of excitation of the system is modified. 

The antenna (5), also known as a ‘skirt-dipole’ differs from the previous one 
because it functions as a symmetrical system. The cylindrical section projecting, 
and the sleeve, both have lengths in the region of a quarter-wavelength. From 
the point of view of radiation this antenna is roughly equivalent to a half-wave 
excited at the centre. The section P of the sleeve behaves as a trap providing an 
infinite input impedance such that no appreciable current flows back down the 
feeder. The projecting section permits the matching to be adjusted. 

The antenna (c) is a symmetrical antenna; it is possible to devise an infinite 
variety of doublet and sleeve antennas. 

All these antennas are frequently used. They allow a wide margin in matching 
Over a range 2 : | in frequency, but their polar diagrams are rather difficult to 
control precisely. These diagrams are around the axis (revolution) of the system 
and present an accentuated directivity in the meridional planes. 

9.3.2 Examples of asymmetrical antennas.—Figure [X-16 shows an example 
of a quarter-wave cylindrical antenna. It will be noticed that this system differs 
from that of figure [X-15a in two principal respects: 

1. The feeding of the antenna is achieved by means of a progressive matching 
section ; 
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2. A short-circuited co-axial line of length T is connected to the lower part 
of the cylinder. 

The progressive matching section permits a better matching to be achieved 
in the working band. The short-circuited section of transmission line introduces 
an inductive reactance in series with the input impedance of the antenna, and 
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provides compensation. It is thus possible to obtain a standing-wave ratio lower 
than 4 for lengths / between 0-160 4 and 0-664 (i.e. a frequency range of 
1 : 4) when the antenna is fed by a 50 ohm feeder. 

Figure [X-17 is a sketch of an aeroplane antenna, streamlined and sloping 
backwards at an angle of 45°. The consequence of this sloping is that the 
radiation diagram in the plane of the page presents no zeros in the 180° that the 
antenna can cover; this is a feature of some interest. It will be noticed that the 
antenna is cut in two at a height of 0-139 / and the continuity of the surface is 
maintained by a plastic tube. A capacity is thus introduced into the system which 
has an influence on the matching. The short-circuited T section will be recognized 
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in the upper part, while the lower part acts as a trap. With this antenna, driven 
by a 50 ohm feeder, the SWR remains below 2 for values of ] between 0-233 A 
and 0-443 A, i.e. a frequency range of 1 : 1-9. Antennas of this type can only be 
studied by means of a model. 

9.3.3 Examples of symmetrical antennas.—Figure [X-18 gives an example of 
a symmetrical sleeve antenna using a co-axial balance-to-unbalance transformer. 

The sleeve is the circular section, while the transformer is of rectangular 
section. The length / may be between 0-22 and 0-457 A for a SWR lower than 2, 
thus a frequency range of 2: 1; the antenna is fed by a 50 ohm feeder. The 
maximum frequency at which this antenna can be used is limited by that at 
which the transformer will function. The core of the co-axial feeder which feeds 
the left branch must remain very short in comparison with the wavelength, 
otherwise an unbalance will be introduced (it will be noticed that the distance 
between the two sections of the transformer must be 0-07 J). 

Another example of a symmetrical antenna is given in figure IX-19. This 
antenna is intended for installation under an aeroplane. It is therefore stream- 
lined and the outer part of the core, i.e. the exposed part, is protected by a 
sheath of plastic material, extending towards the centre by metal sleeves. The 
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balance-to-unbalance transformer is identical to the previous case. With a 
suitable adjustment of this transformer it is possible to use this antenna over a 
frequency range of | : 1-4 with a standing-wave (SWR) ratio of less than 2. 
The radiation diagrams of the system are a function of the wavelength; they are 


0.255|A~ 


80° 


FIGURE [X-19 


affected by the presence of the fuselage of the aeroplane, particularly for the ~ 
diagram in the vertical plane. This diagram, as well as the diagram in the 
horizontal plane, is shown in figure IX-20; the solid line curve represents 
A = 0-84 A, and the broken line, 2 = 1-16 Ao, A, being the nominal wavelength 
used to determine the dimensions of the antenna. 


= 
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The antenna of the type shown in figure IX-18 gives a diagram sensibly 
equivalent to a revolution around the axis of a doublet. It is possible to make it 
uni-directional by use of a plane reflector in lattice form, placed towards the 
lower part of the figure and consequently having the matching section passing 
through the centre of it. This reflector may be rectangular, with the longer side 
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lying in the same direction as the doublet. A ratio of length/width of 6 gives good 
results. The dipole/reflector distance may be between 0-21 4 and 0-37 / and the 
length of the reflector may vary between 0:52 4 and 1-2 A. These dimensions 
naturally affect the radiation diagrams obtained. To choose the optimum 
dimensions it is necessary to use experimental methods. 

9.3.4 Skirt-dipole-—The skirt-dipole as depicted in figure IX-15d is used in 
the VHF and UHF bands up to a frequency of 3,000 Mc/s. It is used both alone 
and as part of an array. With the addition of a reflector it can also be used as an 
illumination source for centimetric waves, e.g. a paraboloid. 

The two branches of the dipole have a length of approximately 4/4 and 
matching is carried out by adjusting the projecting portion of the core. The 
bandwidth of the antenna is in direct proportion to the dimensions; it is however 
sensibly smaller than that of the preceding types, indeed it is difficult to achieve 
much more than +5% on the central frequency. 

The radiation diagram is similar to that of a half-wave antenna, but depends 
upon the dimensions of the two branches. 


9.4 ANTENNAS WHERE THE ELEMENTS ARE OUT OF PHASE 


9.4.1 General theory.—The most widely used antenna of this type is known 
as the ‘turnstile’, and is essentially comprised of two perpendicular half-waves 
crossing at the centre, and differing in phase 
by 90°. If the two dipoles are horizontal 
the radiation diagram in the horizontal plane 
is sensibly a circle, and the polarization of 
the radiated field is horizontal, while, along 
the axis normal to the two dipoles the polar- 
ization is circular. 

The case where the two antennas of figure 

Ficure [X-21 IX-21 are elementary doublets will be con- 
sidered. The current in these antennas will be 
I, and J, of the same amplitude. Current J, is of the form: 


and, under these conditions current J, is: 
I, —— Ip sin ct, 


since it differs in phase by 90° with respect to J,. 
The fields of the doublets (1) and (2) are: 


> — 
E, = (Ki, cos of. sin? 


> cue 
E, = KI, sin wt . cos 0 
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Since J, and /, are in quadrature, E, and E, are also, and the field in a direction 
@ may be written: 
> > “> 
HE? fe -- BS Ki (sin 6 + cos" 0) = Ky. 


This total field is independent of 0 and the radiation is thus omnidirectional 
in the plane of the sheet of paper; the vector E is situated in this plane, and, if 
the two doublets are horizontal the polarization is horizontal. 
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FIGURE I[X-22 


If we now examine the wave being propagated along the axis normal to the 
plane of the two doublets, it will be noticed that it is formed of two vectors in 
quadrature in space, and out of phase by 90°; in this case the polarization is 
circular (see section 2.4). 

In all other cases polarization is elliptical. 

In practice the doublets are replaced by half-waves and the diagrams of each 
antenna are no longer sin 0 and cos 0, but 


cos (2 cos a) Cos i sin a) 
2. y 


sin 0 cos 0 
(see section 6.1). 
This gives, in the plane of the antennas, a diagram of the form: 


cos? (: sin a) cos? ( cos a) 
2 2 


iD Se 
cos? 6 sin? 6 
This diagram is very nearly a circle, with maxima of radiation in the directions 
of the axes of the dipoles. It is possible to devise turnstile antennas with other 
numbers of elements; for example three quarter-wave radiators at 120°, and 
differing in phase by 120°, or 6 quarter-waves at 60° and differing in phase by 
60° (fig. [X-22). 

Generally speaking, a turnstile antenna consists of N elements making an 
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angle 27/N between them, and each one being out of phase with the preceding 
one by 27/N. The commonest case, and that which is easiest to realize is that of 
figure [X-21. 

9.4.2 Increasing the bandwidth of a turnstile-—Since the elements of the 
antenna are tuned the working band will be relatively small. It is possible to 
increase the band over which the antenna will function correctly by the use of 
wide-band dipoles having low characteristic impedances (see section 6.6). The 
bandwidth can also be increased by respecting the dimensions of the feeding 
device up to the point where the band of frequencies covered may be as high as 
Lien c5, 
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The case of the 4 element turnstile will be considered. The transmission line 
coming from the transmitter first of all drives symmetrically a first half-wave 
(fig. [X-23) then, by a phasing stub of electrical length 0, excites the other 
half-wave. The elements being identical, the load impedances reflected on to the 
line Z, are likewise equal. If Z) is the characteristic impedance of the phasing 
stub, the coefficient of reflection at MM’ is 


— 20 Ze _ B iy 
rare 


and the current feeding the element placed between M and M’ is 


(9,8) 


The current at the input of the line at NN’ is then 
i, = Ae? + BelY-® 
and the voltage is: 
e, = Z,[Ae”® + Be*?-®]. 
The current in the element placed between N and N’ is then: 


e€ Zo jo i(y-0 
— = —?[ Ae” + Be'’-® 
Z.~ Z, [ | 


ip = 


ANTENNAS FOR VHF AND UHF 203 
But: 


lg = i,e' 
such that: 
4 [Ae® + BelY-9] = (4A + Be)e*s 


C 


thus, in using the expression (9,8) in this last relation, we get: 


sin 6 — j sin 6 cos 0 


Z,=Z 9,9 
y 1 cos? 6 0?) 

0.232% 0.085 « 

<a ie i 
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F.P.= Feeding point 
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This equation connects Z,, Zo, and 6 so that the phase difference of 90° 
and the equality of amplitudes are respected in the antenna, i.e. so that its 
functioning is correct. When the frequency varies, 6 varies, if, for a certain 
range of frequency, Z,/Z, remains equal to the trigonometrical fraction of the 
second part of (9,9), the antenna will function correctly over this band of 
frequencies. 

This result can be obtained experimentally by putting around each dipole and 
towards the centre of the antenna conical sleeves or sleeves having the form of a 
truncated pyramid widening towards the exterior. 

9.4.3 Super-turnstile antennas.—In the same way that the superposition of 
several horizontal squares results in an increase in the directivity in the vertical 
plane, the superposition of several turnstile antennas leads to a higher directivity. 
Such an antenna is then known as a super-turnstile. It is customary to arrange 
the system for a large bandwidth, the antenna being used for television or 
frequency-modulation broadcasting. 

The dipoles are often replaced by metallic sheets (as indicated in fig. [X-24a) 
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having an approximate height of 0-65 4 and a total width of 0-5 /; the feeding 
points of the two sheets are shown as AA’. To lower the wind resistance the 
sheets are in fact grids similar to the ones shown in the figure. Feeding is by a 
symmetrical system of co-axial lines, using folded-back sections of line to 
produce quadrature (fig. [X-245). 

Two co-axial feeders are brought to the feeding point of the antenna; the 
central conductors of the co-axial cables directly feed opposite branches of the 
turnstile, e.g. 1 and 3. The two other branches are fed from the same points but 
through quarter-wave sections of line. As the antenna consists of several turn- 
stiles stacked one above the other at a spacing of A, this method of distributing 
the feeding is repeated at each turnstile section, such that all sections are excited 
in phase. 

The radiation diagram of a turnstile of the type described is much the same 
as that of a half-wave in the vertical plane and, if 6 is the firing angle, can be 


written: 
cos ( sin a) 
oS PB 


Ce 
cos 9 


If there are N turnstiles placed one above the other, spaced A apart, the 
radiation diagram of the super-turnstile is, from equation (4,22): 


COs (Z sin a) sin (Nz sin 6) 
E, = ———— . ——"_- . 
; cos 0 sin (7 sin 0) 


The spacing of 2 was chosen as it gives the greatest gain as shown by calcula- 
tion, whatever the value of N. The following table gives the gain for various 
configurations of turnstiles between 2 and 16. 


N Gain in dB Power gain 


In the case where the super-turnstile is constructed of crossed dipoles as in 
figure [X-21, 0-4 dB must be deducted from the above figures. 
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It is also possible to use omnidirectional squares (see fig. VI-16) where each 
branch is replaced by a cylinder to increase the bandwidth. In fact, there are 
many variations on this theme for UHF antennas. 


REFERENCES 


J. D. Kraus, Antennas. McGraw-Hill Book Co. (N.Y., 1950). Chapters 8 and 9. 

S. A. SHELKUNOFF, Electromagnetic Waves. D. Van Nostrand Co. (N.Y., 1943). 
Chapter 11. 

A. Dorne, Very High Frequency Techniques. McGraw-Hill Book Co. (N.Y., 1947). 
Chapter 4. 

Bock, ee and Dorng, Very High Frequency Techniques. McGraw-Hill Book Co., 
(N.Y., 1947). Chapter 5S. 


CHAPTER TEN 


Radiation of Apertures 


10.1 HUYGENS’S PRINCIPLE AND KOTTLER’S EQUATIONS 


In the microwave region it is common to use radiating devices consisting of 
reflecting surfaces illuminated by what is known as a primary source. These 
surfaces may be paraboloids, cylinders or even rough surfaces. 
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The calculation of their radiation is based on the theory of diffraction of the 
magnetic field, the surface being considered as an aperture in a wall opaque to 
radiation and having no electric charges (fig. X-1). This method of analysis, 
justifiable in theory, produces results which agree well with those obtained by 
experiment. 

To make the calculation use is made of Huygens’s principle. According to 
this principle each point on a wave-front can be considered as a secondary 
source of spherical waves. Each of these secondary waves combines with the 
others to produce a new wave front. It will readily be seen from figures X-2a 


ere ar pte * 
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and X-26 that a spherical wave gives rise nearer and nearer to a spherical wave, 
and a plane wave produces a plane wave. 

To return to the aperture; from the principle, the wave radiated towards the 
right can be considered as the sum of the secondary waves emitted by the sources 
Ay, Ag,..., A, distributed on the aperture. Consequently, if the electrical state 
on the surface of the aperture is known, the radiation can be calculated irres- 
pective of the nature of the waves existing to the left of the aperture and pro- 
viding excitation; what happens to the left only determines the electrical 
conditions on the surface. The conditions having been defined, it now remains to 


ome ee es ms es ee eee eee ee ee 


FIGURE X-2 


calculate the radiation of a given configuration of electric and magnetic charges 
on a surface of aperture (O,, O,) cut in a wall S,, S,, having no charges present. 

The problem is therefore one of diffraction of electro-magnetic waves by a 
small aperture; in optics the vectorial characteristic of radiation would be 
neglected although this is not justified in the present case. It is this which has 
created the difficulties encountered by those who have studied this problem. 

Optically, the problem of diffraction is resolved by the Kirchhoff equations, 
while for electro-magnetic waves Kottler’s equations are used. 

Calling r the distance between a point on the surface A,,, and point P situated 
in the radiation zone, and in introducing a function 


_ yer 
Y4>= ; 
r 


where k = 27/A, Kirchhoff’s equation gives, for the field u, at P, 


-+/// Bua _ a 
af 4 J Js KG on oy on i 


where u , is the field at A,, and 0/0n expresses the derivative taken in the direction 
normal to the aperture. 


208 THE ANTENNA 


But, as has already been stated, the field wu, has no vectorial character. This 
last difficulty has been solved by Kottler, and the results of his calculations are 
given below. 

Kottler’s equations may be put in the form 


E, = a i grad y(H 4. ds) a ’ w(E 4 A ds) sn J ie ore ee dc 


where E> is the electric field (vectorial) at P, E_, the field at a point A at the 
aperture, ds the elementary length at the aperture, H_, the magnetic field at A, 
and where p and 0/0 have the same significance as in Kirchhoff’s equation. 


P 


FIGURE X-3 


A simple examination of the equation shows that the surface integral is 
simply Kirchhoff’s equation, to which is added two contour integrals due to the 
vectorial character of the radiation. However, when point P is at a great distance 
(several tens of 4) the contour integrals tend towards zero, leaving only the sur- 
face integral, which moreover is simplified. 

Recently M. Goudet has shown that Kottler’s equations could be written 
(see fig. X-3): 


(eg ul icone 
LE, je AR ACER De ‘(H me xe do (10,1) 
H, = / : (R, A E,). (10,2) 


In these equations: 


R_ is the distance between the point O taken as the origin, and point P 
where the field is calculated; 
is the distance from O to M on the surface; 


is the unit vector normal to the surface at M; 


{Slo 


R, 1s the unit vector at OP; 
a% is the angle between OP and OM; 
the index N signifies that the projection of the vectorial product (H x 2) on the 


normal to the plane containing OP and H, is being referred to. 
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It is in the asymptotic form that Kottler’s equations will be used, as the only 
radiation of any practical interest is precisely that at a great distance. Silver (see 
reference at end of chapter) writes the equations (X-1) and (X-2) in a different 
manner. 


10.2 RADIATION OF A LONG AND NARROW SURFACE 


In many applications it is desired to calculate the radiation of a slice of surface 
the form of which makes a complete calculation difficult. Results obtained 
agree well with experience. 


FIGURE X-4 


A thin surface will be considered, depending on the curve C: this surface can 
be considered approximately as a second order element, as a cylinder of small 
height, which, intersecting the paper, would give curve C. 

Let O be the origin, which may be chosen arbitrarily. It is understood that 
the cylinder is normal to the sheet, which simplifies the calculations. It is pro- 
posed to calculate the diffraction field in a direction OP, making an angle 0 with 
Ox, point P being sufficiently far away so that MP and OP can be considered 
as parallel. 

Let Mn and Mt be the normal and the tangent to the curve at M. 

Let it be assumed, as is practically always the case, that the surface is illumina- 
ted by a source placed at O; the angle between Mn and MO is the angle of 
incidence i. The radius OM gives rise to a reflected ray Mr, the direction of 
which is generally different from MP, and such that the angle (Mr, Mn) is equal 
to 1. 

The primary wave issuing from O is a spherical wave of power density I 
in the direction OM making an angle ® with Ox. The surface considered being a | 
conductor (since it reflected rays emanating from QO), the electric field must be 


normal, such that (E A ni is always zero. In the equation (10, ? the second term 
will therefore be the only one to consider. 


15 
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Two cases are to be examined according to whether the electric field of 
primary radiation is in the plane of the paper, or normal to it. 

10.2.1 Electric field normal to the plane of the sheet.—The total electric 
field at M is zero, consequent upon the properties of reflection since this intro- 
duces an equal and opposite field at the incident field; on the other hand the 
magnetic field is tangential and equal or double the tangential component of the 
magnetic incident field. 

The primary wave being spherical, the incident electric field is of the form: 


E; — VI ee. jkp 

p 
As, in primary radiation, the magnetic field is proportional to it, the incident 
magnetic field is of the form: 


H, — VI e- jkp 
P 
In these two equations the exponential factor relates to the phase lag 


Se ey 
nhs 


along the length of a ray, length p. 


The amplitude of the magnetic field H to be considered is 2H, cos i, since the 
tangential component of the incident magnetic field is H, cos i. 

H being carried by the tangent, it is normal to Mn and the modulus of the 
vectorial product is 


Den seas 
|H An| = 2H, cosi = avi cosies 7° (10,3) 
p 
. 4 ° e 
since 7 1s a unit vector. 
-> —- 
On the other hand, the projection (H An) y is in true dimensions since the 


vectorial product is normal to the plane containing Hand n, thus to the H and 
OP plane. It follows that in equation (10,1) it is expression (10,3) which must be 
considered. 

(10,1) is therefore written 


e ikR 
oe ee v1 cos ie 1 elke cosa qaG 
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Since it is a question of a very thin slice the surface integral becomes a curvi- 
linear integral and, in noticing that 


cos « = cos [7 — (6 + ®) = —cos (0 + 9)], 
we get 


— —jkR 
Eee \jee je— ikel1+ cos (9+®)] qo 
Cc 


where ds is the elementary length of C. 
If d® is the differential element of ®, it is seen that 


p d® 
Cos i 


d= 


and if ©, and ®, are the extreme angles under which curve C is seen from O, 


we will have: 


as e skh 
jo =F 
(a TR 


O. _ ; 
I. a/Tem ell + cos (0+ ®)] dO. (10,4) 
1 


This extremely important equation is the basis of the calculation of the diffrac- 
tion field of a reflector; it does not permit an exact solution since only a slice of 
the surface is being considered, nevertheless, the results obtained agree well 
with experience. 

10.2.2 Electric field in the plane of the sheet.—The incident magnetic field 
is now directed normally to the sheet and becomes confused with the component 
tangential to the surface. We shall therefore have 


H = 2Hi, 
and, since the primary wave is always spherical, H is of the form 


H=2V! Q- im 
p 


This field makes a right angle with n, such that 


> = ‘ 
mod (H An) = ov! ene 
p 
and the vectorial product, normal to H and to z, falls along Mt, the tangent to 
curve C. 


The direction normal to the H and OP plane is the direction ON’ contained 
in the plane of the sheet. Thus 


> = ; 
mod (H An)yv = VE .- ito cos (Mt, ON’). 
p 
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In figure X-4 it is seen that 


Mt1Mn 
ON’. MP; 
hence 
Tae Dean 
MIRON a Mn, MP = (® + 6 — i) 
and: 


mod (HA Pye = oe e7 ** cos (0 + © — i). 


Noticing that we have always 


equation (10,1) is now written: 


E un e kk [Ovi COS (6 +0 — i) e~ ikel1+ cos (0+ ®)] dO. 
D1 


AR Cos i 
But: 
Gos (Hees Sear) cos (6 + ®) + sin (6 + ®) tan i, 
cos i 
which gives: 
-—jkR 
Ey ae [i /I[cos (8 + ®) + sin (9 + ®) tan i]e™ #lt+cs +2) q@, 
© 


(10,5) 


It will be seen that the results differ slightly in the two cases, and in the cal 
culation of a diagram it is necessary to take the polarization into account. 

If this were oblique, the two cases above would be found by analysing the 
field in terms of the two components normal to each other. It would then be 
necessary to calculate the intensity of the radiation due to these two components, 
from the equations (10,4) and (10,5); these fields being necessarily in quadrature 
in space, if the field calculated from (10,4) is called E p, and the field calculated 
from (10,5) is called Ep, the amplitude of the total field ‘will be: 


Ep = VEB, + EB. 


All these radiation calculations are fairly long as the integrals are not generally 
calculable; it is therefore necessary to work graphically as shown at the end of 
this chapter. 


10.3 RADIATION OF A PLANE APERTURE 


Take any plane aperture (fig. X-5). Equation (10,1) will be applied to this 
figure. 
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A reference trihedral is connected to aperture = such that it is in the plane xOy. 


OM = p is also in this plane and 77 is parallel to Oz. The field will be calculated at a 
distant point P, such that OP makes an angle @ with Oz. Ep is the field at P. 


It will be assumed that EF is parallel to Oy; H will then be parallel to Ox. The 
directions of the two fields are assumed to be positive. 


FIGURE X-5 


The direction of the product & An) then follows Ox and the product 
— > > > 
Il, = [R, A (EAn)] 


follows the normal to the plane (Ox, OP) and on the side of the Oy negatives. 


Its amplitude is 
[II,| = |E| sin (Ox, OP). 


—> 
since R, and n are unit vectors. oe 
It is therefore necessary to determine angle xOP. In the plane Ox, OP this angle is the 
complement of 6 = POH. Thus: 
|1T,| = |Z| cos 6 
In general terms, the aperture field E will be a function, in amplitude and phase, of the 
co-ordinates of point M, and we shall have: 


where A(x, y) and 9(x, y) are two functions of x and y describing respectively the 
distribution of amplitude and phase. Hence: 


II, = A(x, y)ein@ cos 6, (10,6) 
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Vector H falling along Ox, the product (H An) falls along Oy in the negative 
direction. The normal to the plane Ox, OP on which it is necessary to take the pro- 


jection of (H An) makes an angle y with Oy, as will readily be observed in examining 
figure X-5, noticing that the plane (Ox, OP) is normal to the plane yOz. 
In making the assumption that the conditions obtaining in free space exist also for 


the aperture, the amplitudes of E E and H are connected by the relation 


3 
we [ex 
bb 


such that at the point M the field H is of the form 


He y : A(x, yeiv@n), 


which gives as the second term of the integral of (10,1): 


es al: & A(x, yeiay) COs Y. (10,7) 


=> 
But this vector normal to (Ox, OP) has the same power as II, which is similarly 
normal to this plane (the two vectors are both in the direction of the negative values of 
y). Thus, from (10,6) and (10,7): 
> > ; 
Il, + Tl, = A(x, y)ei?@ [cos 6 + cos 7] 
and the integral (10, ee is written: 
E. 


oo yeiM@”(cos 6 + cos ye jhe cose dy d (10,8) 
lar y a 


It will be noticed that if the aperture is assumed to be vertical as is often the case in 
practice, is the angle between the normal to the aperture and the firing direction OP. 
It is thus the bearing angle. Similarly 6 is the angle of elevation of OP above the 
horizontal plane yOz. p cos « remains to be found. This is the projection of OM on OP, 
which is Om. But the projection of a vector is equal to the sum of the projections of its 
various components. Thus: 


pcos « = x cos (Ox, OP) + ycos (Oy, OP). 


It has been observed that 6 is the complement of (Ox, OP), thus 
cos (Ox, OP) = sin 6 
As for cos (Oy, OP), it is equal to cos 6 sin y. This then gives 
pcos% = xsind + ycos dsiny, 
which, in terms of (10,8) leads to 


=j{- iE Sal |. A(x, yeiM@(cos 6 + cos yeisind + ycososiny) dy dy. (10,9) 


This equation makes it possible to calculate the field for bearing angles of 0, and angles 
of position 6 and y. 


; 
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Very often the diagrams are only calculated in the plane containing the E 
vector (£ plane) which is parallel to yOz, and in the plane containing the H 
vector (#7 plane) which is parallel to xOz. 

In the E plane, we have 6 = 0 and y = 9, giving 


A(x, y)ei?@(1 + cos d)e*529 dx dy. (10,10) 


Fy = 


Lea 
In the H plane, we have y = 0 and 6 = 0, which gives 


Es = a= || A(x, yei?(1 + cos Ae" 9 dxdy. (10,11) 
2AR 

It should be observed that for a vertical aperture, the angle 0 of (10,10) is 
the bearing angle, while angle 0 of (10,11) is the position angle. The two equa- 
tions are of the same type, which is logical since they both give the field at a 
distance where the vectorial character of the distribution at the aperture has 
little significance. Having found the general equation giving the diagram, the 
gain of the aperture may now be calculated. 


10.4 GAIN OF A PLANE APERTURE 
The gain of any radiating system is given by the equation (1,7), 


4aP 7 


a (1,7) 
| P(6, ©) dQ 
0 


Gy= 


where 0 and ® are the angles shown in figure X-4 (see also fig. I-1). 

The denominator represents the total power radiated by the aperture which 
is obviously equal to the power which crosses it, and, in the numerator, Py 
is the power radiated by unit solid angle in the direction of maximum radiation. 

In the special case where the aperture consists of an equiphased surface, i.e. 
where 


P(x, y) = 0, 


and where the distribution A(x, y) is uniform, i.e. where 


Ae) ==7A 


the direction of maximum radiation is the axis Oz. 
The integrals (10,10) and (10,11) give the summations of the elementary 
vectors forming angles 
kysin@ or kx sin 0; 


when 0 = 0, all these vectors are in phase and the total field is obtained by their 
simple addition, such that the overall resultant E) is the maximum. 
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The power density per unit solid angle in the direction Oz remains to be found. The 
power density per unit surface area is given by the modulus of Poynting’s vector 
corresponding to equation (2,6): 


|S| = = |EP (2,6) 


In the direction Oz, since y = 6 = 0, (10,9) is written: 


Fz | | eax 
E, =i——_ x dy, 
OT ec OAR MATa hata’ 
_ Ae 
AR 


= being the surface area of the aperture. 
Power density per unit solid angle is 


P(O, ®) = R|S\, 


such that the power density in the direction of maximum radiation is, taking note that 
in air K, = 1, ) 


Az d? 
See S Wee ee 
Fu RS) 7 ope 
The unit power across the surface is given by Poynting’s surface vector: 
Ag 
Sle = 130 
The total power at the aperture is 
x. Az 


— Sy — 
Py = 21Slz = 99, 
giving finally 
_ 40Py 4a ABD? 


Gi. pO) esos 
4nd 
ere 


The gain of a plane aperture of surface area & = S, when illuminated by a 
uniform field having an equiphased distribution is given by the equation 


Glee (10,12) 


If the field distribution remains equiphased, but is no longer uniform, the cal- | 


culation of the diagram shows that there is always an enlargement of the lobe, 
which represents a reduction in power radiated in the favoured direction since 
the same amount of energy is radiated over a wider area. 

Where the distribution is not equiphased the irregularities in the radiation 
diagram depend upon the phase distribution, but whatever the significant laws 
may be, it is clear that in the direction of maximum radiation the elementary 
vectors of the integrals (10,10) and (10,11) no longer add arithmetically and 
their resultant is thus always less than Ep. 


aN GE aR aa hae 


ME ewe et wind 


sili a ina at nae Say 
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In general terms, the true gain of an aperture can always be written: 


where f is a factor less than 1 and called the factor of gain. 


10.5 RECTANGULAR APERTURE WITH UNIFORM 
ILLUMINATION 
Take now a rectangular plane aperture (fig. X-6) of height a and width b 
situated in the plane xOy; it will be assumed for the moment that the phase and 
amplitude distributions are uniform (uniform illumination and equiphased 
surface). 


FIGURE X-6 

This gives: 
V(x, y) = 0 
and: AAV iA 


Equation (10,9) then becoming 


re 


ge 


IL 4, A,(cos 6 cf cos Vic a dx dy. 


From the previous baal it is seen that the maximum radiation takes 
place in a direction Oz and if the dimensions of the aperture are such that the 
radiation is concentrated, angles 6 and y at which an appreciable field will 
exist will be small, such that it is always possible to write: 


cos y = cos 6 = 1. 
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the field radiated is thus sensibly 


e kk +5 : F ve “ 5si 
E, =j Ay i e Jka sin 6 dx i esky cos 6 sin dy 
AR 2 : 


thus: 


iv 0.2. _ kb. ka : _ ska ‘ 
e jckR fates J ¢ coe eer a 
0 : : 5 : 

jk sin 0 jk cos 6 sin y 

-jkR 


AR 


2 sin & sin s 2 sin (2 cos 6 sin ») 
ne Z 2 
Si ay SE Sa 


0 


k sin 0 k cos 6 sin y 


This can be re-arranged to give similar terms at the denominator to those at 
the numerator. In replacing k by its value: 


Dee (2 sin s a sin (2 cos 6 sin ») 
e 


Epa jA 10,14 
eye AR lira On Ta ( ) 

— sin 6 ap ae 

which is: 
NOP ari we - vlad ; 
ie sin 2 sin 5 sin ( — cos 6 sin ») 
anapem 1a A A 
Ey = 7A, $$ | | (10,15) 
AR mb. Ta 
ye a 


Calling S' the surface area of the aperture the diagram will be obtained for 
y = 0, giving: 
TY le 
s-onsin (5 sn 
Ey 34,5 Tapa ie ene (10,16) 
— sin 0 


and the radiation diagram in the perpendicular plane (bearing) for 6 = 0 may 


be found: 
bid Gerke Ras. 
s-iensin (7 sin 9) 


HEIR agree erg (10,17) 
a sin 0 
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Putting: 


Twa. 
u = — sin @ 
A 


(10,18) 
“= lt sin 6 
A 
the fields are given by expressions of the form: 
Eee (10,19) 
u 


where K is a proportional factor. 
As the relative value of the field is required, this may be considered as having 
a maximum value = 1, thus 


and the gain in a direction 0, proportional to the power radiated in this direction 


will be of the form 
ja Eo (10,20) 
u 
giving the radiation diagram in power. 
This last diagram with the power expressed in decibels is drawn with a solid 
line in figure X-7. Ny 
The nuls which correspond to the zeros of the function eas given by 


(aKa 
where K is a whole number. 
The first zero is given by 


ae 
— sin 6) = 7, 


which gives: 


6) = arc sin (2), 
a 


Since the values of 6) are always small in practice it follows that 


which becomes, with 0) expressed in degrees, 


0, = 57:3 a (10,21) 
a 
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It is also interesting to know the aperture of the principal lobe corresponding 
to an attenuation of 3 dB (half-power radiation). This corresponds to 


: 2 
te “) use 1/2 
u 


hence 


Decibels 


FIGURE X-7 

and 

ae sin 0. 139 

A 
which gives 
Ge rateisin (0-44 i : 
Ha Shi 

As mentioned above, for the aperture of the principal lobe at 3 dB: 


29, = 0-88 4 
a 
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or in degrees, 


spl tly (10,22) 
a 


But, since uniform illumination corresponds to maximum gain, this is given by 
(47S//*); it therefore corresponds to the minimum surface area for the diagram, 
and consequently, to minimum aperture. It follows that equation (10,22) gives 
the minimum possible aperture with a rectangular surface having a side a, in 
the plane containing this side. 

Examination of figure X-7 shows that the level of the first secondary lobe is 
only about 13-5dB below maximum. This can be a serious disadvantage 
(particularly in radar) and illuminations must be found which reduce the level 
of this lobe. Such illuminations will not be uniform, consequently the gain will 
be diminished. It thus becomes a matter of making a compromise between the 
gain desired and the permissible level of secondary lobes. 

Contrary to what might be assumed, the antennas having the lowest level of 
secondary lobes are not those in which the gain is highest. This statement is only 
true for a correctly adjusted antenna, as in a case where secondary lobes are 
favoured or introduced by obstacles placed in the path of the antenna, this remark 
would no longer be justified. 


10.6 RELATIONSHIP BETWEEN THE DISTRIBUTION OVER THE 
APERTURE AND THE RADIATION DIAGRAM 


10.6.1 General case.—Before studying the apertures in which the dis- 
tribution is non-uniform, certain relations between these distributions and the 
radiation diagrams which result will be established. 

Let E(x, y) be the law of distribution at the aperture; in noticing that the 
significant angles 0 are always small, we have 


COS. Oi} 
and 
sin 06 = 0 
Equations (10,10) and (10,11) are then written: 
E plane: 
8 Of ace, yobvane 
Ey) Exper? > dx dy: 
alee tarsi te (x, y) y 
H plane: 
e~ikR ae 
E,=j— ial EGov ee fdx dy, 
AR s 


These two equations have the same form, and remarks applicable to the one 
are equally applicable to the other. The former will be used as an example. An 
approximation already made shows that E, may be calculated in considering 
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purely the field of a slice taken in the plane in which the diagram is calculated; 
this can be justified provided that the distribution E(x, y) can be put in the form 


E(x, y) = E,(x) x E,{y) 


which is almost always the case in practice. 


Thence 
b 


nena a fe jky sin 0 
Eo = J wie Dn E,(x)dx | , E,(y)e dy. 
2 2 ; 
The first integral and the factor R being independent of 0, E can be written 
ie 
Ey = Ey [ ‘ E,(yye*m* dy, 
2 


where £E, is a constant factor. 
This gives the field of the slice situated on the axis Oy, the function E,(y) 
representing the distribution along the length of this axis which may be called 


Since all sources must fall between (— | and (+ al we can integrate 


from —oo to +00 along the length of Oy without changing the result. On the 
other hand since 0 = sin 0, the field drawn as a function of 0 will be the same as 
that drawn as a function of sin 0 and 


E(0) = E(sin 6) 
(10,23) is approximated under these conditions 
aa 


E(sin 0) = | E(y)ei*4 89? dy. (10,24) 


-—-@ 


But this equation is the definition of the Fourier transform E(sin 0) of a function 


E(y). 
Reciprocally, 


+0 
By i E(sin 6)e**” °° d(sin 0) (10,25) 
or again, since sin 0 = 0, 
+ 00 
E(y) naz i E,e™ sin 0 dé. 


Thus the radiation diagram of an aperture is the Fourier transform of the 
distribution of the fields at this aperture, and reciprocally. If the distribution is 
known, the diagram can be calculated from (10,24) and, reciprocally, if the 
diagram is known the distribution of the fields at the aperture may be calculated 
from (10,25). It should be noticed that no assumptions have been made as to the 
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nature of E(y). The law just established is thus a general one; for each diagram 
E(sin @) there will be a corresponding law E(y), and reciprocally. In particular, 
if E(sin 0) could be represented by several laws, as many field distributions would 
be obtained at the aperture, and it would be possible to choose the solution the 
easiest to realize in practice. Let it be supposed, for example that: 


E(sin 0) = A(sin 6)ei76'" %, 


where A(sin 6) gives the amplitude of the field and 9(sin 6) its phase. If g(sin 0) 
= 0, E(sin 9) is real and the radiated field is equiphased; the law governing 
distribution at the aperture will then be given by 


[E(y)], = | acin O)ei*4 508 d(sin 6). 


If, on the contrary, the field is not equiphased, the distribution is 
+0 
LEQ = | A(sin Getty in Ot ein 1 Aisin 6), 


These two relations give [(E(y)], and [(E(y)], in amplitude and in phase. It is 
clear that these distributions are different and the more convenient one may be 
chosen, provided that it is not indispensable that the field radiated be equiphased. 

If now equation (10,24) is examined, it will be seen that E(sin 6) will only be 
realized in integrating from —oo to +-00. However, it is only possible to integrate 
from —(b/2) to +(b/2). Under these conditions a field E’(sin 6) will be 
obtained which is given by 


6 
+- 

E(sin 0) = | , E(ye*™ 5? d(sin 6) 
“2 


and, if E(y) has been calculated from (10,25) we will have 
E'(sin 6) ¥ (sin 6). 


This difference is however very small as soon as the values of E(y) are neglected 
having amplitudes of more than 12 dB below the maximum amplitude. 

Finally, the diagram being given, the calculation of the distribution at the 
aperture will consist of: 

1. The calculation of the Fourier transform of the diagram, this being usually 
effected graphically. 

2. The calculation of the diffraction diagram of the distribution thus obtained, 
likewise usually graphical. It is necessary to check to see that the diagram ob- 
tained is indeed that given in the first place. 

10.6.2 Special cases of importance.—A particular example is the case of a 
rectangular aperture of uniform illumination. The distribution is then a ‘square- 
wave’ function (figure X-8a) equal to Ay for —a/2 < y < +a/2,andzero beyond. 
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The field radiated is then the Fourier transform of this function, i.e. the 
function sin u/u (fig. X-8d). 

In the case of equiphased distribution, E(y) = A(y), (10,24) providing 
important information in this respect. This function represents a sum of ampli- 
tude vectors A(y), differing in phase by angles equal to ky sin 0. 

The only direction in which these vectors are in phase is the direction 
ky sin 0 = 0,i.e. 0 = 0. In this direction all the amplitudes A(y) add algebraically 
and if the amplitude distribution contains no zero, entailing a phase reversal at the 
surface, the maximum field is obtained by the arithmetical sum of the values of 
A(y), giving a limit maximum of the diagram for 0 = 0 irrespective of the form 
of A(y). 


(b) 


FIGURE X-8 


Consequently, the direction of maximum radiation of an equiphased aperture 
is independent of the field distribution on condition that this distribution 1s 
continuous. 

This remark indicates that a modification in the illumination of an aperture 
will not influence the direction of maximum radiation so long as the aperture 
remains equiphased. On the other hand, the aperture of the principal lobe and 
the level of the secondary lobes will be modified. 

If now an illumination is considered which presents a certain phase variation 
(10,24) is written a 

area Eon A(y)eite sin? dy, (10,26) 
AR 

The vectors constituting the integral are displaced with respect to each other 
by a quantity [y(y) + ky sin 6] and the direction of radiation will be displaced 
relative to the normal to the radiating surface. A very interesting case is that 
where (y) is a linear function of y, i.e. where the phase difference increases 
in proportion to the height y of the aperture (fig. X-9). 

Then 

Vy) = ay, 


where « is a proportional factor and (10,26) is written 


Jen kk 
Eo =J 


pe 
is A(y)ei¥et* sin 6) dy. 
2 
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In the particular case where A(y) = Ag, i.e. for uniform illumination the 
calculation of (10,5) gives: 


pit (ans a, E a(a + k sin 2 
; a(a + k sin 6) 


my SAN 2 
From the function —— 
u 


u = a(a + k sin 0), 


FIGURE X-9 


and maximum radiation takes place for u = 0, ie. for 


k sin 6 = —«, 
thus 
sin 0 = — aia 
2 
or again, 
— — 
27 


This provides a convenient means of modifying the direction of maximum 
radiation of an aperture. In the case where A(y) is not uniform, the angle of 
deviation is less than 6,. This will be resumed in dealing with paraboloids 
later. 

10.6.3 Case where A(y) is the sum of several functions.—A further property 
arising from the form of (10,24) is often useful in the calculation of radiation 
characteristics; let it be supposed that A(y) is the sum of two functions, A,(y) 
and A,(y), both real, the distributions being always equiphased. It will be seen 
that 

A(y) = A\(y) + A2(Y) 


16 
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and 


eg = [L409 a A,(y)Je™ asl 


ey = | Aor dy a [ Aroyet* ay. 


The field corresponding to A(y) will therefore be the sum of the fields given 
respectively by A,(y) and A,(y). Take for example figure X-10 representing an 
aperture having a distribution such that the field may be represented as the 
superposition of a continuous distribution of amplitude A, and of a distribution 


4] 


a 
Die 


FIGURE X-10 


according to a cosine law, of amplitude A,. It will be supposed that the field 
at the extremities A and B is attenuated by 10 dB relative to the central field 
ate. 

This will therefore give 


20 log (At) iG 


1 


and 
log uss pe 0-5, 
Ay 
which gives 
A, = 0-463... 


The uniform field of amplitude A, gives a radiation, from (10,17), 


ee RR cin y 


AR 


ey a jaA, 5) 


with 


7a. 
u = — sin 0. 
A 
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It will be seen later that a cosine field of amplitude A, gives 


me RF / cos y 
= JaA, - 
2) ART a, 2 


4 


It follows that the radiation diagram of the aperture will be, as a result of the 
above: 


u 2 qr B 
——u 


—jkR P 
Bp=aq+e=ja— ae a (10,27) 
4 


hence, in the example, 


Fy = 


u 
—-U 


meee COS u =| 
ae 2 
4 
10.7 RECTANGULAR APERTURE WITH NON-UNIFORM 
ILLUMINATION 
Since equiphased illumination is that which gives maximum gain, this is the 
only type which will be considered. The radiation of a thin slice of the aperture 
will however be studied as the results obtained approach very closely the reality 
in the plane in which the diagram is determined. This approximation is found to 


be justified in practice. 
The diagram is then given by the equation (10,24): 


44 
eo = [e A(y)es* sin 8 dy 
2 


and the calculation of the field consists in finding the transform of A(y). Very 
often A(y) resembles closely the distribution shown in figure X-10 and can be 
considered as the sum of a field of constant amplitude and of a field in which 
the amplitude varies as a cosine law; the radiation diagram is then given by 
equation (10,27). 

The calculation of the field corresponding to the cosine distribution is straight- 
forward; using the notations of figure X-10: 


TT 
Cn [e As COs ihe ie dd, 


ee 


hence 


Bee As ests (10,28) 
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where 


wa. 
u = — sin 0. 
A 


In taking various values of A, and A, the following Table X-I may be drawn 
up, which gives the main characteristics of the radiation diagram obtained. 


TABLE X-I 
Attenuation at Aperture at 3 dB Level of first 
the side esis AL CASEE (in degrees) secondary lobe 
10 dB 0-90 61 Ala 20 dB 
12 dB 0:87 63 Ala 21 dB 
15 dB 0-84 65 Ala 22 dB 
20 dB 0-82 67 Ala 23 dB 


It is seen that it is difficult to achieve a secondary lobe level lower than 23 dB 
with this type of illumination. Better results may be obtained if an aperture is 
adopted having a cosine-squared law; the radiated field corresponding to this 
law is then 


a 
+- 
2 Tan * * 
Py | , Ao COs” sin evened, 


which gives 


(10,29) 


With an attenuation in the region of 20 dB at the edges of the reflector, this 
corresponds to a secondary lobe level of 32 dB, an aperture of 82 A/a to 3 dB 
and a gain factor of 0-667. This is a definite improvement in the secondary 
lobe level, but entails a sacrifice of gain; this is inevitable. It will be noticed that 
a drop in gain coincides with an increase in the aperture of the main lobe. 
Figure X-11 gives the radiation diagrams in field corresponding to three types 
of distributions: 


uniform distribution (full line) 
cosine distribution (dotted line) 
cosine-squared distribution (dot-dash line) 


The widening of the main lobe and the diminished amplitudes of the secondary 
lobes can be readily seen. These curves may be used to determine the radiation 
of an aperture by the method explained in the preceding chapter; they have in 
fact been used for drawing up Table X-I. 
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What has just been stated shows the influence of the law of distribution of 
the field on the secondary lobe level. A cosine-cube law would have lowered 
this level to —40 dB, and a Gaussian law would have suppressed these lobes 
entirely. Unfortunately such laws are not a practical proposition in the majority 
of cases. It must also be remembered that the gain continues to diminish as the 


secondary lobes become less pronounced. 
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FIGURE X-11 


It might be thought that an approach similar to the method due to Dolph, 
mentioned earlier, could be employed; however, the amplitude distribution 
may not be controlled as with an array. The apertures correspond to lenses or 
to reflectors illuminated by a horn or a linear source, and it is very difficult to 
‘shape’ the polar diagram of this type of radiating device. On the other hand, 
the presence of the source of illumination disturbs the theoretical diagram in 
the case where this is placed in the field of the aperture, which must happen when 
a reflector is used. 

It should not be forgotten that the calculations are not precise since only the 
radiation of a slice in a rectangular aperture has been considered, which is 
not always the correct shape. Furthermore, irregularities of the reflector as 
well as radar domes contribute to an increase in the secondary lobe level. It will 
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readily be appreciated that the characteristics of an antenna are only able to be 
assessed very approximately by calculation, and experimental investigations 
are essential; this is particularly true with the present type of antenna. 


10.8 RADIATION OF A CIRCULAR APERTURE 


The study of the radiation of a circular aperture is of the greatest importance 
because it concerns all antennas using parabolic reflectors. 


FIGURE X-12 


The radiation is always calculated from the general equation (10,9) in which 
we can make cos 6 = cos y = | in view of the smallness of the angles con- 
cerned, which gives: 

eden 
AR 


Only equiphased apertures will be considered as maximum gain is desired; 
maximum radiation will therefore be normal to the aperture. 


| [4c p)el?@ Ne ka Sin 6+y cos 6 sin y) dx dy. (10,30) 


Eg =j 


The value of E will be calculated in these conditions. 
Due to the symmetry of revolution at this aperture it is preferable to use polar co- 
ordinates (p, y) at the surface, such that 


A(x, y) dx dy = F(p, y)p dp dy, 
F(p, y) being the expression of the distribution in polar co-ordinates. Integration will be 
along p from 0 to a if a is the radius of the aperture, and from 0 to 27 for y (see fig. 
X-12). 
y =psin y, 


On the other hand | 
x = cos y, 


such that (10,9) is now written: 
Ee UKR (2m Pa A de fr 
Eo =j ar | I F(p, p)eike(cos y sin + sin y cos 6 sin Y) p dp dy. 
0 0 


i 
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The diagrams are usually calculated only for the E and H planes, hence these calcula- 
tions will be restricted to these planes. In the E planes; 6 = 0 and y = 6, which gives 


ve —jkR (27 (a 
=j ae | i F(p, p)ed#e sin y sin 6, dp dy. (10,31) 
In the H plane; y = 0 and 6 = 9, giving 
-e —jkR (27 (a f : 
aye aaa } F(p, p)ei*e cos ¥ sin 5 do dy. (10,32) 
0 
Two auxiliary variables will be introduced: 
“= ee sin 0 = 7 sin 0 (D = diameter) 
and 
r= : : hence de = adr. 


F(p, y) will become a function f(r, y) and 


kp = sin 60 = ur. 
Therefore, for the E plane: 


ek 2a (1 j : 
Ey = joa | | te. yei¥rsin yr dr dy (10,33) 
0 J0 


and for the H plane: 


‘ mae I t (r, pei/" Os Yr dr dy. (10,34) 
To calculate these integrals a well-known equation relating to Bessel fineiones will be 
employed: Ce | 
| el2°8 ? cos np dp = j"27Jn(z) (10,35) 
putting n = 0: i i 
| el200s? dy = 2j7J,(z). (10,36) 


In the particular case where f(r, y) = Fo, for a uniform distribution at the aperture, 
(10,34) may be written: 


e-ikR , 1 Qa 5 
Fo =j a Fo rdr | eoees = is 
AR ; ; 


which, in applying (10,36) gives 


Eo = ——— ue dr 


To calculate this integral the following equation will be used: 


‘ZTea(2) dz = [ZI ZE, 


20 
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which gives, putting ur = z and u dr = dz, 


{ rJo(ur) dr = Ale ZJ3o(Z) az = eh) 
0 


hence 


{ ine dr = ap luhi(u hee —s 
0 


such that 

ti 2ra*Foe7 iF Ji(u) 
ott AR 1s 

or again, neglecting the distance factor, and putting arbitrarily Fy = 1, 


Jw) 
Uu 


eo = 2na? (10,37) 


Concerning the integral to the E plane, it has the form 


27 
I= | eizsin 9 dy, 
0 


3a 


past aie 2 Liz cos 6 dé. 


Putting y = 7/2 — 6, 


7 
I -|* el cos 0 qa, 
2 
Since in these two integrations a complete revolution is made, and since z cos @ is 
aperiodic, we have 


7 


= 20 
2 elz cos6 q@ — elz cos 8 q@ 
hid 0 
2 
Qa Qa 
eizsin 9 dy a ejzcos 8 gg. 
0 0 


Thus the equation (10,37) for radiation in the E plane is obtained. . 


and 


The above calculation shows that in both the E and H planes, the polar 
diagram is given by the equation. 


C9 = 27a" Ju) 
u 


where a is the radius and where u represents the expression 


Hast 6. 
A 
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It may seem strange to find the same equations for both planes in view of the 
electrical asymmetry existing between them due to the polarization. However, 
it should be borne in mind that these calculations are for radiation at a distance 
using equations derived from (10,1), and in making hypotheses aimed at 
obtaining a simplification. Under these circumstances Kottler’s equations are 
reduced to those of Kirchhoff, thus ignoring the vectorial component of the 
radiation. It is therefore normal that at a distance the polarization does not 
enter into the form of the diagrams. 

From equation (10,37) reference may be made to figure X-7 where the 
variations of e, with u have been drawn; this is the dotted-line curve. It will be 
noticed, relative to a rectangular aperture: 

1. that the main lobe is a little wider; 

2. that the secondary lobe level is sensibly lower, the first being at 17-5 dB 
against 13-5 dB and the second being lower than 20 dB. It is therefore better 
to use a circular reflector than a square one, other factors being equal. 

The relative gain for uniform illumination is always given by the same 
equation, which is as follows: 


2 2 


10.9 CIRCULAR APERTURE WITH NON-UNIFORM ILLUMINATION 


The use of attenuated illumination at the edges of the reflector having 
improved the secondary lobe level in the case of rectangular apertures, it may be 
expected that a similar improvement will be obtained in the case of circular 
apertures. 

The complexity of the calculations prevents investigations being made except 
with certain types of field distribution, e.g. with that having the form: 


f(r, y) = Fol — 7°, (10,39) 


where p is a whole number. This calculation was first made by Spencer; see 
references. 

For p = 1, the field falls off following a parabolic law from the centre of the 
aperture to the periphery where it is zero. This is fairly close to the cosine 
distribution; with p = 2, p = 3, ..., approximations to a cosine-squared and 
a cosine-cubed distribution are obtained. It is thus possible to assess the relative 
merits of circular and horizontal apertures. 

Using equation (10,36), the value of the radiated field corresponding to the 
distribution given by (10,39) is: 


27a*F =e ae 


| =| (1 — r*)"J,(ur)r dr. 
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This integral can be calculated and the result is as follows: 


Bees 2? p! 
Ey = —— . 2na? “i oti(t): (10,40) 
For p = 0, corresponding to a uniform illumination, it is found: 
Sgt ne (10,37) 
u 


For p = 1, which corresponds to a parabolic distribution approximating to a 
cosine distribution, equation (10,40) becomes: 


en 4a) (10,41) 


For p = 2, roughly corresponding to a cosine-squared distribution, 
ey = 16a? 2) (10,42) 
u 


The three fractions containing Bessel functions are indeterminate for u = 0; 
their true values are the following: 


for I) 
u 


for a (10,43) 
u 


fon 
48 u® 

The method shown in section 10.8 may also be applied to the calculation of 
the radiation of a circular aperture having two or more superimposed distribu- 
tions. 

To calculate the field radiated by an aperture having a parabolic distribution 
(i.e. p = 1) with 10 dB attenuation at the periphery, taking into account that 
the distribution may be considered as the sum of a continuous distribution of 
amplitude A, and a parabolic one of amplitude A,, and recalling the coefficients 
intervening in (10,37) and (10,41), 


ioe a Pe lL yy a alu) : 
Uu u 


With 10 dB attenuation: 


A, = 0:463A, (see section 10.8), 
which gives 


E, = 2Agrat| 0-463 BW 2215 st 
u u 
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From the above, Table X-II has been drawn up, which may usefully be compared 
with X-I. 


TABLE X-Il 
Attenuation at ; Level of first 
eee Gain factor Aperture at 3 dB secondary lobe 
10 dB 0-81 67 Ala 21 dB 
12 dB 0-79 69 Ala 22 dB 
15 dB 0:77 71 Ala 23:5 dB 
20 dB 0:75 73 Ala 24-5 dB 


It is seen that the polar diagrams are wider in the case of circular apertures, 
and that the i lobes are a little lower in amplitude. 
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FIGURE X-13 


To simplify the calculations of the diagrams, figure X-13 has been drawn to 
show the variations given by (10,37), (10,41) and (10,42); the maximum values 
of all these equations are referred to unity to permit a comparison to be made of 
the diagrams obtained. 
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The full-line curve represents uniform illumination, the dotted curve parabolic 
illumination, and the mixed dot-dash curve to an illumination corresponding 
to p = 2. In comparing these curves with those of figure X-11 it is very evident 
that the secondary lobes are diminished in the case of a circular aperture. The 
increase in width of the main lobe is equally obvious. The gain factor has fallen; 
it is only 0-75 with a parabolic distribution (p = 1) and falls to 0:56 with p = 2; 
but it is then possible to obtain secondary lobes of the order of —30:5 dB. 


10.10 GRAPHICAL METHODS OF CALCULATION 


It often happens that the distributions met with in practice differ widely from 
those which have been considered, and the above results do not help in the 
predetermination of the diagrams. Under such circumstances, the field at a 
distance may not be arrived at analytically, and graphical integrations must 
be used. 

The calculation of the field due to a reflector, equation (10,4) will be given as it _ 
represents the most usual practical case. The calculation may readily be trans- 
posed to the case of a different polarization (equation 10,5) or an aperture 
(equations 10,10 or 10,11). 

As the only interest lies in the relative values, it becomes a matter of evaluating 
the integral 


ey = a/ [eikelt+ cos (0+ ®) qq 
®1 
for various values of 0. | 
The angle: o= 0, —Q, 


at which the primary source ‘sees’ the reflector (fig. X-14) is divided into a 
certain number of elements of angles « such that 


n being a whole number the value of which is large if a precise calculation is 
desired. } 

At each of these angles there are corresponding vector radii SM), SM,, 
SM,, SM,, ...,.9M,,:.--5 of lengths: po, p3, Pos Pa, «<-> Pus --:> alONS Witeneane 
the illuminations J, ,, Io, Js, ..-5 Iy+ 

The reflector may be compared to a series of identical sources radiating with 
amplitudes +/Jo, W/1,, Wo, ..-» WI,» ---, and with phases 


kpol1 + cos 6], kp,[1 + cos (0 + «)], kp.[1 + cos (6 + 2a)], 
...kp,[1 + cos (6 + na)]... 
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These elementary radiations may be represented by vectors of moduli 1/Jo, 
V1y, VIo, .--5 WIy, --. and making angles kp,(1 + cos 6), kp,[1 + cos (0 + «)] 
..., Kp,[1 + cos (0 + na)]... with an arbitrary origin. Figure X-15 is thus 


FIGURE X-14 


obtained, and the resultant OR of all the elementary vectors gives the field in 
the direction 0. The calculation may be repeated a number of times using 
different values of @ in order to determine the radiation diagram. 


FIGURE X-15 


The complete calculation of a diagram is clearly very long, particularly if a 
large number of elementary sources is being used in the interests of precision. 
In principle, if points Mj, M,, M2, ..., are a half-wave apart, the result is 
always close enough. 
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CHAPTER ELEVEN 


Electromagnetic Horns 


Ay 
| 


11.1 DEFINITIONS AND OPERATION OF HORNS 


A wave-guide having a progressively increasing cross-section, and terminating 
in a radiating aperture is known as a horn. 

Starting with a rectangular wave-guide, horns may be made in several ways; 
a widening in the £ plane of a guide gives a sectoral horn in the E plane (fig. XI-1a) 
while a widening in the H plane gives a sectoral horn in the H plane (fig. XI-18). 
A combination of the two produces a pyramid-shaped horn, (fig. XI-1c). 


x 


(a) 


FIGuRE XI-1 


The edges of the horns may be rectilinear or curved. For the present purposes 
only rectilinear horns will be considered as these represent the majority of 
practical cases. 

Whatever the form, a horn is a wave-guide fed by a certain incident energy; 
there may or may not be a reflection of energy. Such a reflected wave will 
inevitably disturb the incident wave and give rise to a ratio of standing waves. If 
this ratio is equal to 1, there is no reflected energy, i.e. all the energy provided by 
the wave-guide is transmitted into space by the horn. The horn is then matched. 
It is well known, by virtue of the Reciprocity Theorem, that under such 
circumstances, all energy arriving from free space and entering the horn would 
be passed to the guide. The horn may therefore be considered in a way, as a 
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transformer between the guide and space. It will be functioning correctly when 
the SWR is | or thereabouts. 

The mouth of a horn is a radiating aperture and it could be thought that the 
calculation of the radiation of this system would be that of the distribution of 
amplitude and phase at this aperture. In fact, it is more complicated because 
the external walls of the horn contain currents which influence the radiation of 
the whole, and it is very difficult if not impossible to make precise calculations. 
For horns having a large mouth, it is this latter which has the predominating 
influence on the radiation, whereas with those whose dimensions do not exceed 
one or two wavelengths the effect of the currents circulating in the external 
surfaces of the walls becomes appreciable. For these latter, the radiation 
diagram can only be determined empirically. 

It is interesting to know the distribution of amplitudes, A(x, y), and phases, 
g(x, y), at the mouth. These calculations entail a knowledge of the method of 
propagation of the wave within the horn. These calculations were first made by 
Barrow and Chu, but the equations are very complicated and make use of 
Hankel’s functions. 

In the case of sectoral horns excited by a standard rectangular guide, as in 
figure XI-1, the distribution is uniform in the £ plane (constant field) and obeys 
a law which is sensibly a cosine law in the H plane. This distribution is a sort of 
‘dilatation’ of the distribution in the guide. Based on this remark, it is possible 
to see that the polar diagrams will have apertures (to 3 dB) in the region of: 


20, = 51 : for the E plane — 
and 


20, = 69~ for the H plane. 
a 


This supposes that the aperture is equiphased, or at least that the phase 
differences are negligible. In the case of sectoral horns, the waves being propa- 
gated from the guide to the mouth are cylindrical waves and the equiphased 
surface is a cylinder centred on the throat. So that the mouth may form part of 
an equiphased aperture without serious error, it is necessary that the phase 
differences between the cylindrical equiphased surface and the plane of this 
aperture are less than 45°. This permits the maximum angle of the widening of 
the horn to be fixed. In noticing that a 45° phase difference corresponds in 
space to one-eighth of a wavelength, a simple geometrical calculation (fig. XI-2) 
shows that the half-angle at the apex © must be such that the relation 


sin® < as (11,1) 
2a 
shall be respected. 
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A pyramid-shaped horn can be considered as a combination of two sectoral 
horns and the relation (11,1) serves in both the E and H planes. This is clearly 
an approximation, and it must not be thought that the propagation in a pyramid- 
shaped horn is a combination of the propagations in two sectoral horns. 


FIGURE XI-2 


11.2 RADIATION DIAGRAMS 


When the equiphase conditions are approximately realized at the mouth, 
apertures at 3 dB of the radiation diagrams are obtained close to the values 
mentioned above, but are always a little larger in the £ plane. 

From a large number of measurements taken on horns, it has been found that 
3 dB apertures are around 


20, = 56 = (11,2) 
for the E plane 
and 
A 
20, = 68 - (11,3) 
a 


for the H plane. 

These equations are valid for mouth widths between 1 and 5 wavelengths. 
These are average values for horns respecting the dimensions defined by the 
equation (11,1); under these conditions a condition of equiphase is approxi- 
mately true at the aperture. 

However, the optimum dimensions for horns, i.e. those corresponding to 
maximum gain vary slightly with the width of the mouth due to the influence of 
currents in the external surfaces of the walls; on the other hand, the phase 
differences existing at the mouth, whether slight or not, also intervene. Experi- 
mental results have enabled optimum dimensions to be found. These are given 
below (Table XI-I), largely based on the work of Rhodes. These are medium 
sized horns (their length varying from 3 to 30 wavelengths) useful for beams of 


17 
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9° to 20° aperture. The dimensions indicated correspond to maximum gain for 
minimum size; this implies that the main lobe presents no anomalies and that 
the secondary lobe level is low. If such a horn was to be used as an antenna it 
would be first of all advisable to check its polar diagram. The notations of the 
table are those of figures XI-1 and XI-2. 


TABLE XI-I 
Aperture at 3 dB Angle at apex 2 Length L in 
E plane H plane E plane H plane : 

9°. O:3 17° pp Ze 
10° i ek 225 pH ey 13-25 
(he 135 255 32) 10 
125 14° 29° aT 78 
14° 16:3° 36° 44° 5:25 
16° 19° 42° 50° 4-1 
18° 22° 45° mee 335 
20° DY 49° 60° 3 


A brief examination shows that the equiphase condition is far from being 
realized with certain angles at the apex 2, engendering distortions of the 
radiation diagram, and justifying the remark made above. 

It will be seen later that to feed large metallic reflectors it is very common to 
employ small horns having mouths of only one or two wavelengths. It is essential 
to know the diagrams of these sources. In view of the small apertures used, it is 
always best to work within the equiphase conditions around 45°. In this case 
experience shows that the principal lobe of radiation, when drawn in decibels, 
always follows (roughly) a parabolic law. In other words if the fall in field is 
3 dB at « degrees from the direction of maximum radiation, it will be 6 dB at 
a4/2 degrees and 12 dB at 2« degrees. This allows the diagram of a small horn 
to be drawn provided that the aperture at 3 dB or an other given level is known. 

It will be seen that the correct illumination of a reflector necessitates a know- 
ledge of the aperture of the diagram of the horn at levels of 10 dB to 15 dB below 
the level of maximum radiation. Various tests have shown that apertures at 
10 dB were approximately given by the equations 


AB ees 887 for the E plane (11,4) 


2039 = 31 + 792 for the H plane. (ti) 
a 


witha < 3A andb< 2:5. 
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These are average values, and it is indispensable to verify experimentally the 
diagrams for all new types of horn. 

If, as a first approximation, it is assumed that the mouth is the sole radiating 
element, the theories explained in Chapter 10 provide the equations which give 
the diagrams. 

For the E plane, where the distribution is uniform, equation (10,16) should be 
applied, giving, with the notations of figure XI-1, 


Cur Lat Dae 
sin (22 sin a) 
pea aa aE (11.6) 


Coe 


For the H plane, the radiation of an aperture on which the field is distributed 
according to a cosine law must be considered. This is equation (10,28) which is 


called for, which gives 
a 
cos {— sin 6 
A 


2 oe 
coe (72 sin 6) 
4 A 


11.3 PHASE CENTRE OF A HORN 


It has been seen earlier that, at a distance from a source, a wave-front radiated 
by this source will be spherical, the centre of the sphere being the phase centre of 
the source. It has been pointed out (section 4.7) that in the case of an array, this 
phase centre coincided with the centre of the alignment. It is readily verifiable 
that for a plane equiphased aperture, the phase centre of the radiation coincides 
with the geometric centre of the aperture if this centre exists. 

If a horn behaves purely as a radiating aperture, it will present a phase centre 
at the centre of the mouth and in the same plane. However, a radiation due to 
the walls also exists, or can exist. On the other hand, in the case of a very open 
sectoral horn, there will be a cylindrical wave emanating from the throat which 
is thus the phase centre of this wave, such that the distribution at the mouth 
in the plane considered is not equiphased. The phase centre is not therefore 
at this mouth. But the distribution of the fields in the two planes, E and H is 
very different; under these conditions it may be wondered if the phase centres of 
the diagrams drawn in the E plane and in the H plane coincide. If they do not 
coincide, the horn will not have a definite phase centre, and experience confirms 
that this is the case. 

It will be seen later that correct illumination of certain reflectors and para- 
boloids, requires a source emitting a spherical wave thus having a well determined 
phase centre. The ideal source for this purpose is a horn, and the absence of a 


(11,7) 


ea. == 


The results are approximate. 
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phase centre is a defect which entails a loss of gain in addition to an increase in 
the secondary wave level. It is therefore an advantage to use horns where the 
difference between the positions of the phase centres in the two planes is reduced 
to a minimum. This can be done by the use of horns of appropriate dimensions; 
these optimum dimensions must be found experimentally. 

The method consists in determining the positions of the phase centres in the 
E and H planes and modifying these dimensions until these centres coincide, 
or at least become very close. These experiments may be conducted as shown in 
figure XI-3. 


D; 


FIGURE XI-3 


The horn to be studied, C,, is mounted on a support capable of being pivoted 
around an axis xx’; it is fed with UHF energy by a klystron K through a revolv- 
ing joint J, aligned on the axis xx’. An attenuator is connected in series with the 
klystron. Part of the energy of the latter is fed into a standing-wave measuring 
line, L, by means of the probe S in this line. At a certain distance from the 
mouth of C, is a receiving horn C, such that the geometrical centres of the 
apertures lie on a straight line yy’ normal to xx’. Through symmetry, the phase 
centres of C, and C;, lie on this line yy’, and the intersection of this with xx’ 
defines the centre around which will be taken the radiation diagram of C,. If 
' the phase of the field received by C, is constant when C, is revolved round xx’, 
the intersection of xx’ and yy’ is the phase centre of the horn. 

To verify the phase of the field received by C., the incident energy is fed into 
the measuring line L which itself feeds a matched crystal detector D, supplying 
current read on the microammeter G,. A detector and a monitoring meter, 
D, and G, permit a constant level in L to be maintained with the aid of the 
attenuator A,. 

C, being in an arbitrary position, e.g. that which corresponds to a maximum 
incident level at C,, the position of S on L is adjusted to obtain a minimum 
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current in G;. G, is observed. C, is the pivoted at a certain angle around xx’. 
If the phase of the incident wave at C, has varied, the current minimum at G; is 
obtained for a position of S which differs from the preceding one. 

The phase centre of C, lies on xx’ when the position of S does not change 
during the rotation of the horn. The set-up must be such that the horn C, may 
be displaced transversely in the direction of the arrows; it is essential that 
neither the revolving joint, the wave-guides, nor the attenuator A, introduce 
phase variations during the course of the measurements. 

All measurements must be made at a constant level monitored at G,. It is not 
necessary to know the phase variation in degrees during the rotation around xx’; 
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FIGURE XI-4 


it is sufficient to plot the position of S in relation to a reference plane and note 
the distance d from S with reference to this plane. When the rotation is effected 
around the phase centre, d is constant and the variation of (d) as a function of 
the angle of rotation 0 is the straight line (1) of figure XI-4. If the phase centre is 
before xx’ in relation to C,, curve 2 is obtained. The direction of the curvature 
reverses when the phase centre passes behind xx’. Figure XI-4 is only an example 
and the direction of the curves obtained depend upon the reference plane. 

The only interesting fact is that the curvature reverses when the phase centre 
crosses xx’. 

It is fairly easy to construct apparatus to plot phase centres in the E and H 
planes with a single set-up. The mechanical precision must however be of a 
high order. 


11.4 GAIN OF HORNS 


A knowledge of the gain of horns is very important, as they are often used as 
standards in antenna gain measurements. The gain of a horn may be deduced 
from the distribution of the fields at the mouth, a distribution which is calculated 
from a study of the propagation of the waves inside the horn. The method is 
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only valid for those horns having dimensions which are large compared to A, 
where the contribution to the radiation by the walls may be neglected. 

This calculation of gain has been made by Schelkunoff. 

In calling: 


a the aperture of the horn in the H plane (see fig. XI-1), 
b -the aperture of the horn in the £ plane (see fig. XI-1), 
R,, the length of the edge corresponding to a (see fig. XI-2), 
R, the length of the edge corresponding to 3, 


he found: 
For a sectoral horn in the E plane: 
64aR b b 
cp = oP) (2 J]. ate 
mAb V/23R, V22R, 
For a sectoral horn in the H plane: 
4 ae 
Gy = ~— {[C(u) — CO)P + [Su) — SO)P}, (11,9) 
with a 
i AR, a 1 a AR, a 
——} and »=— |— *— -——]. 
Be re V2\ a VAR, 


For a pyramid-shaped horn: 


~£ (fon) 2) en 


In these equations the functions C(x) and S(x) are Fresnel’s integrals defined 


b 
(3) = [cos (4) aa andi (x)= [sin (#2 *) ag. 


This is known as the ‘Schelkunoff gain’; it is not to be recommended that the 
gain of a horn be found from these equations, particularly if the horn is to be used 
as a standard. The gain is best measured experimentally. 

The measurement is made in the following fashion (fig. XI-5); two identical 
horns are placed face to face, the planes of their mouths being separated by a 
distance R. One of these is connected to a klystron K through an attenuator A). 
The crystal supplies current to a microammeter g. 

Let G be the gain of the horn. The power radiated by unit solid angle is, by 
definition 

P 
An 
if Py is the power fed to the horn. 


=G 
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On arrival at the receiving horn this power is 


Po 
4a R? 


If Aer is the effective surface of the receiving horn, the received power is 


G_ per unit surface. 


” 


Po 
= GAer. 
wares Rares 
But, from the definition of the gain, 
1G 
feelin teat es 
: Aq 
such that 
A; 
FIGURE XI-5 
and . 
Ge ee (11,11) 
A yeh 


This ratio »/p/P, is measured by means of attenuator A,; the measurement is 
carried out as shown in the figure, the value being read at g. The horn (1) is then 
dismantled and the assembly (A, — C — g) is mounted in its place. A, is then 
adjusted to give the same reading at g. The difference between the two attenua- 
tions of A, gives the ratio 1/p/P, in decibels, and G is deduced, knowing R. 

In fact this is an over-simplification as R cannot correctly be determined 
between the planes of the mouths of the horns. The phase centres of the horns 
are not necessarily lying in these planes on the one hand, and on the other, 
since R is not infinite the incident wave at (2) is a spherical and not a plane 
wave. Therefore certain errors of phase exist at the edges of the aperture and 
the value of G found will be the more inaccurate, the smaller R becomes. To 
minimize the phase error the condition 


2a" 
A 


where a is the largest dimension of the aperture, must be respected. 


ae 3 
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Even this is insufficient; the measurements of gain at increasingly great 
distances give results conforming to figure XI-6. The measured gain increases 
uniformly with R, the value tending towards a limit which coincides fairly well 
with the results of Schelkunoff’s equations. 

All these measurements must be made with the horns as far above ground as 
possible, in order to avoid disturbing reflections from the ground. It is best to 
check the gain for both polarizations, and if the results are found to be different 
it will be probable that it is due to earth reflections disturbing the measurements. 
It may be useful to surround the area in which measurements are being taken with 
an absorbing wall to avoid these discrepancies. 

In view of the difficulties encountered in correctly determining the gain of a 


a ae ee a ee ee 


oe oa 


FIGURE XI-6 


horn, it may be wondered if it would not be better to be satisfied with the results 
of Schelkunoff’s equations; in fact, while the calculations are very approximate, 
it is nevertheless possible to collect a large number of experimental results all 
more or less in agreement and thus estimate very closely the gain of a horn. 

For a given horn the gain increases with frequency. In the following table are 
given the results obtained with two different horns, one having a length of 1 m 
and a mouth of 275 x 334mm, the other being 200 mm long with a mouth 
[35-x 85 mm. 


Horn: 135 Xx 85 x 200 mm Horn: 275 x 334 x 1000 mm 

Frequency 
Mc/s measured | theoretical| gain measured | theoretical| gain 
gain gain factor gain gain factor 
8,500 O575 400 O23 0.433 
9,000 76 130 0-584 442 1,040 0-425 


0-667 524 1,154 0-453 
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The theoretical gain mentioned is that which corresponds to the equation 
(47S//*), giving the gain factor, knowing the measured gain. The smaller horn 
is one of optimum dimensions and its gain factor is of the order of 60%. This 
result is confirmed by other horns and the equation: 


S 
G=7°5 rr (Lid) 
gives a good approximation for the gain of an optimum horn. 

The larger horn does not satisfy this condition and thus has a lower gain 
factor. The gain, calculated by Schelkunoff’s equation is 510 for a wavelength 
of 3:25 cm or 9,250 Mc/s. Measurement shows a gain of 480 at this frequency, 
or an error of 6 % with respect to the equation. This is unusually close agreement. 


11.5 MATCHING OF HORNS 


Theoretically it would be possible to design a horn from the equations dis- 
cussed such that no energy at all would be reflected at the mouth; such a horn 
would be a perfect transformer between a wave-guide and free space. Such 
calculations are not practical, and it is better to design a relatively simple horn 
matched to the wave-guide, but where a certain standing-wave ratio exists. 

Matching may be carried by the classical methods; a Smith diagram gives 
impedance variations to the right of the throat of the horn and an inductive or 
capacitative iris corrects this impedance (the use of a capacitative iris is limited 
to low power). Unfortunately the impedance curve consists of a series of loops 
as soon as the horn dimensions become appreciable; even short horns give 
looped curves as soon as the frequency range envisaged becomes large. Con- 
sequently correction by means of an iris is essentially restricted in effectiveness 
to a narrow band. 

It is preferable, when working over a wide band, to introduce an element 
at the mouth of the horn such that a reflected wave is produced in phase opposi- 
tion to the wave normally reflected at the mouth. One solution is to place a plate 
of dielectric material (polythene, etc.) at the mouth (fig. XI-7a); this plate will 
also serve to seal the horn which is necessary in any case. It may be maintained 
in place by a ring, and a hermetically sealed joint obtained. A suitable choice of 
thickness of the dielectric may sometimes be sufficient to effect the desired 
matching. 

A better solution consists in employing two dielectric plates separated by air 
(fig. XI-7b). By the choice of plate thickness and spacing a good match may be 
obtained over a wide band of frequencies. The choice of dielectric influences 
the operation, due to the propagation constant of the material. Thus with small 
horns (aperture less than 3 A) it is possible to match over 400 Mc/s in S band 
with a SWR less than 1:15, and to match over 1,200 Mc/s in X band with the 
same maximum values of SWR in the guide. Such adjustments are necessarily 
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experimental, and often very critical; for example, the thickness of the fixing 
ring enters into the matching. 

In the third solution, a small radome seals the horn (fig. XI-7c) and matching 
is carried out by varying the distance between the bottom of this radome and 
the plane of the mouth; the system of fixing likewise influences the matching. 
With this method large bandwidths may also be obtained. 


: 
(a) (b) (c) 


FIGURE XI-7 


A further method of matching is to place various obstacles at the horn 
mouth, but this will modify the radiation diagram; the other methods of matching 
have little or no effect in this direction. They do however modify the phase 
centre, and in all cases it is advisable to check the radiation characteristics of 
the horn after matching, particularly if this is intended to illuminate a reflector. 


11.6 MODIFICATION OF THE PATTERN OF A HORN 


It will be remembered that the radiation of an aperture is governed by the 
distribution of the fields on it. But, a reflector may be considered as an aperture, 
and its radiation diagram (shape, secondary lobe level) is governed by its 
illumination. In the most general case this illumination is supplied by a horn 
radiating towards the reflector. The distribution of the field at the aperture 
thus depends upon the diagram of the horn, known as the primary source. 

The vital importance of the primary source will be apparent, in fact the 
performances of the antenna will depend upon it. But, it is not always certain that 
the horns constructed are giving quite the desired diagram. It is possible to 
some extent to modify this diagram by an arrangement of obstacles at the 
mouth, or by a series of vanes. 

Putting pillars at the aperture, parallel to the electric field, in the case of a 
sectoral horn or one that is fairly narrow in the £ plane (fig. XI-8), the electric 
field is made to cancel itself out at the pillar, such that the original sinusoidal 
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distribution now tends to consist of three sinusoids. This distribution is in fact 
more complicated than that shown in figure XI-85, and depends upon the 
number of pillars, their diameters and their positions. In all cases it approaches 
more nearly to a uniform distribution than the original sinusoid. If follows that 
the diagram in the H plane is a little sharper with pillars than without. 

As these pillars are parallel to E, they are strongly coupled with it and give 
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FIGURE XI-8 


rise to a reflection. Matching is obtained when the reflected wave has the same 
amplitude but the opposite phase to the wave normally reflected by the horn. 
This method of matching is extremely flexible but clearly influences the diagrams. 
In practice it is sufficient to have one or two pillars placed at the mouth, slightly 
towards the interior of the horn. It is also possible to combine these various 
methods of matching, which gives very good results, particularly from the point 
of view that the diagram becomes less dependent upon the matching. 


FIGURE XI-9 


It will be noticed that. with the use of pillars, since it results in a sharper 
illumination diagram the illumination is weaker towards the edges of the 
reflector, hence the secondary lobe level is reduced. It follows that the principal 
lobe will be a little wider, hence there will be a small loss in gain. 

To diminish the aperture of the diagram in the E plane, the aperture may be 
artificially increased in this plane by mounting vanes as shown in (fig. XI-9). 
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The E field induces currents in these vanes which participate in the radiation, 
and the effect of an increased aperture is obtained. The vanes may be placed in 
the plane of the mouth, or make an angle with it. The diagrams are a function of 
this angle and the length /. The matching is affected by the diagram correction. 

It is also possible to diminish the apertures of the diagrams in the E and H 
planes by closing the mouth by means of a mass of dielectric of suitable shape. 
Figure XI-10 shows this method. The plug of dielectric is tapered at the exterior, 
and at the interior of the horn. Externally it behaves as a small dielectric antenna 
prolonging the mouth, which always gives a sharper main lobe. Inside the horn 
the taper is chosen such that the assembly is matched. The more gradual the 
transition the better the match; this may be completed by one or two inductive 
irises. The profile of the radiating portion, in both planes, can only be deter- 
mined experimentally. 


=< 


FIGuRE XI-10 FIGuRE XI-11 


This artifice is particularly useful when it is desired to diminish the apertures 
of the diagrams without increasing the dimensions of the mouth. It may be 
carried out successfully on an antenna consisting of a reflector illuminated by 
several horns. It is also the only effective means of modifying the diagrams of 
circular horns. To consider quite another possibility, the use of quarter-wave 
traps (fig. XI-11) modifies the radiation diagrams by more or less suppressing 
the areas near to the mouth. It is not indispensible that the trap should coincide 
with the plane of the aperture and a certain amount of adjustment may be 
obtained by moving it up and down the horn. The presence of the trap, in 
modifying the distribution of the currents flowing in the walls upsets the matching, 
which must therefore be corrected afterwards. 


Il.7 BOX-HORN 


The device known as a ‘box-horn’ in the Anglo-Saxon literature is not 
strictly speaking a horn at all. It is used for the illumination of reflectors, as 
with small horns, for which reason it will now be examined. 

Figure XI-12 shows a sketch of the arrangement. It consists of a portion of 
rectangular wave-guide of width A and length L, able, for a suitable value of A, 
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to transmit TE, modes, where n is greater than 1. This guide is driven by a 
section of horn sectoral in the H plane, itself driven by a classical wave-guide 
working in the TE), mode. Due to its central position, the section of horn can 
only excite the large guide with modes having their maximum field in the 
median plane, i.e. TE ,, TE 3, TE ;, .... Assume that the dimensions are such 
that only the first two modes can exist. The ratio of their amplitudes is then a 
function of A’/A and their relative phase at the aperture depends on L since 
the speeds of propagation of the two waves are different. 


! L ; 


FIGURE XJI-12 


The distribution of the field at the mouth, hence the radiation diagram of the 
‘box-horn’ depends on LZ and on 4’/A. 

Taking as origin the centre of the aperture of the sectoral horn, the value of 
the field in the large guide is 


77. Sma Wa 
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where a, and a; are the amplitudes of the TE), and TE), modes, and k, and k, 
the phase constants of these modes, equal to 27/Ag, and 27/Ag3. 

The gain of a box-horn is a maximum for values of a3/a, in the region of 
0-35, where the distribution of the fields is nearest to a uniform distribution. 
In this case the first secondary lobes are at 13 dB, which is the theoretical value 
corresponding to a uniform distribution at a rectangular aperture. 

In practice there is no interest in exceeding these values of a,/a,. 

Length L corresponds to 
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The values of k, and ky are obtained from the cut-off frequencies at Ag, 


and Ags. This gives 
an 7,2 le 
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Angle 6) must not be too high so as not to introduce serious phase errors 
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at the aperture A’. The condition 
A’ sin 4) < Ag/2 


must be respected. 

In general terms, the ‘box-horn’ will be found to take up less space than a 
horn antenna where diagrams having an aperture of 50° to 65° for ten times 
down in power are desired. This type of antenna is more sensitive to frequency 
changes than a correctly adjusted horn, and the secondary lobe level is higher. 
This does not matter very much when it is employed to illuminate a reflector, 
but the sensitivity to frequency limits the useful bandwidth. 

Figure XI-13 shows the sort of frequency variation effect which occurs; 
the diagrams are for the same “box-horn’ at 9,000 and 9,250 Mc/s. Up to levels 
of 9 dB below maximum the diagram at the latter frequency is a little narrower, 
but the general shape varies. But, the secondary lobe level is connected with 
this shape and to the attenuation at the edges of the reflector. It will be seen that 
when the attenuation was 14 dB at 9,000 Mc/s it becomes 12 dB only at 9,250 
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Mc/s. It is therefore probable that if the level of the secondary lobes of the 
diagram of the reflector was correct at 9,000 Mc/s (which is equal to saying 
that the illumination was correct at this frequency), it was no longer so at 
9,250 Mc/s since the form of the primary diagram changed and the attenuation 
at the edges diminished. 

The aperture at 10 dB of a ‘box-horn’ radiation diagram such that Oe) Qy) 0:35 
is approximately given by 


2049 = 100 ~. (11,15) 


This leads to apertures which are smaller than those obtained with sectoral 
horns in the H plane, as is shown in figure XI-14 which permits the comparison 
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of a box-horn having a height of 73 mm (full-line curve) with that of a 98 mm 
high horn (broken-line curve). It is observed that the box horn diagram is a 
little sharper than that of a horn although its height is only 75°% of the latter. 


11.8 HOGHORN 


When a sectoral horn having a small aperture in the H plane is required, a 
horn of considerable length will be constructed if the condition of minimum 
phase change at the mouth is observed. A convenient means of avoiding this 
difficulty is to construct a device essentially consisting of a section of horn 
connected to a parabolic reflector (fig. XI-15). Such a device is known under 
the name of ‘hoghorn’. 

The focus of the parabolic reflector being at F, the centre of the output of 
the wave-guide feeding the paraboloid, it will be seen that all rays, such as 
FMM‘ and FNN’ have the same length, which follows from the properties of a 
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paraboloid. It follows that all waves originating at F arrive in phase at the 
aperture of the hoghorn. This geometrical optical reasoning is only approximate, 
due to the small dimensions of the system in terms of wavelength, and the study 
and use of a hoghorn must be based on experimental results, 

In practice the following rules may be observed: 

1. F is the focus of the parabola OAC, Ox being the axis; 

2. EFD makes an angle of 30° with Ox; 

3. EA also makes an angle of 30° with Ox; 

4. AB is parallel to Ox, CB being perpendicular to it: 

Sp Or = 0 (dO 3a). 

While the hoghorn may have certain advantages due to its dimensions, it has 
on the other hand some disadvantages from the radio-electrical point of view. 


FIGuRE XI-15 


First of all, following measurements taken, it does not seem to have a definite 
phase centre, and the difference between the phase centres in the E and H planes 
is far greater than with a horn. It must therefore be used with care for the 
illumination of a paraboloid. 

On the other hand, the hoghorn is difficult to match once the working range 
exceeds a few percent in frequency, and in all cases the matching device in- 
fluences the radiation diagram; this is shown in figure XI-16. The full-line curve 
shows the polar diagram of the hoghorn in a matched condition and the curve 
drawn in a dotted line shows the diagram before correction; this is achieved 
by a dielectric plate parallel to the mouth and situated about a quarter-wave 
behind it. An increase in the aperture at 10 dB and serious distortions will be 
observed. The diagram of a reflector illuminated by this hoghorn gives secondary 
lobes 25 dB below maximum before matching, but the level of these lobes has — 
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passed to 20 dB for the matched condition, while the gain of the antenna has 
fallen by about 1 dB. 

This loss of gain is bound up with the loss due to phase differences at the 
aperture introduced by the dielectric plate; the hoghorn is constructed according 
to geometrical optical methods which represents a very approximate approach 
for the reasons already explained. An attempt may be made to remove the 
matching device from the aperture, either by extending this by a parallelepiped 
or a section of a pyramid, or in moving back the correcting plate towards the 
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bottom of the hoghorn. The first method gives good results and it is possible in 
this way to match the system without any serious disturbance to the radiation 
diagram or the gain. The extending portion of the aperture behaves as a 
matching zone. 

The second method is less useful due to distortions produced in the diagram, 
which is unfortunate as this method permits matching to be carried out very 
easily. 

There will always be a large secondary lobe at the side of the wave-guide 
which gives rise to an asymmetry which may be seen in figure XI-16. In the 
example, the level of 17 dB below maximum is small enough to render it of 
small practical importance, but, if the length DB (see fig. XI-15) is insufficient 
this lobe becomes considerable and the diagram is then unsuitable for the 
illumination of a reflector. 


18 


258 THE ANTENNA 


When working into a reflector it is essential to use a hoghorn previously 
matched. In any case, this type of primary source is not to be recommended 
for a paraboloid, although it may have a certain advantage in the case of a 
complex reflector in view of the possibility of reduced dimensions. 
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CHAPTER TWELVE 


Paraboloids 


LV) 
rd 


12.1 PROPERTIES OF THE PARABOLOID 


The surface produced by the rotation of a parabola about its axis zz’ is known 
as a paraboloid (fig. XII-1). 

This surface possesses several remarkable properties, in particular the 
following: 

A straight line joining any point M on the surface to the focus F makes an 


FIGURE XII-1 


angle with the normal to this point equal to that between this normal and MM’ 
which runs parallel to the axis zz’; 


PR, Stee hae oa 
FMn = nMM’ and EPnY— 1, Be. 


It follows that an illuminating ray coming from F and being reflected by the 
surface of the paraboloid will always give, whatever the direction of the ray, a 
reflected ray which is parallel to the axis. Thus a primary source placed at F 
will give rise by reflection to a beam of parallel rays. 
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This is the principal reason for the use of paraboloids as reflectors of electro- 
magnetic waves, but due to the approximation which follows from the use of 
geometrical optical reasoning in a case where the reflector is relatively small in 
comparison with the wavelength, diffraction phenomena are predominant. 

A second property allows the phase relationships to be found. Take a plane 
Q, normal to zz’ and let M’ and P’ be the intersections of this plane by the rays 
reflected at M and P. Then: 


FM + MM’ = FP + PP' = 2f, 
f being the focal point of the paraboloid. 


FIGURE XII-2 


Therefore, at any point on Q, a wave originating from a source placed at 
We Ne 2 
- F will give fields lagging by (27 x =) on the ‘current’ in the source. Such 


fields will all be in phase, therefore a paraboloid may be used to create an 
equiphased plane surface. 

A further interesting property relating to the construction of a reflector is 
that the intersection of a paraboloid with a plane parallel to the axis gives a 
parabola with the same focal length as that of the parabola producing the original 
paraboloid. 

Some of the relations between the angles and the incident and reflected rays 
from the paraboloid will now be examined. 

Take a section of the surface in a plane containing zz’ (fig. XII-2). The 
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equation of the paraboloid with reference to the three axes of the co-ordinates 
connected to the centre of the surface is 


Ly? = Ape. (12,1) 
In the plane xOy this equation gives 
ell hg. (1252) 


which is the equation of the main parabola. 
If the vector radius p = FM, it will be found that 


a= eet er aE == ib (12,3) 
1+ cos® Bas co) 


p 


If a is the diameter of the reflector (length AB in the figure), and if a is put 
equal to 2x9, it will be found that the co-ordinates of A are connected by the 
relation 


oe == 4/7,, 
then 
Deo ee ; 
Ay 
This gives, 
pie ee) (12,4) 
4 sin O, 
or, | 
Fase UV ea (12,5) 
1 + cos D, 2 


These two relations permit the calculation of a if fis known, and inversely, 
angle , being given. 


12.2 RADIATION OF THE PARABOLOID 


From the foregoing it will be seen that an antenna may be constructed by 
illuminating a paraboloid by a primary source placed at F, the focus. In the 
approximation of geometrical optics, this antenna will give a beam of rays all 
parallel with the axis, but, due to the effects of diffraction in the practical case, 
this beam will take the form of a principal lobe, the maximum value of which 
will coincide with the axis of the paraboloid. 

This conclusion can also be deduced from the fact that a source placed at the 
focus will give an equiphased surface in the plane normal to the axis. If the 
distribution of the fields on such a surface, and its dimensions can be determined, 
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it may be used in place of the paraboloid for the purposes of calculation, and 
the radiation may be examined by use of the methods outlined in Chapter 10. 

The wave coming from the source F may be considered as a spherical wave if 
the source has a phase centre. As a simplification it will be assumed that the 
radiation diagram of this source consists of a revolution about Oz. 

In figure XII-2, let J be the power density radiated in the directions defined 
by angle ©; this means that, for a cone of axis Oz and apex angle 2®, the 
power density for unit solid angle is J. In the solid angle between the cone of 
angle 2® at the summit, and that of 2(0 + d®), the power will be 


P =2z7!I sin O dQ. 


This power, after reflection at the surface, flows between two cylinders of rays 
r and r. dr which trace in the plane Q a crown of surface 27r . dr. The power 
P, per unit surface of this crown, i.e. at a distance r from the centre may be 
obtained from 


2nI sin ® dO = 27P,r dr, 


hence 
Re I sin ® d® 

| rdr 

But 
Tr —sp sin DP — PRS iy 
1 + cos ® 
Differentiating, 
Sond 
py ee 4 ri ela SE nS 
(1 + cos 0)? 1 + cos ® 
and 
di pial: (12,6) 
therefore 
je mawe! sin 0 d® af 
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But the wave in the plane Q is a plane wave, and from Poynting’s theorem, 
the power is proportional to the square of the field. To a close approximation, 
the field at the aperture in Q at a distance r from the centre, is thus 


1D Md : (1253) 
p 
This is a revolution about F. It has been seen that it is equiphased, the phase 
difference with respect to the primary source being 2kf, (k = 27/A). 

The paraboloid may therefore be replaced by a circular equiphased aperture 
of diameter a, cut out of the plane Q, and at which the distribution follows the 
relation (12,7). The field of a circular aperture has been calculated in (10,10) 
and (10,11) and results have been given for certain types of distributions. 
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The beam apertures are roughly equal in the E and Z planes, such that, in 
space the diagram may be represented by a spindle. This type of beam is known 
as a ‘pencil-beam’. 

A simple method of calculation of the diagrams will therefore be, knowing 
the field diagram 4/J of the primary source, to calculate the distribution at the 
aperture from the equation (12,7). This distribution being found, the combina- 
tion described in section (10,11) is sought to a close approximation from which 
the corresponding radiation diagram may be deduced. 

It is also possible to calculate the diffraction diagram of a narrow strip cut in 
the reflector using equations (10,4) and (10,5); graphical methods explained in 
section (10,12) are then used. 

All these methods allow a fair idea to be obtained of the main lobe, but yield 
little precise information on the secondary lobes. Little can be expected of the 
graphical method as the vectors move too quickly from one point to the next 
for an accurate idea of their amplitude and resultant to be obtained. By trying 
to match up the practical distribution with those of which the diagrams have 
already been studied in the preceding chapter, a close enough approximation 
may often be obtained. It should never be forgotten that the presence of obstacles 
in front of the paraboloid will always affect the secondary lobes; the presence 
of such obstacles is never considered in the calculations. 

Calculations have recently been made by Berkowitz in the case of reflectors 
illuminated by a horn. It is shown that the diagrams of the horns correspond to 
the equations (11,6) and (11,7); the secondary lobe level and the antenna gain 
are then calculated, to which reference will be made in section 12.3. Table XII-I 
gives results obtained by Berkowitz and those already mentioned based on a 
parabolic distribution (p = 1) at the aperture. The values found by Berkowitz 
are a little less favourable in the £ plane than those obtained in starting from a 
parabolic distribution, but for large attenuations at the edges of the reflector, 
the anticipated secondary lobe level is lower. Experience shows that this is so on 
condition that the limits of gain are not too rigorous and that care is taken in 
mounting the horn. It is then possible to construct paraboloids having a secon- 
dary lobe level better than 30 dB down over a band of frequencies of 12%. 


TABLE XII-I 
: Small horn Parabolic distribution 
Attenuation 
at the edge 
E plane H plane E plane H plane 
10 20 dB 21 dB 21 dB 21 dB 
(14 21 dB 22 dB 22 dB 22 dB 
15 22:5 dB 23:5 dB . 23:5 dB 23:5 dB 
20 24 dB 27 dB 24:5 dB 24:5 dB 


20 26 dB 30 dB 24-5 dB 24-5 dB 
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12.3 GAIN OF A PARABOLOID 


It is of primary importance to construct an antenna to give fiaximum gain 
within the permissible limits of secondary lobe radiation. 

The essential details relating to the gain of a paraboloid will now be given. 

The field at a circular aperture has been calculated according to section 
(10,10); in a direction 6, the angles of position and bearing being 6 and y, this 
field is 


Ae -jkR Qn 
E, ce ft | f; E. elkr(cos y sin 6+sinw cos 6 sin Y)y dr dy (12) 8) 


(see fig. X-12 for the notation). 
E,r dr may be calculated: 


fortes p sin ® d® = y/Ip sin ® dO, 
P 


hence 
Endre Aen 2sin > cos > d®, 
cos? — 
2 
D 
Er dr = 2fr/1 tan a do. (12,9) 


By alae to (12,8): 


co Lb 6) jwey tan 5 (cos y Sin d+sin y cos 6 sin y) 
fo a ft af r le VI tan = d® dy. 


(12,10) 


This equation gives the radiation of a paraboloid in any direction 6, knowing 
the primary illumination as a function of 9. 

The radiation maximum always falls along the axis, since the aperture normal 
to this axis is equiphased. For this direction of maximum radiation, hence the 
direction of maximum gain, (12,10) is written: 


ae (cals 0) 
E. 2=2 2 I tan — d®d 
‘ : AR € J 0 0 Me fi Y 


Hence 


1K Le Do 69) 
E =2, [He 4 | T tan — d®, 
e AR mf 0 Ve Js 


But, for a paraboloid 
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The corresponding magnetic field is 


pes jot 
Ub 


such that the power density per unit surface radiated along the axis is 
1 aN ead 1 (a\? @ | {7 @ : 
P,(0, 0) = — Re[/ E, AH = (74 cot S| | Ttan © ao]. 
(0, 0) => Re[Ey AH] ==, (=) co S| | vi tan 


In this expression the total radiated power P, can be found; this power is 
effectively the power received by the reflector provided that it receives all the 
power radiated by the primary source. Under these conditions 1(®) may be 
written 


1) = = 1), 


where 7(®) is the gain of the primary source in the direction ®. Then, per unit 
solid angle: 


2 Do aes 2 
P(0, 0) = a ) cot? S i V(®) tan : 40 | (12,11) 


v 
But, from the definition of the gain of an antenna 
P(0, 0) = + G(0, 0), 
Aq | 
thus 


2 


2 
G(0, 0) = (72) cot? Po 
A 2 


Do sei ees 1) 
I /(®) tan 5 d® 
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But it has been seen that the maximum theoretical gain of a circular aperture is 


given by 
2 
7a 
ex (4. 
The gain factor of the antenna is thus written 


2 
) 


Do —— ra) 
| /(®) tan 5 d® 
0 


== Cot ® (12,12) 
a 
where y(®) is the illumination diagram expressed in gain of the primary source, 
as a function of ®. | 
This factor depends uniquely on the illumination diagram and the aperture 
of the paraboloid. No assumptions have been made regarding y(®), such that 
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the equation is valid whatever the illumination J(®); unfortunately it is not 
always calculable. However, if the gain of the primary source is known it is 
easy to draw y() and to calculate the gain factor of the antenna by a graphical 
integration. 

It should however be noted that in establishing (12,12) it was assumed that all 
the power of the primary source was used by the reflector, which is never the 
case. There is always a proportion of the energy which is lost by the radiation 
passing beyond the reflector, a phenomenon sometimes known as ‘spill-over’. 
These spill-over losses may be calculated knowing the shape of the illumination 
diagram and the attenuation at the edges; they are in inverse proportion to this 
attenuation. If P, is the total power radiated by the primary source and P, the 
power intercepted by the reflector, the efficiency of illumination will be given by 


and the factor of gain F, found in (12,12) will have to be multiplied by this 
efficiency factor in order to obtain the true gain of the antenna. In fact 7 must 
not only take into account the main lobe, but also the secondary lobes and the 
backwards radiation of the primary source. This renders the estimation rather 
difficult. Table XII-II gives, as a function of the attenuation at the edges of the 
reflector, the value of 7. This table has been drawn up from the calculations made 
by Berkowitz and graphical integrations. It is valid for paraboloids illuminated 
by small horns. 


TABLE XII-II 


Attenuation | n Attenuation | n 
8 0:71 LS 0-81 
10 0:75 20 0-83 
12 0-79 20 0-84 


In the case where y has the form: 
y(P) = Yo cos” O 


the expression (12,12) is calculable and the gain factors thus found have been 
given by Silver, the results being reproduced in figure XII-3. 

It appears that with a cosine distribution, thus with n = 2 as y(®) relates to a 
power, maximum gain factor is achieved for ® = 65°. The illumination of a 
paraboloid must therefore be arranged to take the form of a cone having its 
apex at the focus, and an angle at the apex of 2 x 65 = 130°. The factor of gain 
then given by figure XII-3 is 0-83; but the efficiency of illumination must be 
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taken into account. For 65°, cos ®) = 0-423, corresponding to an attenuation 


of hardly 8 dB at the periphery of the reflector. The overall gain factor will then 
have a maximum of 


OSS GOrida 10/59: 


More easily usable results have recently been given by Berkowitz for reflectors 
illuminated by small horns. In this case the gain of the paraboloid is expressed 
in relation to the source of illumination. 

This gain is written: 


2 
Ga he 40 log dB, (12,14) 
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where I’, and I’, are factors, expressed in decibels, and dependent upon the 
attenuation at the edge of the reflector in the plane being considered; the index 
of the factor indicates the type of plane. Table XII-III gives values of I’, and 
I’;,, spill-over losses being taken into account. 
Thus the gain of a paraboloid of 1 m in diameter, at a wavelength of 3-20 cm, 
illuminated with an attenuation of 12 dB at the periphery is 
he AN 


G5 55.0710 Lom 9852 dB 
mi a oe R103 
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above the gain of the horn supplying the power. To obtain the gain of the 
paraboloid the gain of the horn must be added to this figure. 

Since the gain of the primary horn increases when the angle at the apex of the 
illuminating cone diminishes, long focal length paraboloids must have a higher 


TABLE XII-IIl 
Attenuation Dp Attenuation Dy 
E plane (dB) dB HT plane (dB) dB 


gain factor than those of short focal length; this conclusion is in contradiction 
to the curves in figure XIJ-3, but these curves correspond to special conditions 
which are different from the ones at present being considered. 

In fact, the gain factor of a paraboloid is most often between 0:55 and 0-70 
and focal lengths are chosen to fall between a third and a half of the diameter. 
It will be observed in Table XII-III that the best gain factors correspond to 
attenuations of 8 to 10 dB at the edges of the reflector. For greater attenuations, 
I’ diminishes due to spill-over losses although the gain factor itself at the 
aperture tends towards 1 when the distribution tends to be uniform. 


TABLE XII-IV 
Attenuation Secondary lobe level (dB) 
at the edge Relative gain 
(decibels) E plane | H plane 

10 1 20 21 
12 0-975 a4 22 
15 0-905 22:5 23:5 
20 0-827 24 uty 
25 0-771 26 30 


Grouping the values given in Tables XII-I, II and III, it is possible to get an 
idea of practical performance possibilities with paraboloids driven by small 
horns. In calling the gain obtained with attenuations of 8 to 10 dB at the peri- 
phery of the reflector unity, the following table, XII-IV, has been drawn up. 
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The values given in the above table must be taken as approximations especially 
concerning the secondary lobe levels which depend also upon the precision of the 
reflector construction and on the existence of obstacles placed in front of the 
reflector. 


12.4 TRANSVERSE POLARIZATION 


In the foregoing it is implicitly supposed that the primary source is such that 
the currents induced in the paraboloid are all parallel to each other and parallel 
to the electric field. This is rigorous when the surface is made up of vanes or 
parallel tubes. 

In the case where the source is an electrical doublet (a half-wave dipole for 
example) the calculations may be taken further. The magnetic field of a dipole 
is well-known in all directions, which makes the precise calculation of the 
currents induced in the reflector possible when this consists of a simple sheet. 
It is then found that the projections in the plane of the aperture lines of current 
give rise to components which are parallel and others perpendicular to the 
direction of the dipole. These latter are known as transverse components. 
Figure XII-4 illustrates this phenomenon. At points such as M,, M., M, and 
M, the parallel components are all in the same direction, while the transversal 
components are opposed two by two. It follows that at a distance the electric . 
field will have a rectilinear polarization parallel to the direction of the doublet. 
If the radiation diagrams are drawn in the £ plane (plane passing through yy’) 
and in the H plane (plane passing through xx’) all fields will be found to be 
parallel to yy’ and these diagrams will agree with what has already been found. 
On the other hand, the diagrams drawn in the planes at 45° to the E and H 
planes will depend on the polarization with which they are drawn. If this 
polarization is parallel to yy’, the diagrams retain their normal form, but if 
this polarization is parallel to xx’, the diagrams correspond to the radiation of 
the transverse components of which the resultants are no longer zero outside 
the axis of the paraboloid. There will always be a zero in the direction of this 
axis and a lobe on either side of it, these two lobes, followed also by smaller 
lobes which are called lobes of transverse polarization. Frequently these lobes 
are more important than the secondary lobes in the main diagrams, and in this 
case they can be troublesome in radar applications. Clearly, these transverse 
polarization lobes cannot exist where the reflector is made of vanes or tubes 
as in this case they pass through the reflector, which diminishes the illumination 
efficiency. 

In the case of a horn analogous phenomena are produced and the distribution 
of lines of current on a solid reflector has the appearance indicated in figure XII-4. 
Thus, with a paraboloid having a focal length equal to 0-46 of the diameter, 
it has been found that in the £ and # planes the secondary lobe levels attained 
respectively 28 and 34 dB, and for the transverse polarization lobes the levels 
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were 26 dB in the planes at 45° to the above. The transverse polarization lobes 
are always strongest in the planes at 45° to the E and # planes. 


FIGURE XII-4 


FIGURE XII-5 


12.5 INFLUENCE OF THE REFLECTORS ON THEIR SOURCES 
OF EXCITATION 

Take a paraboloid illuminated by a primary source F (fig. XII-1); this source 

may be a horn or one or several dipoles with reflector. At all points M of the 

surface an incident wave will arrive which will give rise to a reflected wave. The 

element of the surface situated around M radiates a field in all directions and it 
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is the combination of all these elementary fields which gives the radiation of 
the reflector, But, in the radiation of each surface element, a part of the incident 
energy is thus re-radiated towards the source F. The combination in amplitude 
and phase of all portions of energy thus reflected towards F will give a certain 
energy reflected towards the primary source by the reflector; it can thus be seen 
that there exists a reaction of the reflector on the source of illumination. 

The reflected energy is analogous to the energy reflected by an obstacle or 
by an impedance variation in a waveguide. If the source was matched in the 
absence of any reflector, i.e. if the standing-wave ratio of the feeding line was 1, 
the fact of introducing a reflector will produce reflected energy and the SWR of 
the line will be different from 1; it will increase as the reflected energy increases, 
hence the reaction of the reflector becomes greater. Briefly, the presence of a 
reflector causes a mis-match at the primary source. 

To remedy this the reflected energy must be reduced, either by compensation 
or by a more suitable placing of the primary source. 

If a device can be found which produces a reflected energy equal in amplitude 
but opposite in phase to the energy reflected by the reflector, the desired com- 
pensation will be achieved. Calculation shows that such a compensation can be 
realized by placing a plane circular plate at the apex of the paraboloid (fig. XII-5). 

If fis the focal length of this paraboloid, in the case where it is large compared 
to the wavelength, the diameter of the compensating disc is 


and the thickness 


0-8) « Gg 
4 24 4 24) 

The precise calculation of ®, and ¢ is very complicated and becomes very 
nearly impossible when the focal length is several 4. This runs into the Fresnel 
zone of the primary source. The only practical method is from the two above 
equations, which give an approximation of dimensions, and then several discs 
and several thicknesses may be tried. As it is inconvenient to have a collection 
of discs of different thicknesses, the problem may be simplified by using thin 
discs and varying OA; the replacement of a thin by a thick disc does not much 
modify the correction. 

This correction remains acceptable over a fairly wide band; thus with a 
paraboloid of 1-50 m diameter and a focal length of 0.573 m, a standing-wave 
ratio less than 1-4 may be maintained between 2,900 and 3,400 Mc/s. 

The reaction may also be diminished by making the position of the primary 
source eccentric (fig. XII-6). It can be seen that the ray FA, corresponding to 
maximum illumination, is reflected along AM and does not return towards the 
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source, while in the cases of figures XII-1 or XII-5 the maximum of radiation 
(direction FO) corresponded to a ray reflected on itself. Here the ray which 
returns towards F is the ray FO which no longer corresponds to the maximum 
of primary gain. 

If ®, is the angle of eccentricity of the source, and if y, is the corresponding 
primary gain, the energy reflected by the reflector is now 


E,=£,/ 
Yo 


(£): energy reflected in the concentric case; y 9: maximum gain of the primary 
source). 


M Antenna axis 
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FIGURE XII-6 


This method has the advantage of allowing the primary source to be placed, 
with its supports, outside the zone of maximum radiation. In the case of aligned 
illumination the field maximum at the aperture coincides with the axis of the 
paraboloid, while now the field maximum is always in the axis of the reflector 
which is off-set in relation to the geometrical axis of the paraboloid. Since the 
field in the region of the source is no longer maximum, the shading effects and 
the parasitic reflections are less intense, and the secondary lobes obtained in 
practice approach in value the theoretical results. In this way an antenna was 
produced having a diameter of 80 cm giving secondary lobes better than 30 dB 
down over a band of frequencies from 8,500 to 9,600 Mc/s. 

From the above it would seem that it would be advisable to place the primary 
source at a large angle of eccentricity, for example right at the bottom of the 
reflector. In fact, the system has its limitations due to the introduction of 
asymmetry. It is known that the fields at the aperture are of the form 


rans 
p 


and the vector radii p corresponding to the upper regions of the reflector, as in 
the figure, are longer than those in the lower part. The distribution of the field 
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in the meridian plane will no longer be symmetrical, the maximum of the 
field being off-set towards the bottom. This deformation does not change the 
direction of maximum radiation, but increases the width of the diagram and 
the level of the secondary lobes (see section 10.7) which become in addition 
asymmetrical on each side of the main lobe. In the plane normal to the meridian 
plane the secondary lobe level is also seen to increase. If the components of 
transverse polarization are now considered, it will be noticed that these are no 
longer balanced, which will give rise to transversely polarized waves in the E 
and H planes, such lobes transversely polarized do not exist when the source is 
aligned. This is only valid in the case of a solid reflector. Finally, the widening 
of the diagram entrains a loss of gain. These three effects limit the useful angle 
of eccentricity to something of the order of 20°. Practically, the source may be 
placed at a height between a quarter and a third of the height of the reflector. 

In large antennas where the focal length exceeds 15 to 20 wavelengths it is not 
essential to off-set the source as the effect of the reflector upon the source will 
then be small anyway. On the other hand, in small antennas where the focal 
length does not exceed a few wavelengths it is always desirable to off-set the 
source, particularly when a large working band of frequencies is required. The 
following Table XII-V illustrates these points. 


TABLE XII-V 
Beam aperture at 3 dB Secondary lobes (dB) 
OC ea Gain factors 
Me!s E plane HT plane E plane H plane 
Frequency 
Off- : Off- : Off- ; . if 
Aligned oats Aligned oe Aligned punts Aligned SAPs Aligned clare 
8,600 D2: 5-6° 5-3) eit 0:55 0-50 
8,850 4-8° 552 4-9° 5°30 0-63 0-59 
9,050 4-6° 4-8° 4-7° 4-8° 0-68 0-64 
9,250 0-60 0-56 


Se ope 5:27 ST 


4-9° S37 4-9° 0-61 0:58 


This table compares the results obtained with two paraboloids of the same 
diameter (45 cm) having the same focal length (18 cm), the one being driven by 
an axially aligned source and the other by a source placed eccentrically, the 
source being mounted at a quarter of the height of the reflector. The horn in 
each case was identical. 

It is seen that the gain is lower at certain frequencies (by about 0-5 dB) with 
the off-set source, corresponding to the widening of the principal lobe. Con- 
cerning the secondary lobes, off-setting the source brings an obvious improve- 
ment, mainly due to a reduction of obstacles in the path of the radiation, i.e. 
the zone of the aperture of the paraboloid. The table does not refer to matching, 
which is better with the eccentric source. 
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126 ORANGE-PEEL REFLECTORS 


The circular paraboloid radiates a beam approximately cylindrical (pencil- 
beam); but frequently a beam is required which is highly concentrated in one 
plane and fairly wide in the other. In these conditions, being given that the 
beam-widths at half-power (3 dB) are nearly always of the order of 


2 an (12,15) 
a 


it will be seen that in order to obtain different apertures in the two planes, it 
will be necessary to use different reflector widths in these two planes. Thus, 
with the reflector shown in figure XII-7 the aperture of the diagram in the hori- 
zontal plane will be sensibly 


A 
7] h = 70 T 

and the aperture in the vertical plane 
A 


The reflector used may be a portion of a paraboloid, having a focal length OF 
if F is the location of the primary source. Generally, what applies to a circular 
paraboloid applies equally well to the section now under consideration. 

The radiation diagrams may be calculated from section 12:2. The aperture 
however, is rectangular, and the results obtained in section 10-9 are now valid. 

Remembering that a circular aperture has been found to be superior to a 
Square one from the point of view of secondary lobes, it may be concluded that 
it would be preferable to use an elliptical aperture of diameters / and h, instead 
of a rectangular one. This is done in practice, and the reflector of this type is 
known, as an ‘orange-peel’ reflector. In addition to the advantages in the matter 
of secondary lobes, this type of antenna has also less wind resistance. 

The illumination diagram is sensibly elliptical if the same attenuation at the 
edges of the reflector in the E and #H planes is accepted. A sketch will allow the 
determination of the contour of the surface so that the primary radiation at the 
periphery has a constant attenuation. If the source is in-line axially the contour 
will be sensibly an ellipse corresponding to a curve denoting the level of primary 
illumination (fig. XII-8); if the source is off-centre the contour affects the general 
shape outlined in figure XII-9. 

To be exact, the drawing of the contour must take into account the attenua- 
tion of the spherical wave of the primary source, the fields at the reflector 
having the form 1/J/p. This effect is only appreciable in the case of very elon- 
gated reflectors. 


Se ee a 
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The radiation diagrams of such apertures can only be estimated. The results 
of Berkowitz’s calculations can be extended to cover the case of orange-peel 
reflectors, and Tables XII-I, IJ and III can be used. Equation (12,14) must 


FIGURE XII-7 


however be modified, the surface of the circle being replaced by that of the orange 
peel. In the case of a rectangular aperture, (12,14) becomes 


Gp=T_,+Tyq + 10 log o dB (12,16) 
and, in the case of an elliptical aperture, 
Grp=let+Tr,+ 10 log dB. (12,164) 


In these equations it will be remembered that Gz is the antenna gain relative 
to the horn. 


FIGURE XII-8 FIGURE XII-9 


The reflector dimensions having been chosen, the primary source must now 
be designed. This must provide a radiation diagram such that the attenuation 
at the edges of the surface in both E and H planes must be equal. Use is therefore 
made of horns having different widths of mouth in the two planes. To determine 
these dimensions use may be made of equations (11,4) and (11,5). 
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Equations (11,6) and (11,7) may also be used which express respectively the 
radiation diagrams in the £ and H planes in the case where the only radiating 
element of the horn is considered to be the mouth. The field curves corresponding 
to these equations are drawn in figure X-11 and, knowing the desired attenuation 
at the edges of the surface, and the angle at which the reflector is seen by the 
source, the dimensions of the mouth of the horn may be deduced. 

It should be noted that in the case of a diagram of revolution, the width of 
the horn in the E plane should be 1-42 times greater than its width in the H 
plane. 


AI ALAAT RA 
Parakoloid axis 


FIGURE XII-10 


The angles from which the reflector is seen by the source can be calculated 
from equations (12,4) or (12,5) in the case of an aligned illumination. In the case 
of an eccentric illumination, using the notations of figure XII-10, 


i ; 
pap , hy = p, sin Q,, 


which gives 


On the other hand, 


and, provided that Dy does not exceed 15°, 


ee 4ftan( + %), 
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In Table XII-VI below will be found the results obtained with an orange-peel 
antenna constructed from the calculations outlined above. The angle of eccen- 
tricity D, was 16°, the height of the reflector 64 cm, its width 80 cm and the focal 
length 32 cm. The illuminating horn was arranged to give a definite phase 
centre; the mouth had a width of 22 mm in the E plane and 40 mm in the H 
plane. 


TABLE XII-VI 


Aperture at 3 dB Secondary lobe level (dB) 


Frequency Mc/s | Gain (dB) = | | -—_—. 
E plane | H plane E plane H plane 
8,900 34.6 eA KY 3.4° 26 and 28 | 25 and 27 
9,200 36 2:0; 315 27 and 30 2 
9,500 36.1 psy S35: 27 and 28 | 25 and 26 


An examination of the table shows that the beam radiated becomes narrow as 
the frequency is increased, which is normal since this means that the dimensions 


Decibels 


Degrees 
-10 5 0 +5 +10 


FiGure XII-11 


of the antenna in wavelengths increase. There is however an anomaly in the H 
plane at 9,200 Mc/s. The reduction of the beam aperture gives rise to an increase 
in gain. In this antenna the gain factors lie between 65 and 72%. 

Figure XIJ-11 reproduces one of the diagrams of this antenna (EZ plane, 
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9,200 Mc/s). The diagram is drawn in dB; all paraboloids give similar results. 
The variation of radiation drawn in a decibel scale obeys a sensibly parabolic 
law, the aperture of the beam at 12 dB being approximately double that at 
3 dB. The inequality of the levels of the two secondary lobes will be noticed; this 
inequality *s coupled with a slight asymmetry in the construction of the antenna 
in the plane in which the diagram is drawn. A very small eccentricity of the horn 
is sometimes sufficient to introduce a serious lack of symmetry in the level of the 
secondary lobes. 

In the example chosen the main lobe has a completely regular shape. It can 
however happen that this lobe spreads at low levels, that it is asymmetrical, 
or that it has sharp changes of slope, even steps. All these irregularities are due 
to phase variations at the aperture, an irregular surface, or even that the primary 
source is not radiating spherical waves. It is not always easy to discover the 
reason for the irregularities, hence proceed to cure them. 


12.7 DEFOCUSING OF THE PRIMARY SOURCE 


In order that a paraboloid functions correctly it is essential that the phase 
centre of the source of illumination coincides with the focus. If this is not the case, 
the source is considered to be ‘out of focus’. There are clearly two possible sorts 
of defocusing one being due to a displacement along the axis OF and the other 
being when the phase centre is moved transversally, i.e. normal to this axis. 

In the first case the displacement produces symmetrical phase errors at the 
aperture on either side of the focal line; the main lobe becomes larger and the 
secondary lobe level varies, but the direction of maximum radiation always 
coincides with the axis of the paraboloid due to symmetry, at least this is so in 
the case of in-line illumination. This will be readily appreciated by reference to 
vectorial constructions, as has been noted in Chapter 10. _ 

With eccentric excitation of the paraboloid the amplitude distribution at the 
aperture is not symmetrical relative to the axis of the antenna, and the direction 
of maximum radiation varies slightly when the primary source is de-focused along 
the length of the focal axis. Whatever the case, the extending of the diagram 
always incurs a loss of gain, since fr(@, ®) dQ increases (see first chapter). 

If the absolute value of the maximum radiation is drawn as a function of 
displacements Az about the position of the focus, a curve similar to that of figure 
XII-12 is found. Due to a combination of the elementary radiations of the para- 
boloid between themselves and with the back radiation of the primary source, 
several maxima and minima exist. There is however always a maximum maxi- 
morum readily distinguished which corresponds to the focal distance, since then 
the beam aperture is a minimum which gives the highest possible value of 
gain. 

This test constitutes a convenient means of adjusting the position of the 
primary source. It must not be forgotten that the phase centre does not always 
coincide with the plane of the mouth. 


ge 


é 
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In the second case (displacement normal to the axis) the phase errors intro- 
duced have no longer a symmetrical distribution. Let d be the lateral displace- 
ment of the primary source (fig. XII-13). When the source is at F, the phase 


_nax 


Az 
F 


FIGURE XII-12 


displacement of the fields at two symmetrical points P and P’ at the aperture, 
in relation to F, is 


k(FM + MP) = k(FM’ + M'P) = 2kf. 
When the source is at F’, such that 


Eide 


Go=k cos? $2 ar, 


Ficure XII-13 


the phase difference of the field at P is 
k(F’M + MP), 


so that an advance of phase, k(MF — MF’), now appears. 
If dis small compared with MF, 


MF — MF’ = FH with F’H 1 MF 


and FH = d sin ®, corresponding to a phase difference of (kd sin ®) with refer- 
ence to a wave which would have emanated from F. 
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Similarly the phase difference at P’ is 
k(F’M’ + M’P’), 
such that a phase lag 
kK(M'F’ — MF) 
now appears. 
Always supposing that d is small compared with MF, a phase lag is now 
observed of 
k(FH’) = kd sin ® 


on a wave which would have originated at F. 
Equal and opposite phase variations have thus been created on both sides 
of the axis. An estimate of these variations as a function of r gives: 


f 


cos? — 
2 


sin O, 


f+ p Sin 


The phase change introduced at the point of the aperture corresponding to r is 


gy = +kd sin ®, 
which gives 
A P 
sin O = 
Tid 
thus: 
r= =P P 
kd cos? sa ‘ 
iD 
or again 
Od 
= -L-k cos? ——r. 
Cia af 
But 
a 
a tan Oem dieu 
thus 


g=+ (i cos” 4 or (125175 


Referring back to section 10,7 (fig. X-9) it will be seen that if it had been a 
question of 


yp = (ka)r, 
a deviation of the beam would have been obtained of 
I= — ee = —o 
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itis. ® 
Since in this case the factor (cos? 5) reduces the phase difference the deviation 


6,, will be smaller: 
Ju] < |e 


If now the maximum phase difference is considered for r = = the expression 
(12,7) becomes: 
Ecos nae 
Z 


| Po| at 5 


and the rate of increase of the corresponding phase, in the case of a linear 
distribution is: 


eee 
hs 
As for the whole aperture: 
es k cos? Pa. ie 


it is seen that: 


0,| > 


) 
a cos? —2 
Zz 


Finally, a defocusing by a quantity d corresponding to an angle at the apex « 
will give a deviation 0, of the beam defined by: 


< |6,| < |al. (12,18) 


O 
a cos? —2 
2 


The deviation of the beam takes place in the opposite sense to the displace- 
ment of the primary source: a defocusing towards the upper part (the case of 
fig. XII-10) causes a deviation of the beam in a downwards direction, and 
vice versa. 

It will be noticed that the smaller ®) becomes, the more nearly 0, approaches 
a; long focal length paraboloids give rise to larger deviations as will be seen in 
the next section. 


128 ANTENNAS WITH CONICALLY SWEPT BEAM 


Beam deviation is the basis of a large number of antennas for fire control 
and automatic following using conical sweeping. In these antennas the phase 
centre of the primary source describes a circle about the focus, this circle being 
situated in the plane control normal to the focal axis and passing through the 
focus (fig. XII-14) it follows that the beam axis describes a cone in space having 
a half-angle at the apex 6,. It is arranged that the diagrams corresponding to 
two positions S, and S, of the primary source cut each other at a point P such 
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that the gain is about 2 dB below maximum. The direction OP always coincides 
with the axis of the paraboloid due to symmetry. If an echo arrives at the 
antenna from a direction slightly different from OP (the difference being less 
than 0,), this echo is modulated at the frequency at which the beam is being 
swept. OP is the only direction in which there will be no modulation at this 
frequency. This provides a highly accurate means of aligning antennas in which 
the errors may be kept to less than 2 minutes (angular). In fact there remains a 
residual modulation along OP since the beam does not exactly make a revolution; 
this modulation which is very rich in second harmonic of the sweep frequency 
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FIGURE XII-14 


is called the axial modulation; it must be limited in intensity as it constitutes 
a noise which diminishes the sensitivity of the system. Figure XII-15 gives the 
possible deviation angle as a function of the ratio focal length/diameter (//a) 
from the equation: 

Oe 


® 
where 7 is a proportional factor between (cost 3) and 1, as shown in equation 


(12,18); the greater the value of f/a, i.e. the smaller ©, becomes, the more 
nearly 7 approaches 1. The resulting loss of gain as the beam is inclined may be 
estimated from figure XII-16 where the ordinates represent the loss and (f/a) 
is given various values as parameters. The deviations of the maximum radiation 
axis are given as beam-widths at 3 dB. Thus, with an antenna having a beam 
aperture of 2°, a 4° incline will entail a 1 dB loss in gain if f/a = 0-25, ice. if the 
focus is in the plane of the aperture of the paraboloid. This loss would drop to 
0-36 dB with f/a = 0-5. It is therefore an advantage to use long focal length 
paraboloids where it is desired to incline the beam. There are nevertheless limits 
due to the diagram and size of the primary source which may not always be 
amenable to modification. 

The loss of gain consequent upon the deviation of the direction of maximum 
radiation is due to differences of phase appearing at the aperture due to the 
transverse defocusing of the source. These phase conditions also have reper- 
cussions on the radiation diagram. The most noticeable is the appearance of a 
residual lobe in the diagram in the same direction as the axis of the paraboloid. 
This effect is analogous to an aberration appearing in optical instruments and 
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known as coma; this lobe is likewise known as the coma lobe. This lobe is 
readily seen in figure XII-17 representing the radiation diagrams of an antenna 
destined for fire-control radar for two positions of the primary source diametri- 
cally opposed. The asymmetrical appearance of the lobes is apparent, the level 
diminishing more rapidly on the side where the coma lobes are to be found. 

Fortunately the position of these coma lobes is always made to appear on the 
inside of the envelope of the main lobes, hence the proper functioning of an 
automatic tracking radar would not be affected. 


12.9 PRIMARY SOURCES 


Sources of illuminations may be horns, groups of dipoles, or slots. As far as 
possible they must satisfy the following conditions: 


present a definite phase centre; 

possess as high a gain as possible; 

have the smallest possible radiation in the reverse direction; 

be matched over the working band when the reflector is in place; 

be able to handle the necessary power without breakdown or serious losses; 
and, 

be water-tight. 


The first three conditions have been referred to in the discussion on gain and 
polar diagrams. 

Regarding the power-handling capabilities this will largely depend on the 
type of source. Horns are indicated for high power as dipoles and slots soon 
reach their limitations in this direction. Care must also be taken over matching 
devices such as capacitative irises or rods, which create high potential zones with 
sharp gradients. 

Serious losses may be introduced by matching sandwiches or protection 
radomes if the material is not well chosen. These radomes can also, by reflection, 
introduce secondary lobes or deteriorate the gain. 

The choice and construction of the primary source will not therefore be an 
easy problem. The feeding of this source may take place in the following way: 
feeding by a line situated in the axis of the antenna, and radiating in the reverse 
direction (fig. XII-18): this is called axial feeding. 

Axial feeding has the advantage of reducing the size of the antenna and lends 
itself readily to the excitation of small ‘in-line’ paraboloids, particularly those 
which must be of light-weight construction or even transportable. From the 
electromagnetic point of view it has the serious disadvantage of being in the 
axis; this line indeed seriously disturbs the primary source field rendering it 
difficult to realize the object of high gain with a low secondary lobe level. 

Lateral excitation is particularly suitable for orange-peel antennas with 
off-centre feeding, but it can also be used with advantage anywhere where size is 
not of vital importance. This gives results near to those obtained by calculation. 
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Once the feeder crosses the reflector, all types may be met with ranging from 
figure XII-18 to figure XIJ-19. Sometimes a line in the shape of a question mark 


oe 


FIGURE XII-18 FIGURE XII-19 


is employed, crossing the surface at its summit, the other extremity of the ques- 
tion mark being on the axis of the paraboloid and exciting a horn directed to- 
wards the reflector. When the extremity of the line is looking towards the 
reflector, the primary source is always a horn, a box-horn or a hoghorn. In 


FIGURE XII-20 


the other case (axial feeding) the radiating source and the directional change of 
the feeding line together constitute an assembly sometimes known as ‘rear- 
feeding’. Figures XII-20 and XII-21 give two examples of rear-feed. 

In the arrangement of figure XII-20 the radiation of the guide drives two 
dipoles, the former playing the role of a driven element and the latter that of a 
reflector; radiation takes place in the direction of the arrows. 

Such a system must be adjusted experimentally; matching is carried out by 
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the slope and length of the folded-back portion of guide or the spacing and 
length of the dipoles. This design functions correctly at 3-2 and 10 cm; the figure 
gives dimensions for 3-2cm. A source of this design is suitable for a 45cm 
diameter and 14-5 cm focal length. The SWR is less than 1-25 over a frequency 
band of ++ 1-5 %, and the power handling capabilities at normal pressure (ground 
level) is 250 kW peak, or 40 kW at an altitude of 15,000 m. 


FIGURE XII-21 


In the case of figure XII-21 the energy delivered by the guide divides at the 
terminating cavity and radiation is then backwards by way of the two slots, 
these being sealed by dielectric sheets. Matching is done by a screw placed 
opposite the entry of the guide, and it is this which limits the power of the 
system (50 kW maximum at 3-2 cm). Rear-radiating sources may be constructed 
to handle powers up to 250 kW at 3-2 cm at heights exceeding 10,000 m; figure 
XII-22 shows two such sources. 

The left-hand one consists of a rectangular guide folded back after dividing 
into two halves each sharing the incident power; the figure is a section in the E 
plane. To maintain the power-handling at high altitudes, the mouths of the 
guides are sealed with pieces of teflon which forms part of the system electrically, 
affecting the radiation. Matching depends upon the distance between the end 
of the central guide and the bottom. The adjustment is critical, but holds over 
200 Mc/s in X-band 

The right-hand drawing shows a circular waveguide driving a circular 
mirror held in place by a mushroom of teflon or polythene. The waves coming 
from the guide are reflected in a backwards direction by the mirror. The band- 
width of this device in X-band is about 100 Mc/s; the principal dimensions are 
then: 


®O = 23:8 mm 1 = 100 mm 
D=70mm e= 46mm 
A = 15mm d = 21 mm. 


This source, used to illuminate a paraboloid of 45cm diameter and 18 cm 
focal length gives a beam aperture of about 5° (at half-power) and a secondary 
lobe level of better than 22 dB; the gain factor is 0-50. 


PARABOLOIDS 287 


In the ten-centimetre band and at longer wavelengths it is possible to use a 
dipole and reflector or doublet-disc assemblies. Figure XII-23 shows a driven 
and parasitic dipole arrangement, the source is thus a two-element Yagi. The 
dimensions are indicated. 


FIGURE XII-22 


The bandwidth is of the order of +1°% with a SWR less than 1:25. The power 
that can be handled is about 250 kW at ground level. The central conductor 
of the co-axial line has a diameter of 8 mm and a characteristic impedance of 
45 ohms. 
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This arrangement has the disadvantage of not being perfectly symmetrical; 
this may be overcome in using slots to excite the dipole. 

Take an open co-axial line (fig. XII-24). A TEM mode wave exists in this line, 
and the lines of force of the field are shown at (a); if two slots F and F’ are cut, 
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diametrically opposite to each other these slots will not cut any line of current, 
hence will not in any way modify the functioning of the line, nor will they 
radiate. This is of use in the construction of lines destined for the measurement 
of standing-wave ratios. If a short-circuiting bar P is placed towards the end 
of the line, near to the slots (fig. c), the field distribution will take on the appear- 
ance indicated in the figure, and an examination of (5) shows that the new 


TEM TEM P 


(a) (b) (c) 
FiGure XII-24 


distribution corresponds sensibly to superimposing a TE,, and TEM mode. 
But the TE,, mode thus created gives rise to transversal currents in the internal 
wall of the outer conductor, and these currents are now cut by the slots F and F’ 
which are consequently excited by these currents. It follows that the currents 
will flow in the external wall of the line. By placing two probes diametrically 
opposed and at 90° to the slots (fig. XII-25) these probes are in their turn excited — 


FIGURE XII-25 


by the surface currents, and this excitation is symmetrical. This provides the 
possibility of a half-wave dipole which is sensibly balanced. Such dipoles con- 
structed at the end of a co-axial line are used as the radiating elements of arrays 
and providing a linear source. 

To illuminate a paraboloid a disc reflector would be mounted about a quarter- 
wave behind the dipole, the co-axial line being terminated by a short-circuited 
matching section. 


12.10 CONSTRUCTION OF REFLECTORS 


As has already been pointed out, the reflector may be constructed of sheet 
metal, or of vanes or tubes. The use of vanes or parallel tubes has the advantage 
of considerably diminishing the wind resistance, but has little influence on the 
weight of the antenna. On the contrary, reflectors constructed of blades are 
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usually heavier than those made of sheet or a grill, which is the least heavy. 
The surface consists of a metallic grid supported by vertical members or radiating 
couples from the centre. So that the surface behaves as if it were a sheet for 
radiation the greatest diagonal of the mesh must be shorter than a half-wave. 
Therefore, in making this dimension not greater than a quarter-wave it is certain 
that no energy will pass through the reflector. The grill is nevertheless never 


(a) (b) 


FIGURE XII-26 


very rigid, and for an antenna having a small secondary lobe level it is preferable 
to resort to vanes. The use of expanded metal is indicated for wavelengths of 
10 and 23 cm using a mesh diagonal of 25/30 mm. 

Sheet metal is never used for large antennas but is quite suitable for small 
reflectors as in airborne radar. However, stiffeners are necessary due to the 
tendency of the paraboloid to distort in shape. The method of making the 
reflector has a considerable bearing on the possible distortions that will manifest 
themselves. Press-forming or beating do not generally give stable surfaces due 
' to strains created in the metal; annealing is always necessary without always 
being successful from the point of view of stability. Ageing is also a factor which 
has been observed to play a part. Forming the surface by beating is to be pre- 
ferred, but this cannot be envisaged with large production quantities. Another 
method, which has become invariable at frequencies above 20,000 Mc/s consists 
of casting the surface and stiffeners at the back at the same time. The working 
surface is then machined. In this way it is possible to maintain a precision of 
1/10 mm for a 1 m diameter paraboloid. 

When a high standard of accuracy is required with medium-sized antennas 
(up to 4 m) parallel blades are used in making the surface, as in figure (XII-26a). 
The intersurfaces behave as waveguides, all planes being in parallel. The 
relationships to be respected, taking cut-off frequency into account, are given 
in Table XII-VII where the notations of the figure have been used. Vane con- 
struction is the only one suitable for high-precision medium sized antennas, and 
must always be used when it is essential to obtain a very low secondary lobe 
level. The principal disadvantages are price and weight which mitigate in favour 
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of a tube construction for large antennas (fig. XII-26). In this case the distance 
between the axes of two consecutive tubes must be less than a half-wave; a 
distance of 30 to 35 mm is suitable for 10 cm waves. This type of construction is 
cheaper and lighter than that consisting of blades, but the precision is lower. 


TABLE XII-VII 


P (A) e (A) d (4) 
0-10 0-0175 0-15 
0-15 0-0175 0-18 
0-20 0-0175 0-21 
0-25 0-0175 0-23 
0-30 0-0175 0-25 


I2.11 ACCURACY OF REFLECTOR CONSTRUCTION, AND 
PERFORMANCE LIMITS 

From the beginning of this chapter it has been pointed out that the advantage 
of the paraboloid appearing as a fundamental property was the formation of an 
equiphased surface in the plane of the aperture. However, the theoretical surface 
depends upon the constructural accuracy in manufacture. In practice therefore 
this reflector is not a perfect paraboloid and, if +e is the tolerance on the 
dimensions, all that may be said is that the true surface lies between two para- 
boloids parallel to each other and at a distance of 2¢ apart. 

The consequences of this are as follows; the surface may be considered as 
consisting of a number of half-wave elements, the radiation of the antenna being 
the vectorial sum of the radiation of these elements. This argument has been 
used in section 10.12. Let M, be any one of these elements, corresponding to 
point M in figures XII-1 and XII-2. The contribution of M,, to the radiation is a 
vector of amplitude a, and phase ,; a, is roughly equal to the field at /, thus 


peeve (12,19) 
p 


g,, depends on the direction in which the radiation is being considered. In 
the direction of the axis it becomes 


m= = (FM + MP) = “2h 


But this is not precise for the paraboloid; if M is displaced laterally by a 
quantity d, a, is altered and the phase undergoes a supplementary variation «,. 
In fact the variation of a,, connected with that of p, is always very small as 
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(12,19) shows, and may be neglected. The same is not the case for a,. Suppose 
for example that p is 1 m and dis 5 mm: a, will be modified in the ratio of 1,000 
to 1,005 which is not entirely negligible. On the other hand a, affected by the 
lengthening or shortening of FM and MP simultaneously will be about 


2a 207 
—(5 + 5) = — 


if the radiation is calculated in a direction not too far from the direction of the 
axis. At a wavelength of 10 cm this represents a phase variation of 0-2 z, or 36°. 
Finally, when the radiation of a paraboloid can be represented by 


Da,e!”* 
the radiation from the true face may be given by 


j(pe tax) 
PETROS Bhd 


This has two consequences: 

1. In the direction of the axis the gain is lower than the theoretical gain, since 
the vectors no longer all add in phase due to the parasitic phase errors «,. 

2. Outside the main lobe the secondary lobe level increases due to the phase 
errors introduced at the aperture. 

It is therefore necessary to be able to calculate d as a maximum value, i.e. 
the accuracy of fabrication (--e) as a function of the loss in gain and the agreed 
secondary level of secondary lobes. This is a difficult problem, and the solutions 
are only partial. Work on this has been done by M. Robieux, whose conclusions 
are given below. 

In fact the loss of gain is not very great within the permissible secondary lobe 
levels, although it appears impossible to construct a paraboloid having as high 
a gain as would be desired. If D is the largest dimension of the antenna the 
maximum realizable gain, expressed in decibels is 


Gus (20 log 2) eR (12,20) 
E 


It is useless to attempt to increase this gain by making D any larger; when 
D/e attains 10,000, the ratio limit is reached because this is around the dimen- 
sional change by expansion. The absolute maximum gain realizable with an 
antenna is thus 

G,, = (20 log 10,000) — 8 = 72 dB. 


It is difficult in practice to achieve a greater gain than 50 dB. For a given value 
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of (D/e), there will be a value of gain Gp and a reflector dimension Dy which 
cannot normally be exceeded. These quantities are connected by the relations 


log Do _ Go +11 
E 20 
(12,21) 
Do Go Th a 9 
log 2 = 2 —— 
A 20 


(in these equations Gy is expressed in decibels). 

The secondary lobe level increase is connected with the fluctuation of the real 
field around that of the theoretical field, this fluctuation naturally depending 
upon é. 

Calling K a coefficient dependent upon radiation diagrams and 


N @o0toe = 
A 


the ratio in decibels of the real field to the theoretical field, it can be shown that 
if the relation 


€ 


N = 100K 5 (12,22) 


is respected, there will be 99 chances out of 100 that the ratio of the real to the 
theoretical field will not exceed N. This means that with 100 antennas, there will 
not be more than one which does not satisfy the required conditions. | 

Let it be supposed that by calculation it is found that in the horizontal plane 
the most important of the secondary lobes is 31 dB below the maximum radia- 
tion level, but in this plane the maximum secondary lobe level must not exceed 
—28 dB, thus giving a margin of 3 dB. This margin may be sacrificed to possible 
field fluctuations and in this case the accuracy of execution of the surface would 
have to be fixed at 


€ 3 


Fatwa | 


K remains to be found, which depends upon the radiation diagram. This is 
unfortunately a laborious calculation. The amplitude A and the phase ® of the 
field radiated in a given direction are defined by the relation 


The calculation may be made graphically as shown in section 10,12 or by a 


table in finding the components (a, cos p,) and (a; sin y,) of the elementary 
fields coming from M,. 
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The co-efficient is defined by the relation: 
K — V2az sin? (% — 0) 
A 


Knowing a, and ¢, for all elements M,, it is possible to calculate: 


(19723) 


ud; COS Y, = A cos M 
Ld, sin y, = A sin O. 


In noticing that the two components (A cos ®) and (A sin ®) are perpendicular, 

the values of A and ® are immediately deduced. This then allows the calculation: 
La? sin? (gy, — ®) 

and K. 

The value varies with the direction of radiation and the calculation must of 
course be made for the direction in which appears the maximum of the most 
serious secondary lobe. N must be chosen with a certain margin of security as 
the method does not take into account the increase in secondary lobes due to 
obstacles placed in front of the reflector, notably the primary source and sup- 
porting structures. The calculation often leads to constructional inaccuracies 
of 1 to 5 hundredths of a wavelength. 

Although this method is complex, it has the advantage of being able to be 
adapted to all types of antenna. A simpler procedure as proposed by Korman, 
Herman and Ford may be used. Allowing that the surface errors may be 
considered as sinusoidal functions, it can be shown that the relative increase of 
the secondary lobe level is given by the equation: 


AN = es x 100% (12,24) 


Thus for a theoretical secondary lobe level of (—31 dB), i.e. of 2:82 % in ampli- 
tude, the required accuracy in the construction of the surface to obtain a level of 
(—28 dB), i.e. of 4% in amplitude, corresponds to 


AN = 4— 2-82 = 118% 
and the eq uation (12,24) then gives: 
Eat IS ata: 


A 1007 100° 
This result is much more severe than that obtained by the method proposed by 
M. Robieux, as the value of K in the example chosen was 1-5 which leads to: 


€ 2 


a edOGy 


In the author’s experience this latter value is more nearly true to reality than 
the first one, but there remains a great deal of work to be done on this problem. 
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CHAPTER THIRTEEN 


Antennas having a Broad 
Beam in One Plane and a Very 
Narrow One in the Other 


eg 
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THE use of a laminated reflector (orange-peel) allows the designer to obtain 
different half-power apertures in the E and H planes. This method has its 
limitations, particularly when the ratio of the apertures of the beam exceeds 5, 
when it is very difficult to ensure proper illumination of the reflector. Under 
these conditions it becomes necessary to use a cylindrical reflector directed by a 
parabola and excited by a linear source. The illuminating waves are then cylind- 
rical. The device known as a ‘cheese’ antenna belongs to this group. 

The foregoing has been concerned with obtaining a large difference in the 
diagrams without paying attention to the shape of the diagrams thus obtained. 
It frequently occurs that the distribution of the field in a given plane must 
closely follow a definite law. Thus those antennas known as high-coverage or 
aerodrome control antennas must have a cosecant-squared power distribution 
in the vertical plane. In other cases, the shape of certain warning-approach 
system antennas must have a polar diagram approaching that of a sector of a 
circle, while some antennas employed for height finding must have radiation 
diagrams of sensibly constant width (the beaver-tail antenna). 

The required shape can only be obtained by suitable amplitude distribution 
and phasing at the equivalent aperture of the antenna; this distribution is 
related to the diagram by a Fourier transform. The required distribution may 
be obtained either by modification of the primary illumination (e.g. the use of 
several horns), or by a suitable choice of the surface of the reflector, the primary 
illumination being arbitrary, which allows a classical horn to be used. It will 
be seen that the two techniques may be used together. 
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13.1 CHEESE AND PILLBOX ANTENNAS 


The cheese antenna consists of two parallel plates limited by a parabolic 
cylinder, which is illuminated by a source placed at the focal point (fig. XIII-1). 
The source is usually a horn or a hoghorn. 

The mouth of the horn constitutes a linear equi-phased source and, according 
to the height 4 of the cheese, several modes of working are possible. If h > 4/2, 
only the TEM mode can exist; the antenna is then usually called a ‘pill-box’. 
The electric field is normal to the two plane faces and the wavelength at the 
interior of the antenna is equal to that in free space. 


os OE ROBE Ca AT) 
FIGURE XIII-1 


If h > A/2, the TE and TM modes can be propagated; the antenna is then 
called a ‘cheese’. In practice the TE), mode is by far the most frequently used. 
The electric field is then parallel to the two plane surfaces, and the wavelength 
at the interior of the antenna is given by: 


ye dy 


Excitation may be by a sectoral horn in the H plane, or by a pyramid-shaped 
horn. It is essential that the source provides only the useful mode to the exclusion 
of all others; various modes being propagated at different velocities between the 
two plates would give rise to a risk that there would be distributions of amplitude 
and phase at the mouth other than that desired. 

It is of course possible to use a number of modes precisely in order to obtain 
the required distributions (as for example, is done in the ‘box-horn’). The 
primary source for a cheese antenna requires very careful design. 

The radiation diagrams depend upon the distribution of the fields at the 
aperture. In the case of a pill-box where the field is normal to the parallel faces, 
the polarization is normal to the large side (fig. XIII-2a); the distribution is 
uniform along Oy, such that, in the E plane, the diagram approaches that of 
(sin u/u). Its variation is given roughly by equation (10,17) where a is now the 
height of the pill-box, and the aperture at 3 dB is given sensibly by: 


26, = 5015 2 
a 
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The secondary lobe level will be relatively high (13 dB for a uniform illumination). 
In the H plane the diagram depends essentially upon the distribution along 


Ox. The field at the extremities of the aperture is always zero since Eis tangential, 
and the secondary lobe level will be in inverse proportion to the rapidity of 
attenuation from the centre to the edge. This suggests the use of a horn widened 
out in the H plane. In the case of the cheese, the distribution along the length of 
Oy is sinusoidal, with a zero on each wall. In the H plane, the aperture at 3 dB 
is around 70A/a and the theoretical level of secondary lobes is of the order of 
23 dB. In the E plane, corresponding to the large side, the diagram is a function 
of the attenuation from the centre towards the extremities, and this indicates 


hE hE ac é mG 


(a) (b) 
FIGURE XIII-2 


the use of a horn widened out in the E plane to obtain a low level of secondary 
lobes. For both types of antennas the diagrams may be calculated as explained 
in Chapter 10, the method being applied to radiating apertures. 

For most applications the diagram in the plane containing the small side (Oy) 
is not very critical as regards secondary lobe level. On the other hand the other 
plane which corresponds to the sharp section of the beam must conform to 
severe limitations; distributions highly attenuated towards the extremities are 
always used. From the properties of a parabola, the distribution along the length 
of Ox is the projection of the illumination on the bottom, but it should be noticed 
that the primary radiation must be considered between the two plates. The 
radiation diagram of the primary horn in free space will not, in the present case, 
help in determining the forward radiation of the antenna. In place of a rough 
draft, it is better to use a model, and use the theory to aid in the interpretation 
of the results. 

The level of secondary lobes is always higher than the theoretical result. This 
is mainly due to imperfections of the parabolic cylinder which forms the bottom, 
and the obstruction of the aperture by the primary source. In the case of a cheese 
working in the TE,, mode, there is a further cause; it is the errors of parallelism 
of the plates which, varying the wavelength at the interior of the antennas, 
introduce phase errors at the aperture. In practice it is difficult to improve on 
20 dB for the secondary lobes. 

The bandwidth of the antenna is often limited by the reaction of the reflecting 
surface on the primary source situated at the centre. This reaction may be 
cancelled out by a plane plate placed at the summit of the parabolic cylinder in a 
manner analogous to that used for paraboloids. 
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A variation permits these difficulties to be overcome by doing away with the 
obstruction at the aperture; this is the half-cheese shown in figure XIII-3. The 
antenna still has two parallel plates and a parabolic reflecting bottom, but the 
focal point is now at F, on the side. This gives an eccentric illumination, where 
the angle of eccentricity is D. 

This type of antenna gives a secondary lobe level better than 30 dB and a 
SWR relatively low over a large band of frequencies. The difficulties are size 
and suitable design of primary source. From the point of view of size, for a given 


r Cc 


! 
! 
: 
| 


NF, 


| 
! 
F 


FIGURE XIII-3 FIGuRE XIII-4 


length of large side, this type of antenna leads to a depth which is twice that of 
the cheese. Concerning illumination, the primary rays, situated to the right of 
P,are shorter than those at the left. In the projection of the cylindricalilluminating 
wave, the attenuation will be less to the right of P, than to the left. If a symmetri- 
cal distribution is required at the aperture, which is indispensable in obtaining 
a low secondary lobe level, the diagram of the primary source must be made 
asymmetrical. Knowing the vector radius p corresponding to an angle , it is 
easy to calculate this factor of asymmetry in noticing that the wave is attenuated 
in inverse proportion to p (in power) between F and the parabola, and is not 
attenuated after reflection at the latter, since all the reflected rays are parallel. 

By methods similar to those used for the paraboloid, the conditions may be 
sought which will give maximum gain. Using the notations of figure XIII-4, it 
is found that the gain is proportional to: 
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where G(®) is the gain of the primary source in the case of radiation between 
two plates. 

Generally the optimum value of ©, is smaller than 90°, such that the construc- 
tion must correspond to the figure; the sides AB and CD are closed by solid 
walls and the plates are extended a little past the focal line F. In this way factors 
of gain around 0:8 are realized, which is an improvement on the results obtained 
with a paraboloid. However, ®, is often made 90°. As will have been appreciated, 
the pill-box is easier to make than the cheese, it has however a very wide radia- 
tion diagram in the E£ plane, following on the restricted height of the aperture. 


Re fr an ae 


ANTENNAS: BROAD BEAM IN ONE PLANE 299 


The diagram may be reduced by the use of baffle plates normal to the two plates 
as has been done in the case of horns. These baffle plates will clearly have 
an influence on the matching. 

This matching is often carried out by means of a sandwich of dielectrics placed 
at the mouth of the primary source. Supporting rods placed at the mouth of the 
antennas also have a marked influence, and may be manipulated to provide 
matching when theyare mounted either at the mouthor the interior of the antenna. 
They also affect the shape of the radiation diagram of the antenna wherever they 
are placed. 


13.22 PARABOLIC CYLINDER AND EXTERNAL LINEAR SOURCE 


To illuminate a parabolic cylinder by a linear source it is not indispensible to 
guide the primary waves between two plane surfaces. If the linear source is 


ree A 


section in Q-plane 


FIGurRE XIII-5 


sufficiently long compared with the wavelength, the waves will be cylindrical 
for the major part of the length of this source; certainly at the two extremities of 
the line there will be a zone where the type of wave will be ill-defined, but the 
disturbance of the system will be relatively small provided that the line is long, 
and that the distance from the reflector is small. If / is the length of the linear 
source and if p,,, is the distance to the furthest point of the reflector, the condition 
in which the waves may all be considered as cylindrical in a right-angled section 
will be 
[? 
LS Ae pa 
A 
The antenna may then be constructed as in figure XIII-5; the reflector is a 
parabolic cylinder having for focal line yy’, along which is placed a linear source 
(e.g. a slotted guide). The section in plane Q normal to yy’ illustrates the relative 
position of the line, projecting at F, and that of the reflector of parabolic section ; 
in the case of the figure the primary source is off-set which diminishes the 
reaction of the reflector on the line. | 
The polarization is that of the linear source, and there will be no transversal 
polarization as in the case of the paraboloid, since the generating sources of the 
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cylinder are right-angled. The angle of eccentricity of the primary source may 
be made greater than with a paraboloid and the line may be placed right at the 
bottom of the antenna; this is in fact what is most usually done. 

The linear source is either a pill-box having an aperture width yy’ equal to the 
span of the cylindrical reflector, or an array of dipoles or of slots. This last 
solution has a weight advantage compared with a pill-box whose depth is a 
quarter of its width. 

At UHF, dipoles and slots are normally driven by a rectangular waveguide 
working in the TE), mode. The slotted guide will be treated later. Dipoles may 
be coupled to the guide as shown in figure XIII-6 which represents a portion 
of an array. 

These are slot-driven dipoles as described in section 12.9; they are placed at 
the extremities of co-axial sections, the coupling to the line being by means of 
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FIGURE XIII-6 


the inner conductor which protrudes into the inner part of the guide. From one 
dipole to the next the exciting field is inverted and the phasing of the radiating 
elements is obtained by the introduction of a further 180° phase change by 
mechanically alternating the short-circuited branch; this is in effect analogous to 
transposing the feeder. 

This type of array is very critical as regards frequency, as, due to the wave- 
length changing rapidly in the guide the phase relations of the dipoles are no 
longer correct once the frequency changes from that for which the system was 
constructed. It follows that the main lobe will be normal to the guide only over 
a very narrow band of frequencies and, in systematically varying the wavelength 
in the guide, e.g. in moving one of the small sides in a parallel fashion, it is 
possible to incline the lobe by a given angle with reference to the normal. This 
is used in certain radar applications, in particular for GCA equipments. 

From the radiation point of view, the antenna behaves as a rectangular 
aperture, the projection of the contour of the reflector on the plane normal to 
the plane containing yy’ and the centre of radiation of the cylinder. The diagrams 
will therefore be those of a rectangular aperture with non-uniform distribution. 
To calculate the distribution at the aperture, the primary source diagram is used. 
In the Q plane this diagram may be drawn experimentally by placing a detector 
at a distance from the source equal to p,, and rotating the source on itself, 
yy’ being normal to the plane Q. The diagrams should be verified for various 
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positions of Q along the length of yy’ to see that they all have the same appear- 
ance. It is then possible to draw the diagram of primary illumination (in power) 
as a function of angle ®, the angle between the current vector radius p and xx’. 
Let 1(®) be this diagram (see fig. XIII-7). The wave being cylindrical, the 


Wy} 1/2 
corresponding magnetic field at the reflector is proportional to | » After 


reflection, since all the reflected rays are parallel, there is no attenuation between 
the reflector and the ideal plane at the aperture, such that the corresponding 
electric field is also of the form: 


1/2 

E, ~ ey 
p 

The distribution along zz’ may thus be drawn, and the polar diagram deduced 


FIGURE XIII-7 


in the plane (zz’, xx’); inversely, if this diagram is given, the method permits 
the diagram of the primary source to be found. It will be noticed that all this 
pre-supposes that the diagrams in the plane containing xx’ and zz’ are not 
dependent upon the distribution along yy’, which is quite true; hence the method 
is approximate. It may be noted that with an attenuation of 12 to 14 dB at the 
edges of the reflector and the use of the most common types of sources, the level _ 
of secondary lobes in the plane (xx’ zz’) will be around 20 dB. 

In the plane containing yy’ the diagram depends upon the distribution along 
yy’; the wave being cylindrical, this distribution is at the reflector, and con- 
sequently at the ideal plane of the aperture. Two cases are to be considered 
according to the nature of the linear source. If this consists of a slotted guide 
(see Chapter 14), or an array of dipoles, the optimum diagram is obtained by a 
Dolph-Tchébyescheff distribution at the array. The primary source may also 
be the aperture of a pill-box antenna, and in this case the diagram is a function 
of the distribution of the fields at its aperture, i.e. of the driving horn of the 
pill-box. 
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If / is the length of the primary source, F(y) the law of the distribution along 
yy’ and (®, + ®,) the angle of illumination, the gain factor of the antenna will 
Des 
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2 


This equation is rigorous when ®, = ®, (in-line excitation) and approximate 
when ®, ~ ®,. In all cases the error is small. 

This antenna being used to obtain radiation diagrams which are wide in one 
plane and narrow in the other, the gain of the antenna could also be calculated 
from the diagram using the equations to be found in Chapter 1. 


13.33 ANTENNAS GIVING A CONSTANT-WIDTH PATTERN 

For some applications, such as position radar, the polar diagram should have 
a fairly constant width (beaver-tail beam) as shown in figure XIII-8 (curve c). 
This result may be obtained in combining the radiation of a paraboloid A anda 
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(a) (b) 
FIGURE XIII-8 


metallic strip B. The paraboloid gives a spindle-shaped radiation (a) while the 
strip gives a greatly enlarged diagram (6), the vectorial addition of the fields 
leading to the diagram (c). The system is adjusted by varying the width of the 
strip and its spacing from the summit of the paraboloid. While this system is 
fairly simple, it entails a high level of secondary lobes. 


13.4 ANTENNAS TO COVER A DEFINED AREA 

It is sometimes required to radiate energy which is constant and maximum in a 
given area, and as little as possible outside this area. This is the case for some 
navigational radars and warning-approach systems. 

The theoretical form of the diagram is then similar to figure XIII-9a drawn 
in cartesian co-ordinates. The illumination of the aperture must be the trans- 
formation of this function, which is the function (sin u/u), having 


u=kzsin 8 
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leading to the distribution shown in figure XIII-9b, with: 


A 


eR eure 
2 sin 4) 


Theoretically, the perfect rectangular form of the diagram can only be obtained 
with an antenna of infinite height. In practice, with a reflector height such that 


2a = 2p, 
the diagram is given by: 


cof lolnlf)) afb -Q)) 


FIGuRE XIII-9 


(A: proportional factor). It approaches closely to a rectangular shape as soon 
as « = 1-5 or 2, corresponding to a half-height of the antenna between OM 
and OM’. 

One difficulty is the illumination corresponding to (sin u/u); this can be 
achieved by placing two horns side by side. In this case the diagram is the product 
of the diagram of one horn by two points separated by a distance equal to the 
height between the phase centres of the two horns. These horns must be fed in 
phase and with equal powers, which can be done by means of a divider in a 
waveguide. In choosing a suitable height for the horns, their spacing, and in 
correcting their diagrams by rods at the mouth, the (sin u/u) illumination is 
closely approximated. 

The following table permits a comparison of the performances of two antennas 
having the same width of the main lobe at 3 dB, and the same spread (8 m). 
These antennas are working on 10 cm. 
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Characteristics thle mes ed Characteristics ee es ed 
Height 1-82 m 4m Gain 39:5 dB 39 dB 
Aperture at 1-5 dB | 2:50° 3125) Secondary lobes | 22 dB 25 dB 

(H plane) 
Aperture at 3 dB | 3:85° 3°85° Secondary lobes | 22 dB 21 dB 
(E plane) 
Aperture at 10 dB | 7-1° 5-50 Bandwidth 350 Mc/s | 350 Mc/s 


(In the above, the H plane is the vertical plane in which the beam is enlarged). 
Figure XIII-10 gives a typical diagram obtained with this sort of antenna; there 
is a dip in the direction of the axis of the paraboloid, a dip which increases in 
size as the frequency is increased. 
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FIGURE XIII-10 


13.5 ANTENNAS RADIATING ACCORDING TO A COSECANT- 
SQUARED LAW 

In many radar applications, a distribution of radiated power following a 
cosecant-squared law is required. This is particularly necessary for airborne 
antennas destined for air-ground work, also in the case of aerodrome approach 
systems. Figure XIII-1la shows a cosecant bearing diagram; this diagram is 
traced in field and it can be shown that the effective area radar diagram is 
identical. The range is of the form: 


D=VKG 


where K is a proportional factor and where G, is the gain of the antenna in a 
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direction 6; but G, is proportional to the unit power radiated in the direction 
0; this power is itself proportional to the square of the field. It may be deduced 
that Gj is proportional to E}, thus: 
D = “K,Ei = K,Ep. 
Figure XIJI-115 represents this diagram drawn in decibels. Diagrams of such 
a shape are not realizable because diffraction ‘rounds-off the corners’, and, the 
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FIGURE XIII-11 


smaller the antenna compared with the wavelength, the more the diagram will 
be rounded-off. The practical realization of a cosecant-squared antenna will 
therefore be a compromise between size and performance. At all events, for 
small airborne antennas the diagrams described will only be approximated. 
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Ficure XIII-12 


A simple solution consists in taking a parabolic reflector and distorting half 
of it. The parabolic half will give a sharp diagram (curve c in figure XIII-12) 
and the other half, which is a sphere centred on F, provides sensibly the illumina- 
tion diagram of a horn (curve c of the figure). The combination of (p) and (c) 
then give roughly a cosecant variation if the parameters are chosen correctly. 


Such a reflector is known as a ‘barrel’. 
Another solution is the ‘shovel’, the deformed half of the parabola is a right- 


angled cylinder, providing an image of the primary source but in different 
directions. 
21 
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These reflectors possess serious disadvantages which prevent them from being 
used in the case of large antennas. 

Consider the example of the barrel reflector. 

The upper part of the surface concentrates half the radiation into a narrow 
beam in two dimensions, while the power part (in the shape of a barrel) con- 
centrates the energy in a horizontal plane, but restores in the vertical plane a 
diagram identical to that of its illumination. The superimposition of the diagrams 
in the vertical plane gives the overall diagram which is close to that of a cosecant- 
squared one, but with the inevitable dip near the maximum, at the point where 
the radiation due to the two parts of the reflector join together. 

A second disadvantage is due to the position in which the primary source is 
placed at the centre of the curved part of the barrel section. Due to this, the 
reflected radiation is in line with the source, making the system very critical to 
frequency; the pass-band is hence narrow. 

Finally, a third disadvantage arises due to the nature of the surface; the 
parts which are straight and to the left of the barrel are such that components of 
transverse polarization of high intensity are present in a large proportion of 
the beam (vertical plane). These balance in the meridian plane, but not so at 
the sides, giving rise to a widening of the main lobe in the horizontal plane, with 
a consequent loss of gain. 


13.6 REFLECTORS WITH DOUBLE CURVATURE 


In order to overcome these disadvantages, and produce a reflector capable 
of a cosecant-squared radiation while employing a practical primary source, it 
has been proposed to use a linear primary source illuminating a cylindrical 
reflector arranged to produce a radiation following the required law. The cal- 
culation of the required director is based on a theory of rays according to a 
method used by Chu. The director being thus determined by geometrical optics, 
the diffraction diagram is calculated from procedures given in Chapter 10. 
With a few corrections to the curve, the diagram closely resembling the theoreti- 
cal one is obtained. Reflectors constructed along these lines have been most 
successful with the result that designs have been produced for double-curved 
surfaces, using one primary source, making the equipment lighter in weight. 

This is the type of reflector which is now widely used and the theory and 
calculations will be given; the calculation for cylindrical reflectors can readily 
be deduced. 

13.6.1 Shape of the reflector—The calculation is based on geometrical 
optics, and is therefore approximate; it has been given by Silver and Dunbar. 
The problem consists in determining the surface of a reflector to produce a 
given radiation diagram in the vertical plane and a very narrow beam in the 
horizontal plane. 

Assuming the problem resolved, let & be the surface required (fig. XIII-13). 
The intersection of this surface by a vertical plane passing through the primary 
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illuminating source Fis a certain curve I’, known as the ‘central curve’. It will be 
shown that a knowledge of I’ is sufficient to enable the surface © to be found. 

The point F, containing the primary illuminating source will be taken as the 
origin. Due to the symmetry of the beam in the horizontal plane, the plane zFy 
is the plane of symmetry of the antenna. At a distance the wave-fronts will be 
spheres centred on F, and at infinity the wave-front will be a plane parallel to 
ahex: 

Take a plane Q containing the points OPNA, perpendicular to the plane of 
symmetry. Let C be the intersection of this plane with the surface X. The rays 
coming from F, such as FP and FN will appear in the Q plane in the vertical 
direction 6. PO being the ray contained in the plane of symmetry, the ray NA 


FIGURE XIII-13 


must be parallel to it which is what is required to produce the horizontal beam, 
If O and A are on a wave-front the following relation must obtain: 


FP+ PO=FN-+NA. 
| 
(Cass Jali 
the vector radius of the curve I’: 


hence: 
FN + NA= p+ PO. 


Taking the projection n, of N, on PO in the Q plane: 
FN + NA= p+ Pn-+ no. (13,1) 
Putting Pn = 7 and noticing that NA = no, equation (13,1) becomes: 
FN=p+y (13,2) 
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FN must then be found. 
Nn is normal to the plane of symmetry, hence perpendicular to Fn. 
In the right-angled triangle NnF: 
FN? = Nn? + nF’. (13,3) 
If now the projection f of F on PO is considered, the triangle nfF is also a right- 
angled triangle and: 


nF? = Ff? + fn? (13,4) 
(13,3) and (13,4) give: iit ee ei 
FN? = Nn?-+ Ff?-+ fn? (13,5) 
But nN is equivalent to x; on the other hand: 
Ff = p sin B, 


nf = pcos B — 9, 
such that; | 
Fn = [x* + p? sin B + (p cos 6 — 4°}? (13,6) 
By combining (13,6) and (13,2) the equation of the curve C in the plane Q is 
obtained: 

x" + p* sin’ B + (p cos B — 9)? = (q + p)’, 
which gives: 
x? = 2np(cos B + 1) 
or: 


x47 p cos” 4 (13,7) 
This equation is that of a parabola of focal distance p cos? 6/2. If the central 
curve [is known, thus the vector radius p as a function of angle ®, every parabola 
corresponding to each of the points of I’ will be known, this parabola being 
given by equation (13,7) and having a focal distance: 


f(®) = p cos? : (13,8) 


It is situated in a plane making an angle 6 with the horizontal plane xFy and 
making an angle with the vector radius PF of: 


B=6040 (13,9) 


The reflector thus depends uniquely upon I. 

To examine the co-ordinates of a point WN at the surface, let x, ys'Z, Detie 
co-ordinates and let C be the parabola on which point N is to be found. This 
parabola touches the central curve I’ at point P, which has co-ordinates O, 
Yo, Zo, Since it is in the plane of symmetry. In the plane Q, Nn is parallel to Fx, 


ANTENNAS: BROAD BEAM IN ONE PLANE 309 


such that x in equation (13,7) is truly the co-ordinate x of N. From (13,7) it will 


be seen that: 
2 2 
=o = (13,10) 


4p cost Ap cos? Bate 


n being the projection of PN on the plane of symmetry, it is seen that: 
z=Z,+7 sin 6 


y= Y+7 cos 0. 
But: 
Zy=psin® and Y) = —p cos ®, 
which gives: 
z=nsin@+ psin® 
y =n cos 6 — pcos ®. 
Replacing 7 by its value taken from (13,10): 


na 
ea en eT ar (13,11) 


ee ica de: (13,12) 


In these two equations for a given parabola C, p, 6 and ® are known. For 
various values of x it is possible to calculate corresponding values of z and y 
and thus determine the surface point by point. 


13.6.2 Determination of .—From the above it is seen that the calculation 
of the reflector depends upon a knowledge of I. This curve will be determined 
by the vector radius p, expressed as a function of ®. The angle formed by the 
normal and p is £/2 = (6 + ©)/2; the differential equation of the curve is then 
deduced : 


LESH edict (13,13) 
p d® 2 
which gives: 
co) 
fee el ee eee (13,14) 
Po ae 2 


Knowing @ as a function of ®, p/py may be calculated from the equation 
(13,14) by graphical integration. py being chosen, the central curve is found. 
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13.6.3 Determination of 6 as a function of &.—Let /(®) be the power radiated 
by unit solid angle by a primary source. In a pyramid centred on F (fig. XIII-14) 
of angles at the apex of d® and da, the power radiated is: 


I(D) d® da. 


After reflection at the surface &, this pyramid becomes a sector of aperture d0 
and width p da. If G(@) is the power density in this secondary beam: 


I(®) d® da = G(6) dOp da, 
Or: 
I(®) d® = pG(6) dd. (13,15) 


FIGURE XIII-14 


If ©, and ®, are the limits of primary radiation corresponding to 0, and 0, 
at the limits of the secondary beam (fig. XIII-15): 


1(®) d® 
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Q, p f) 
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09 
G(6) dé 
1() d® | 
G(6) dé = ———_ +. —____ 13:16 
(6) igor (13,16) 
D, p 


The integral of the denominator is difficult to calculate as p is a function of 
@. The variable will be introduced: 


r = p/py. (13,17) 
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As the feeding, F, takes place at the bottom of the antenna for mechanical 
reasons, p, is the largest of the vector radii such that r is less than 1 in all cases. 
The relation (13,16) may now be written 


I(®) d® i, 
[gr 


D1 fe 


92 
G(6) dO 


G(6) do = (13,18) 


r being less than 1, the integral of the denominator is certainly greater than: 


| ” 1(@) d®, 
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FIGURE XIII-15 


such that: 
D2 
oO: i I(D) d® 
| EE ial (13,19) 
®; iy h 
h being less than 1. 
Putting: 
02 
| G(0) dé 
ieee a == Ki (13,20) 
| I(D) d® 
®1 
(13, 18) becomes: 
EO EG ae (13,21) 
r 


Using (13,21) the calculation is carried out in the following way: 

1. The illumination J(®) and the diagram G(0) being known, the curves 
I(®) and G(@) are drawn between ®, and ®, and 6, and 0,. K is found by use of 
a planimeter on these two curves, from (13,20). 
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2. A value of h, less than 1, is chosen (e.g. 0-9) and point 1 of figure XIII-15 
is considered. At this point r= 1 since p = p,; also 0, and ®, are known. 


A® is then chosen (e.g. 1°) so that G(6)A0 may be calculated from equation 
(13,21), which is then written: 


vf (vba in 
G(6) do = -I@ Ae Kp 
rt 
where [3 +4® is the average value of illumination between ® and (® + A®), 
3. G(@)A@ being known, A@ can be calculated from the curve: 


ip G(6) dé, 


a curve which may be traced since G(6) is known. 
4. Using equation (13,13) the variation Ar of the vector radius is then cal- 
culated: 
Ar = r,A® tan a 
5. With the above information, attention may now be returned to the cal- 
culations for the point defined by: 


®, — AQ; r, — Ar; 0, + Ad 
and so on. 


If the value of h has been correctly chosen, the calculations must give a value 
of 6 equal to 0, for ® = ®,, If this should not be the case it will be necessary to 
recommence with a new value of h. 

If 6, is exceeded, it indicates that h is too large; it will be too small if the 
contrary is true. 

After three or four attempts a value will be found for h. Once this has been 
done the calculations may be undertaken with greater precision using smaller 
values of AQ. It would be possible to take values of A® of 5° to complete the 
first stage more rapidly, then to re-calculate with a value of 1°. This entails 
slightly different answers for 6 in the two cases, for the same value of h con- 
sidered as correct. The value obtained with A® of 1° is clearly more precise than 
that obtained with A® — 5°, but the significance must not be exaggerated as 
regards the final value of 0. Thus, in a cosecant-squared diagram stretching 
from 6, = 5° to 6, = 30° for example, the fact of finishing up with an angle of 
BL eee of 32° would be of small consequence. It might be wondered what is 
the elementary part of the angle ®, A®, that must be taken in order to obtain. 
maximum precision. It can be shown that it is useless to take values smaller 
than those corresponding to an arc of a half-wavelength along the central curve. 

13.6.4 Construction of the reflector.—The central curve I’ being found, the 
reflector may be constructed. The surface which is an envelope of parabolas 
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situated in non-parallel planes perpendicular to the plane of symmetry, parabolas 
of which the focal distances are all different, can only be determined point by 
point from equations (13,11) and (13,12). 

The appearance of the antenna will be that sketched in figure XIII-16; 
the easiest method of construction consists in using vertical members having 


FIGURE XIII-16 


the form AB, A,B,, A.B,,..., corresponding to the curves I’, I’,, Ig,..., 
curves which are obtained by the intersection of the surface & with planes 
parallel to the plane of symmetry, making: 


vee) 
Xx == Xp 
X = Xo 


in the equations (13,11) and (13,12). 
The curve I’ having been determined point by point, the values of p, D and 0 
corresponding to each point may be reconsidered. Thus: 


sin 0 : 
ji): psin® =n 
29+ 
4p cos 
2 
cos 0 
=p; pcs®=q 
4p cost tS 


z=mx?+n 


y = px" —q 
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m, n, p and q being the constants for a given point on I’; in making x = xj, 
X,..., in the two equations, the values z,, yy, Zo, Yo, will be obtained. 

The distance between the vertical members on the one hand, and the number 
of points calculated per vertical member on the other, must be such that the 
tolerance of the ‘un-controlled’ section in between each defined point does not 
exceed the permissible limits to maintain the correct surface shape. 

13.6.5 Limits of possibility in refiector construction.—Before undertaking 
the construction of a reflector it is necessary to be certain that it is a practical 
possibility. Various parabolas are in planes making an angle 0 with the horizontal. 
In the case of figure XIII-15 these planes converge and the elevation of the 
antenna has the appearance of figure XIII-17a, the central curve having the 
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(a) (b) 
FIGURE XIII-17 


form of a C. It may happen that the parabolas cut at the surface, giving a large 
number of points and rendering construction impossible. To avoid this possibility 
the edges of the surface must not be turned up or have any double point. The 
reflector depth corresponds to the focus points of the parabolas, which is a 
maximum condition, and the projection of the edges of the surface in the plane 
of symmetry will be obtained in constructing the focus points. If the curve 
neither turns back nor possesses any double points, i.e. cross-overs, the antenna 
will be a practical possibility. The construction may be done geometrically, or 
by use of the equation (13,8). 

If care is taken to choose 0, and 6, such that the parabolas diverge (fig. 
XIII-175) this contingency will not exist. The curve for I’ then has a point of 
inflection (S-shaped curve) but such an antenna has disadvantages, and the use 
of C-shaped central curve is often preferred. 

13.6.6 Diffraction calculations and results obtained.—Having determined 
the central curve I’, the diffraction diagram of the antenna may now be found 
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from equations (10,4) and (10,5) according to the polarization used. Graphical 
methods as described at the end of Chapter 10 may be employed. 

Depending upon whether the result obtained approaches sufficiently to the 
theoretical curve or not, (imposed gain), the curve I will be considered with a 
view to improvement. This improvement will be effected bearing in mind the 
vectorial composition in the graphical calculation of diffraction. Generally, 
after three or four retouches a good agreement is obtained with the theoretical 
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FIGURE XIII-18 


curve, the diffraction curve, and the effective curve obtained. Figure XIII-18 
indicates the possibilities of this method. The full-line curve is the theoretical 
curve having served as a basis in the ‘optical’ calculation; the dotted curve is that 
obtained by the diffraction calculation, after two small re-touches of the I’ curve 
(this was an S-shaped curve); the mixed-line curve corresponds to the radiation 
diagram of the antenna constructed from measurements. 

It is seen that up to 7 or 8 dB below maximum, the coincidence of the curves 
is remarkable, the differences being less than 1 dB. For lower gains, the coin- 
cidence of the curves is less close and divergences may be as great as 2 dB on 
either side of the theoretical curve, but this order of results is still near enough. 
The undulations of the true diagram are characteristic of diffraction diagrams; 
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they are not found in the calculated diagrams because the points calculated are 
not sufficiently close to show them up. 

In the plane where the radiation diagram is very narrow, which in practice 
is often the horizontal plane, the secondary lobe level is generally very low if 
care has been taken to shape the reflector according to a curve of primary 
illumination level. Lobes of 26 to 30 dB below the level of maximum radiation 
can be obtained without much difficulty, with a central curve C-shaped. With 
an S-shaped curve the results are not so good. It would seem that this is due 
to the presence of the primary source and its support which are always placed 
at the lower part of the antenna as shown in figure XIIJ-17. With a C-shaped 
curve it is the upper part of the reflector which gives the maximum concentration 
of energy, at low angles, and in this zone of the aperture there are no obstacles. 
With the S-shaped curve the opposite is the case, and in these conditions the 
primary source is placed in a region of intense radiation, giving rise to serious 
secondary lobes. 

It is also possible that the cutting-out of the contour will intervene. The C- 
shaped curve leads to a surface which shrinks from the centre to the extremities, 
approaching the shape deduced from the illumination diagram. The S-shaped 
curve on the other hand, leads to a surface which widens out from the centre. 

The surfaces may be constructed from grills, meshes or parallel tubes. The 
accuracy of their execution may be determined by the method of M. Robieux, 
in deciding upon a certain amplitude of fluctuation. This permits an appreciation 
of the possible increase in secondary lobe level in the plane where the beam is 
narrow, and will indicate with what precision the cosecant squared diagram will 
be respected. , 

In order to facilitate the work, the precision of execution will be determined 
at the same time as the diffraction calculations which are indispensible to the 
evaluation of K. 


13.7 USE OF PARABOLOIDS AND MULTIPLE SOURCES 


It is equally possible to obtain a radiation diagram of cosecant-squared 
form using a parabolic reflector suitably illuminated. In the device shown in 
figure XIJI-19 for example, three horns drive a paraboloid, one of them being 
placed at the focus, and the other two being eccentric. This off-setting results in 
a certain inclination of the beam, and by a suitable distribution of energy 
between the three horns a resultant diagram may be obtained corresponding 
to a cosecant-squared law.. 

The determination of the distribution of power between the sources may be 
done by using diagrams drawn in cartesian co-ordinates, and in conceding that 
all primary radiation shall be in phase, thus placing the phase centres of the 
horns on a circle of centre O and radius OF. Under these conditions, with the 
notations of figure XIII-20, the field in any direction 0, is the sum (EZ, + E,) 
of the fields of two neighbouring horns. Knowing the diagrams of each of the 
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sources it is thus possible, by a simple construction, to determine the amplitudes 
allotted to each of them, and the directions 0,, 9., 6,,..., of maximum radiation. 
The directions fix the angles of eccentricity in front of the reflector and the 
amplitudes giving the power divisions. Phase correction is necessary in each 
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FIGURE XIII-19 


wave-guide in order to compensate for different lengths of line; on the other 
hand it is useful if the dividers are of the directional coupler type so as to avoid 
mutual reactions through the power source. In spite of the presence of these 
couplers and phase correctors, the bandwidth of the antenna is sufficient; in the 
10 cm band it is possible to construct antennas having a bandwidth of 250 Mc/s 
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FIGURE XIII-20 


while retaining a satisfactory diagram. Many large warning-approach antennas 
have been constructed on this principle. 

In the 3 cm band, a pass-band of 600 Mc/s is obtainable. Such an antenna 
uses four horns in which the power is distributed in the proportions of 63%, 
21%, 9% and 7%. Figure XIII-21 shows the diagrams of the antenna at 
mid-band (curve I), at a lower frequency (curve II), and at a higher frequency 
(curve III). The secondary lobe level, in the plane corresponding to the narrow 
beam is better than —24 dB. 
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An inspection of the diagrams shows that with this type of antenna there 
are larger fluctuations of field than with double-curved reflectors. On the other 
hand the utilization of the surface is better and, at an equal antenna height, the 
falling off of the field at low angles is greater in the case of the paraboloid. It is 
therefore possible to use smaller reflectors, but this is partially counter-balanced 
by the heavy and complex structure of the primary source. 
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FIGURE XIII-21 


This last difficulty can however be overcome by the use of a linear source such 
as a slotted guide. 


REFERENCES 
SILVER, Microwave Antenna Theory and Design. Coll. M.I.T., 12 Chap. 12 and 13, 
McGraw-Hill Book Co. (N.Y., 1949). 


L. THourREL, Antenne présentant un diagramme de rayonnement a lobe élargi. Annales 
de Radioélectricité, 10 (October, 1955). 


L. THOUREL, Calcul et construction des réflecteurs 4 double courbure. Onde Electrique, 
35 (December, 1955). 


03 Ce ee ra Shag 


CHAPTER FOURTEEN 


Slot Antennas 
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14.1 BABINET’S PRINCIPLE 


Take two planes (fig. XIV-1); in the one (plane A), are placed screens, in the 


other (plane B), situated behind the first one with reference to any luminous 
source S, the field is observed. 


A B 
Screen') Shadow 
: Shadows 
Screen | Shadow 
(1) (2) (3) 


FIGURE XIV-1 


In case (1) an absorbing screen is placed in A such that the field at Bis a 
function: 
ae = filx, y> Z). 


In case (2) a screen is used which is the complement of the one used in case 
(1), such that the field at B now becomes: 


iy = f(x, y> Z). 
Babinet’s principle states that, if the field in the absence of a screen (case 3) is: 


Fo = fo(x, ys Zs), 
that 


Ail, ys Z) a ifolXs Vs Z) = fo(x, y> Z). 
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This is obvious in geometrical optics as a simple inspection of figure XIV-I 
will show, but the principle is equally valid in the case of diffraction. 

However, this does not take into account the vectorial character of electro- 
magnetic radiation. Babinet’s principle has had to be modified by Booker who 
showed that if the screen being considered is a perfect electrical conductor, 
the complementary screen must be a perfect magnetic conductor. Such a 
conductor does not however exist. It is possible to obtain the same effect by 
utilizing two perfect electrical conductors (e.g. copper screens) and permuting 
the electric and magnetic fields. 

Let S be a source, horizontally polarized, and M a metallic screen (fig. XIV-2), 
giving in the plane Q a field E, (case 1). The complementary screen may be an 
aperture of the same dimensions as the first screen and cut out of a metal sheet 


(1) 


FIGURE XIV-3 


(case 2), but the polarization must be rotated by 90° to replace the electric by 
the magnetic fields. An aperture having exactly the same dimensions could be 
used, but turned normally to the original screen (case 3), the polarization then 
being preserved. 

Starting from these assumptions, Booker has also shown that the field radiated 
by an aperture O (case 2) is the same as that radiated by a thin dipole having 
the dimensions of the aperture (screen M, case 1), driven at its centre and 
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working with a polarization normal to that of the aperture. Hence the fields 
radiated by the two devices of figure XIV-3 are equal, their polarizations 
however are perpendicular. 


14.2 RADIATION OF SLOTS 


From the above it will be seen that the radiating characteristics of a slot may 
be deduced from the characteristics of an equivalent dipole. Thus an open half- 
wave slot in an infinite plane gives a radiation in the plane normal to that which 
contains it given by: 


TT 
cos a cos a) 
E()~ 27 
sin 0 


9 


6 being the angle between the direction considered and the plane of the slot. 

In practice it is not quite so simple because an infinite plane does not exist, 
and the dimensions of the surface in which the slot is cut influences the distribu- 
tion of radiation. Take the case of a slot 
placed at the centre of width = 2d (fig. 
XIV-4). 

Currents are induced in this screen by the 
slot, and waves are propagated along the 
plane surface; at the edges there will be a 
violent impedance change such that reflected 
waves return from the periphery towards 
the slot itself. These waves radiate in their 
turn, and the radiation diagram of the system Ficure XIV-4 
is the resultant of the interference between the direct and reflected waves on 
the plane conductor. To make an approximate calculation of this radiation it 
may be conceded that the field radiated by the slot will have the form: 


E,e!* (14,1) 


and that it interferes with the fields of the two sources at the extremities of the 
surface (at A and 4’), these fields being of the form: 


KE,ei@!-” (14,2) 


where K is a proportional factor and 9 is the phase difference between the slot 
and the imaginary sources placed at A and A’. 

This reasoning is by no means rigorous, but gives results which agree well 
with experience for the determination of the positions of the maxima and 
minima of the radiation. 

The field at a distant point P is: 


E = E er [1 ak Kei sin o- @) me Ke iaasine+e) 7 
22 
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Putting: 
z = kd sin 0, (14,3) 


the amplitude equation becomes: 


|E| = V(1 + 2K cos y cos z)* + (2K sin @ cos z)? 


If K is small compared with 1, which is always the case in practice, the second 
order terms may be neglected, in which case; 


|E| = V1 + 4K cos 9 cos z. (14,4) 
Maxima and minima positions will appear for dE/dz = 0, hence: 


4K cos 9 sin z| = 0, 
| | 


Plane of the slot 
Q52 25% 53A 
FIGURE XIV-5 

giving: ; 
7 
‘ na 
sin 9 = — ; (14,5) | 
2d 

therefore: 


V1 — 4K cos® < |E| < V1 + 4K cos ©. 


The most important conclusion of this calculation is that the position of the 
radiation maxima and minima (equation 14,5) depends purely on 2d, K and 
having no influence. Figure XIV-5 gives experimental results obtained, slots 
having a width of 0-1 A cut in surfaces of: 2d = 0-5 A; 2:75 2; and 5:3 2. As 
already stated, the maxima and minima positions agree closely with (14,5). 

In practice it is quite exceptional that a slot is cut in a plane surface; usually 
it is placed on the fuselage or the wing of an aeroplane, and the above results 
are no longer rigorously true. The general form of the aeroplane exerts an in- 
fluence on the radiation diagram as shown in figure XIV-6. In both cases in this 
figure, the position of the slot is at F; figure (a) shows the effect of the fuselage 
and wing (especially the first motor on the left) and figure (b) the shadow of the 
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nose of the aircraft. These few considerations demonstrate that the radiation 
diagram of a slot, and consequently its gain in a given direction can only be 
determined experimentally using the precise practical conditions. The theory 
will only provide a rough guide to the solution. 


Sy 
bs 
A 


FIGURE XIV-6 


14.3 IMPEDANCE AND EXCITATION OF SLOTS 


To calculate the impedance of a slot, a relation between this impedance and 
that of a complementary dipole will be found (fig. XIV-3) the impedance of the 
slot will then be deduced from that of the dipole. First of all, the impedance 
and the co-efficient of reflection of a screen will be defined. A square plane 
surface will be assumed and the voltage between two electrodes placed on oppo- 
site sides of the square will be measured. If V is this voltage, and if Jis the current 
flowing from the source, the admittance of the square is: 


In the case of a square having sides K times larger the current will be multiplied 
by K (if the surface is homogeneous), and the voltage will also be multiplied by 
K so that the admittance will always be equal to Y,. This is therefore a charac- 
teristic of the surface, and is known as the surface admittance of the screen. On 
the other hand, the space in which this screen is placed presents a certain 
characteristic admittance to plane waves which, in the case of a vacuum or air is: 


Y = Lee mhos, 
Zee, 
thus: 
H, 
Y= = 


if H, and E; are the plane wave fields. 
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A relation between Y,, Y, and the transmission co-efficient of a screen will 
be sought, defined by the relationship: 


where F, and E; are respectively the transmitted and incident fields on either 
side of the screen. 
In the case of a line having a characteristic admittance Y, (fig. XIV-7) 


Vp 


FIGURE XIV-7 


shunted by an admittance Yj, the transmission co-efficient is, taking the incident 
voltage as V; and the transmitted voltage as V,: 
Eve 


A dasa 


V, 


In this equation the letters represent complex quantities. But: 


1,=V;— Ve = vi(1— 28). (14,6) 
The ratio Vp/V; is the co-efficient of reflection on the line at AB. This co- 
efficient is written: 
a 
Yast Yo 
but: 
; : Yup=Yy,+ Yo: 
which gives: 


Hoes alee (14,7) 
Yi, + 2Yo 
Using this in the relation (14,6) gives: 
VAG is Ae PSE eae 
Or: 
Te coe lone (14,8) 
ee 
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By analogy, the coefficient of transmission of the screen I’, is defined by the 
relation: 
thus ho 
py eer ye. 
If this screen is replaced by a complementary screen of surface admittance 
Y, and if E; is the new transmitted field, the new transmission coefficient ih 
will be given by: 


(14,9) 


t 


Teac oes 
2a Ys 
But, from Babinet’s principle: 
E, oe E; ie E;, 
thus: 
Ee) Ee, : 
Saami Hanae 
or: 
Ne ai meow. = | 
Pa her AWG iia) Ges Eg 
hence: 
YiY, == aye 
In terms of impedance: 
2 
Z,Zy = a : (14,10) 
In the case of free space: 
Zo = 377 ohms 
and 
Vibe abi AMS ohms (14,11) 


2 
If Z, represents the impedance of the equivalent dipole at the slot, 


Z, = Ry + jXq 
and the impedance of the slot will be: 
_ 35,476 
Rg +X 

35,476 
“RAR 
It is seen that an inductive dipole corresponds to a capacitative slot, and 
vice versa; thus a dipole which is greater than a half-wave is inductive and a slot 


longer than a half-wave is capacitative; similarly, a slot shorter than a half-wave 
is inductive. 


1 


(Ra — jXQ). (14,12) 


1 
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To determine the equivalent dipole it must be remembered that a dipole 
composed of a wire or a cylindrical tube is equivalent to a flat dipole of double 
the width. Thus a slot having a length of 0-475 A and a height of 0-01 A is 
equivalent to a dipole of length = 0-475 4 with a diameter of 0-005 4. The 
impedance at the centre of such a dipole is: 


and the impedance at the centre of the slot is: 


On the other hand, remembering that the impedance at the centre of a thin 
half-wave dipole is 73 + j42-5, the impedance at the centre of a thin slot is 
found to be: 

Z, = 363 — j211 


Being given the polarization, the excitation of a slot is easily arranged with a 
co-axial line. However, the impedances at the centre usually being high, the line 


—— we 


(c) 


Guide 


FIGURE XIV-8 


is usually placed eccentrically so that its load impedance is sensibly equal to 
the characteristic impedance, (fig. XIV-8a). Such a system radiates symmetrically 
on both sides of the screen. 

Uni-directional radiation may be obtained by terminating the slot by a cavity 
of the form of a parallelepiped having a depth of /,/4 (fig. XIV-8) the quarter- 
wave section of waveguide thus formed reflects an infinite impedance at the slot 
but doubles the radiation resistance (the action being similar to that of a 
reflector); it follows that the impedance ‘seen’ by the feeder is doubled, the 
centre impedance becoming of the order of 1,000 ohms. Another solution con- 
sists of exciting the slot by means of a waveguide, the antenna may even be the 
aperture of this guide (fig. XIV-8c). 


14.44 PRACTICAL EXAMPLES 


One currently used form of the system, shown in figure XIV-8), uses a 
‘cross-bar’ for the excitation of the cavity. Figure XIV-9 shows the arrangement, 
and the table below gives the dimensions of the system. The curves included in 
the figure give the SWR in the two cases; a 50 ohm feeder is used, the trans- 
formation being adjusted experimentally depending upon the type of feeder. 


a 
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When the wavelength increases, the slot dimensions follow, which may 
quickly become prohibitive; under these conditions it would be an advantage 
to be able to reduce the dimensions which may be done by using a section of 


Dimensions Type I Type Il 
Cevalbchectes tober cots, Teme oe ele ces 2 CB LE SU ee Ae ae 


a 0-62 A 0-65 
b 0-20 4 0-144 
c 0-127 4 0-113 
d 0-104 0:07 4 
p 0-073 A 0-074 
$y 0-073 A 0-055 4 
bo 0-073 A 0-055 4 


guide in the form of an H instead of a rectangular section. The mouth of the slot 
then appears as in figure XIV-10; excitation is either by a cross-bar centred on 
the median plane MM" of the slot, or by a probe formed by the extremity of 
the inner conductor of a co-axial line centred on the median plane NN’. 


ae (ype E, 
ee a PDOAL, 


FIGURE XIV-9 


The dimensions given in the figure relate to an air-dielectric slot, in which 
the waveguide is filled with air, but on the other hand alkathene may be used 
which further reduces the dimensions. The height may be reduced from 0-24 4 


FIGURE XIV-10 


to 0-16 A and the width from 0-47 4 to 0:2 4. All these reductions in the dimen- 
sions are made at the expense of the bandwidth, which becomes very narrow 
for a guide filled with solid dielectric. 
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In certain airborne applications it is essential that the aperture of the slot 
matches precisely the surface of the aircraft; the driving cross-bar must then be 
bent so as to stay more or less parallel to the surface of the mouth. Figure XIV-11 
shows a practical example of such an antenna, the dimensions being indicated. 
Such an antenna may only be adjusted experimentally. The radiation diagrams 


Polystyrene insulators 
(height 0.025) 
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FIGURE XIV-11 


depend essentially on the shape of the surface in which the aperture is cut. This 
is closed in by a sheet of dielectric shaped so as to correspond to the general 
profile of the aircraft for aerodynamic reasons. 


145 SLOTTED GUIDES FOR LINEAR SOURCES 


When a linear source is required, it may be realized either by a pill-box or 
by an array. This may consist of dipoles, or even a series of slots in a waveguide. 
From Babinet’s principle it is seen that the results will be the same under certain 
conditions. From the point of view of price and rigidity, slot arrays are greatly 
superior and their use is now invariable to the exclusion of dipoles. 

14.5.1 The nature of slots—The properties of a slot are clearly a function of 
the fashion in which it is cut in the wall of the waveguide. It has most frequently 
a rectangular shape, and the length is about a half-wave in space, the width 
being able to vary between a few percent of 25% of the length. 

Slots cut in a rectangular TE), guide only will be envisaged; in such a guide 
the current distribution in the walls will corrrespond to the dotted curves in 
figure XIV-12. If the slot falls exactly along the axis xx’ it cuts no lines of 


a re ne eee 
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current (provided that it is narrow), and does not radiate; rio disturbance is 
caused to the functioning of the guide. The same state of affairs exists if the slot 
is cut in the small side of the guide, normally to the two large sides. 


If on the contrary, a longitudinal slot is considered such that F,, parallel 
to xx’ but placed eccentrically, it will be seen that it does cut lines of current; 


FIGURE XIV-12 


radiation therefore takes place and the slot reflects a certain impedance into the 
guide since it opposes the flow of current. A slot affecting a transversal current 
sheet is therefore in shunt with the guide. The density of the transversal current 
sheet is of the form: 


ibe 
I, =I) sin—, 
a 


such that the power intercepted by the slot is proportional to (sin =), If 
a 
W is this power, the conductance at the waveguide due to the slot is given by: 
We, 


u being the voltage in the guide, for example in the median palne. W is thus 
proportional to g and it may be deduced that the conductance of a longitudinal 
shunt slot is of the form: 


a 


where K, is a proportional factor and x is the distance from the axis of the slot 
to the axis of the guide. . 
It should be remembered that admittance or impedance measurements on 
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slots are always expressed in relative units, the admittance or impedance of 
the guide being taken as unity. In these conditions K, = 1-72 for the French 
no. 7 waveguide at 10 cm wavelength. A slot such as F, cutting the longitudinal 
current sheet may also be imagined; such a slot is centred on xx’, and makes an 
angle @ with this axis which may be 90°. Since it cuts the longitudinal currents 
it is in series in the guide, and it may be shown that its resistance is of the form: 


ar) — K,6* 


where Ky is also a proportional factor (K, = 62:10~° in the same conditions as 
above for K,). 

Take now a slot such as Fs, cut in the large side of the guide. Such a slot cuts 
simultaneously the transversal and longitudinal current sheets. It therefore has 
a certain conductance and a resistance at the same time; this is known as a 
series-shunt slot. 

Finally, in the case where the slot is cut in the small side of the guide, it always 
cuts a transversal current sheet and consequently always behaves as a shunt 
slot. If @ is the angle between the normal to the large sides and the axis of the slot, 
the conductance is: el aunty: 
where Kg is a proportional factor. 

While the coupling between slots cut in the large side is almost always neg- 
ligible, this is not true for slots cut in the small side, and the conductance of a 
single slot differs from the conductance presented by the same slot when it forms 
part of an array. On the other hand the field at the slot contains undesirable 
longitudinal components proportional to cos 6 (the field around which the 
interest is centred is transversal to the slot when this is excited by currents which 
are sensibly longitudinal). These considerations indicate an advantage in the 
use of slots cut in the large side. 

However, as soon as 0 is greater than 15°, the power radiated with the undesir- 
able polarization is less than 1% of the total power. The slots are generally 
milled in the small side, penetrating to a certain depth into the large sides; 
this is used for tuning the slot but the adjustment is fairly flat. A variation of 
-++1 m/m around the resonant depth entails a variation of 4° in conductance 
and the appearace of a susceptance less than +10%. 

The four types of slots so far examined radiated because they cut lines of 
current; but slots may also be used which do not normally radiate, i.e. situated 
along the length of xx’ or cut normally to the large sides of the guide. For this it 
is sufficient to introduce an asymmetry in the distribution of the fields, e.g. 
by a rod of a certain length entering into the guide and placed near the slot 
(figure XIV-13). 

The power radiated by the slot (as well as its impedance) is a function of the 
length of the rod coupled into the guide. This must be parallel to the electric 
field; the excitation of a longitudinal shot is thus assured by a straight rod 
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(case a), the coupling being adjusted by varying the amount by which the rod 
protrudes into the guide. The excitation of a transversal slot (case 6) must be 
effected by means of a bent rod, the coupling being adjusted by inclining to a 
greater or lesser extent the active part of the rod in the electric field. 


FIGURE XIV-13 


The phase of the fields at the slot depends upon the relative position of the rod. 
Figure XIV-14 shows an array of three slots radiating in phase, although the 
slots are spaced by /,/2, thus situated at points on the guide normally in phase 
opposition; the current distribution explains the mechanism of current inversion 
by inversion of the positions of the slots. 
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FIGURE XIV-14 


14.5.2 The behaviour of slots.—The behaviour of slots cut in the large side 
of a waveguide will now be more closely examined, as this represents the most 
usual form. 

As has been stated, the conductance of a shunt slot is given by: 


Go sine (=) 
a 

Equations exist which make it possible to calculate K, as a function of the 

dimensions of the guide; however these are only approximate and the best 
method is to determine K, experimentally. 

If the conductance of a given slot is measured as a function of its distance 

to the axis xx’, a curve similar to that of figure XIV-15 will always be found, 

where the conductance is drawn in full-line, while the dotted curve corresponds 
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to the sine-squared law extrapolated from the beginning of the experimental 
curve. 

The cause of this phenomenon is that the resonant frequency of a given slot 
varies as a function of x. Thus, with the French no. 7 guide the resonant length 
(/) of a tuned slot at 10 cm is given by the following table: 


x (mm) / (mm) 
10:5 48-94 
1 49:54 
15 50:30 
18 51:24 


This length increases slightly with x, and is around a half-wave in free space. 
The variation with slot width is very small. 


FIGURE XIV-15 


If g is determined for slots of suitable length, it is seen that the conductance 
curve closely follows a sine-squared law from which K, may easily be deduced. 
The most convenient means of measuring g is to use the set-up shown in figure 
XIV-16. 


ve 
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FIGURE XIV-16 


The line L is used for the measurement of SWR, and P is a short-circuiting 
piston. A certain SWR exists on the line which will be a function of the ad- 
mittance of the slot F and of the susceptance of the short-circuited section of 
line between F and P. When this susceptance is equal and of opposite sign to 
that of the slot, the SWR passes through a minimum which is equal to the 
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inverse of the slot conductance. For any given frequency and slot position there 
will be a minimum SWR, readily obtained by moving P, and giving the value g; 
the resonant frequency of the slot is that which corresponds to maximum con- 
ductance. By use of these methods the table giving the resonant lengths as a 
function of x has been drawn up, in addition to the curve (fig. XIV-17) showing 
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0.5 


the conductance of a slot tuned to 10 cm as a function of the distance to the 
axis of the guide. Analogous methods may be used for series and series-shunt 
slots. 

It may be required to know the proportion of power radiated by the slot. 
This may be deduced knowing the conductance and resistance, but it can also be 
measured directly. This may be done by a comparison of the levels in a waveguide 
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FIGURE XIV-18 


before and after the introduction of a slot. Figure XIV-18 gives results obtained 
for series-shunt slots inclined from 0 to 20° to the axis of the guide. The distance 
from the centre of the slot to the axis of the guide was such that the SWR above 
the slot was 1 after correction of the reactive term. | 

The slot having invariably a length of approximately a half-wave in air, 


334 THE ANTENNA 


hence somewhat less in the guide, is inductive (see section 14.3). The compensa- 
tion for the reactive term may therefore be made by a capacitative element 
placed to the right of the slot, or by an inductive element placed at a distance 
equal to a quarter-wave in the guide above this. This matter will be considered 
in section 14.5.4. | 

14.5.3 Resonant and non-resonant modes.—According to whether the wave- 
guide supplying the power carries a stationary wave or a travelling wave, the 
slots are described as being fed in the resonant or non-resonant mode. 

For the resonant mode the guide is terminated by a short-circuiting piston 
allowing standing-wave adjustment. All slots spaced by /,/2 are coupled to the 
guide in the same way, and all are fed with the same power. 

It can be shown that the propagation constant y’ of a line loaded by identical 
impedances Z, (series), and Z, (shunt) spaced by / is: 


2 
cosh (y'l) = (1+ 2) cos B1+j( 22 +2 4 A ) sin 6 


2 2Lge Los Belge 5 
2 ay: : 
with B = > and Z, being the characteristic impedance in space. In the special 


g 
case where / = A,/2 the equation is reduced to: 


posh (1 ue 4) 
Ze 
If there are only series elements, Z, = oo and cosh (y’/) = —1. If there are only 
shunt elements, Z, = 0 and: 


cosh (yl) = —1 
giving as solution the imaginary value: 


Thy iar 
and as 1 = /,/2: 
A ee Tia ee 
1; ie. 

The propagation constant is an imaginary quantity. There will therefore be no 
attenuation along a line loaded by elements which are either all series or all 
shunt, provided that they are spaced by /,/2. A linear source in the resonant 
mode therefore gives uniform illumination; this constitutes a serious limitation 
due to the resulting high level of secondary lobes. Furthermore, the arrangement 
is highly frequency-sensitive and of narrow bandwidth, this being more pro- 
nounced as the length of the line is increased. Frequency variation results not only 
in the appearance of a high SWR on the feeder (which must be matched, although 
the guide driving the slots carries standing waves), but also in a rapid deteriora- 
tion of the polar diagram. Consequently, for all practical purposes, the resonant 
mode has now been abandoned. 


Y 


g 
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In the non-resonant mode the matching of the transmission line is effected 
by a load (very often of sand) which absorbs the balance of the power which is 
not radiated, thus taking the part of the terminating resistance in a rhombic 
antenna. 

The slots are no longer spaced by /,/2 as will be seen later on. 

The coupling to the guide is made variable to take into account both the 
desired distribution and the attenuation along the guide. This arrangement is also 
sensitive to frequency, a variation of which entails a phase difference other than 
a between the feeding point of one slot to the next. This phase difference being 
progressive, the result is a deviation in the direction of maximum radiation, a 
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FIGURE XIV-19 


property which has been made use of in certain antennas. In spite of this effect, 
the bandwidth of non-resonant arrays is sensibly greater than that of resonant 
ones (it may be as great as 200 Mc/s at 3,000 Mc/s) in which lies a considerable 
advantage. 

It should be noted that the terminating load may be replaced at the end of the 
waveguide by a number of slots in the resonant mode playing the part of the 
matching load. 

14.5.4 Non-resonant array of series-shunt slots.—Take an array of series- 
shunt slots fed in the non-resonant mode. Let y be the relative shunt admittance 
of the slot and z the relative series impedance. Thus: 


Vir 
Z==Pr-+ jx, 
where g is the relative conductance of the slot; 
b is the relative susceptance; 


r is the relative resistance; 
x is the relative reactance. 


If the portion of the guide situated after the slot is matched the equivalent 
circuit will be that of figure XIV-19. 
The input admittance of this quadripole is: 


1 
Y= 
a a ore 


the second order giving about: 
Y=1+y—z. 
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If the slot is cut so that: 


Vie, 
which gives: 


g=r _ and b=x: 


the guide will remain matched above the slot. 
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Adjusting the position of the slot, the relation g = r can always be obtained, 
such that: 


Y=1--j() = x). 


The above theory and experience show that the susceptance (b — x) is negative, 
hence the slot is inductive; this may be compensated by placing a capacitative 
obstacle to the right of it, as for example by a wide short rod mounted on the 
other surface of the waveguide with reference to the slot. 

Under these conditions the matching of the guide is no longer influenced by 
the radiating element although a phase variation will be produced to the right 
of the aperture. If U and U’ are the complex voltages above and below the slot, 
the phase difference introduced is: 
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y is a phase lag such that, if two consecutive slots are 1,/2 apart the phase 
difference introduced is no longer z but (az + q). The slots will therefore have to 
be moved closer to each other in order to maintain the correct phase opposition. 

Curves are given in the above figure (fig. XIV-20) which are taken from the 
work done by Watson in this connection which permit the calculation of the 
proportion of the power in the waveguide radiated by a series-shunt slot, as well 
as the spacing correction (d) and the height («) of the capacitative probe pro- 
viding compensation. These curves are valid for the English waveguide having 
internal dimensions of 72:1 x 34 mm and a thickness of 2 mm; they correspond 
to a slot 50-8 mm long and 4-7 mm wide, driven at 2,800 Mc/s. It will be seen, 
for example, that a slot radiating 10% of the incident energy in the guide must 
be placed at (A,/2 — 1-3 mm) from the preceding one; furthermore it must be 
inclined by an angle of 9° to the axis of the guide, its centre being 4 mm from this 
axis. These curves may be related to figure XIV-18 which refers to the French 
guide. 

The compensating probe in this example must have a height of 10 mm, 
which is a serious disadvantage in reducing the power-handling capabilities of 
the waveguide. The use of an inductive iris is seen to be preferable. 

14.5.5 Calculation of the linear source.—The calculation of the linear source 
in the case where all the slots are in phase is extremely simple. 

First of all the power distribution along the array must be known. This 
distribution may be determined by Dolph’s method if a pencil-beam diagram is 
required having a maximum forward gain for a given secondary lobe level. 
A Fourier transformation will be used where the beam must conform to a pre- 
determined shape, in which case the conditions must also be arranged to pro- 
duce an equiphase distribution. 

The distribution of power having been chosen, if the source consists of n slots 
and if p, is the power attributed to a slot in row i, the total power radiated is: 


On the assumption that the first slot is that closest to the power source of the 
transmission line, the slot 1 will radiate a power p,, slot 2 will radiate a power Ps, 
the slot 3 a power pz, etc. A power W, will however be dissipated in the matching 
load of the line. 

Under these conditions the percentage of power radiated by the first slot is, 
noting that the total power supplied to the guide is P, + Wg: 


oO Pi 
Pr = eSPRII GT WES 
Wo +> D; 


and the power left in the guide is: 


P,-4y = Wt CO" p:) ie Ae 
23 
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The percentage of power radiated by the second slot is: 


oO Pe 
Dayoan Se ee 
OG Oe ear, 
that radiated by the third is; 


(0) P3 
Ps % =; a 3 
Wo + Doe [ie ome (Uhy Po) 


and so on. 
The percentage of power radiated by a slot in position k is: 


Co) Px 
Dp Gee ee ee 
i Wt D> Pp ae: 
The slots may equally well be counted from the matched load. In such a case 
the power radiated by the first slot is: 


Oo Py 
Pui oan pat 
Wo + Pi 
that radiated by the second slot is: 
fc) P2 
Dio, ee: 
Wo + Pi + Pe 
and that radiated by the slot in position k: 
oO Px 
De cin ee 
i Wo + Di dD 


Knowing the percentages of power radiated, the positions of the slots may be 
readily deduced. These are cut one by one, starting from the load, and corrected 
as necessary. If it is necessary for the beam closely to follow the specified form 
the slots will have to be a little closer together than half-wave in the guide 
(spacing correction (d) of fig. XIV-20). This correction factor may be determined 
when the percentages of radiated power are being calculated. For these calcula- 
tions it is necessary to know the power W, dissipated in the matching load; this 
is taken as being equal within a few percent to P,, and chosen such that the 
percentage of power radiated by the slot nearest the load shall be compatible with 
a practical position which may be arranged for it. 

The final appearance of the array will be similar to that of figure XIV-21 
the distance between the centre of the slots, measured along the axis, being equal 
to [(A,/2) — d] and « varying from one slot to the next. 

It will be observed that the electric fields are inclined to the axis; if the guide 
is horizontal the polarization will be vertical with components of cross-polariza- 
tion which, being alternated, will radiate very little taken together. All the same, 
these components will give rise to secondary lobes, the level of which will be: 


20 log eon 
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below the level of maximum radiation. For « = 12° this level comes out at 
20 dB; it therefore becomes necessary to avoid any increase in the angle by which 
the slots are inclined to the axis. 


i eee ee ace 


FIGURE XIV-21 


For a 45-slot source, according to Watson, the efficiency of the guide is 
94% (6% dissipated in the matching load) over a band of 8 %, the standing-wave 
ratio being better than 1-15. 
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CHAPTER FIFTEEN 


Electromagnetic Lenses 
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IN 
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[5.1 THE LENS ACTION 


In previous chapters reflector-type antennas have been studied, the role of the 
reflectors being either to create an imaginary equi-phased surface (paraboloids) 
or to provide reflected rays according to a pre-determined law (double curved 
reflectors). It may be noticed that the very idea of a ray in the optical sense is 
related to the equi-phased surface, since, by definition such a ray must be normal © 
to such a surface. To say that the rays are reflected according to a definite law is 


Equiphased 
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Eguiphasedl 
1 ee surface 
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aistribution 
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Paraboloid Double curvature 


FIGURE XV-1 


equal to saying that the reflector gives a definite equi-phased surface which is the 
orthogonal curve of the rays. These concepts are illustrated in figure XV-1. 

An equi-phased curved surface may always be considered as a plane surface 
upon which a certain phase distribution exists, v(x, y) which can be deduced 
from the shape of the equi-phased surface. It may therefore always be taken that 
the radiation of reflectors is equivalent to the radiation of a plane aperture, 
and the radiation diagram may equally well be obtained by the reflector or by 
the plane aperture within practical limits. 

A large pyramid horn will be considered (fig. XV-2); in this horn the waves 
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are centred approximately at the throat such that at the region of the mouth 
the equi-phased surfaces are spheres centred at O. It will be seen that at the 
periphery, in the plane of the mouth, the wave lags with reference to the central 
region. If it were possible to place a phase correcting system to overcome this 
lag, or to retard the wave in the central region, it would be equal to achieving 
an equi-phased surface with a device of practical dimensions. Such a system con- 
stitutes a lens. 

Alternatively it is possible to obtain such a distribution (x, y) at the aperture 
to give the required radiation pattern. It is thus theoretically possible to obtain 
the desired beam by placing a lens at the mouth of a horn (e.g. a pencil-beam 


FIGURE XV-2 


diagram, corresponding to an equi-phased aperture), a cosecant-squared diagram, 
or any other shape. Only pencil-beam diagrams are at present being considered, 
i.e. the obtaining of equi-phased surfaces. 


15.2 DIELECTRIC LENSES 


These lenses are based on the fact that in a dielectric of index n, (n = 1/K, 
K being the dielectric constant) the wavelength is (A,/n), A) being the wavelength 
in air. Over a given distance the phase difference is greater in the dielectric than 
in air, hence by placing a given thickness of the dielectric in the path of a wave it 
is possible to obtain the desired change of phase. In practice this type of lens is 
little used, instead lenses consisting of metal strips or ‘artificial dielectrics’ 
(metal plates containing holes or having a system of metal obstacles) are pre- 
ferred. Nevertheless a knowledge of the theory is useful inasmuch as it may often 
be applied to other types of lenses. 

The lenses may be grouped into two categories: 

1. Plane-convex lenses, where the rays are already parallel to the interior 
of the lens, such that the external surface of the lens is a plane. 

2. Normal incidence lenses, where the rays are refracted only at the surface 
where they leave the lens. , 

15.2.1 Plane-convex lenses.—Consider the lens shown in figure XV-3, let 
F be the focus. 

The surface TT’ will now be determined, and the index n such that the wave 
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front S, coming from F shall be transformed into a plane wave front S, after 
passing through the lens. S, coincides with the external surface of the dielectric 
(by external, the side remote from the focus is referred to). S, may be a sphere 
or a cylinder according to whether the wave originating at F is a spherical or 
cylindrical wave. In the first case F is a point source and the horn terminated 
by the lens is a pyramid. In the secondcase Fis a linear source, propagation taking 
place between two parallel planes, such that the horn terminated by the lens 
will be a sectoral horn (i.e. one that fans out only in the H or the E plane). 


FIGURE XV-3 


In both cases, a drawing of the wave front (equi-phase surface) is a circle S, 
with a centre F (see fig. XV-3), and thus: 


P,P + n(PP2) = Q,9 + n(QQ») 
or: 
FP = FQ + n(QQ3), 
hence: 
r=f-+n(rcos 6 — f), 
which gives: 
(n — If 
= De 
ncos 6 — 1 od 
As n > 1, this corresponds to an eccentric hyperbola n with its origin at the 
focus F. The asymptotes make an angle 0, with the axis Fx which is given by: 


6, = arc cos (2). (15,2) 


n 
Using perspex or polystyrene as a dielectric, nm = 1-6 and 6, = 51°. 

In the case of a spherical wave, surface TT’ will be a hyperboloid around the 
axis Fx, while in the case of a cylindrical wave it becomes a straight cylinder 
the cross-section of which is of hyperbolic form. 

The wave front S, being plane, the conditions for an equi-phase surface are 
satisfied, but the distribution of amplitude at the aperture will have been modified 
due to the deviation of the rays from their path. 
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The case of a spherical wave will first be considered, having a source at F 
giving a power radiation diagram which will be imagined to consist of arevolution 
round the axis. Let P() be this diagram and let P(p) be the power per unit surface 
of S, at a distance p from the axis such that: 

nyaav eS tain 

Then: 

P(p)p dp = P(8) sin 6 dé, 


which gives, replacing p and r by their values taken from (15,1): 


P(p) _ ___(ncos 6 — 1) 
P() f%(n — 1)(n — cos 6) 


FIGURE XV-4 
or again, in amplitude: 
ree 1/2 
A(p) _ (n cos 6 — 1) | (15,3) 
A(8) f?(n — 1)?(n — cos 6) 


For a cylindrical system, y being the distance to the axis given by: 


Vrs 0: 
(i.e. the analogue of p) 
it will have been found that: 


A(y) __ | (15,4) 
ACOye sept LM cos/6) li 


The ratios A(p)/A(@) and A(y)/A(6) are drawn in figure XV-4 with n = 1-6, 
the maxima having been made equal to 1 in order to facilitate comparison. 
It will be seen that they diminish rapidly as 0 increases such that if the primary 
source at F had a constant amplitude diagram in the region in which the lens is 
significant, the distribution at the aperture would be considerably attenuated 
from the centre towards the periphery. It is known that such a distribution de- 
creases the gain, enlarges the main lobe and raises the secondary lobe level. 
The efficiency of the lens is seriously diminished, and beyond 6 = 40° the lens 
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itself gives rise to an attenuation of the order of 10 dB with reference to the 
centre. 

The theory just outlined, based on optical geometry, is only approximate. 
To elaborate a more complete theory it is necessary to take into account the 
reflection of the ray FP at P using Fresnel’s equations (see Chapter II) then 
determine the propagation conditions in the dielectric taking into account the 
successive reflections at the walls. This would give the distribution of the 
fields at the aperture, and this distribution now depends upon the polarization. 

This work has recently been outlined by Jones who has found that his results 
agree closely with practical experience. Unfortunately the equations for the 
calculation of the diagram and gain of a lens are highly complicated. Below 


FIGURE XV-5 


appears a table in which are given the performances of a lens of 35:5 wavelengths 
diameter constructed in polystyrene, the calculated values given being those due 
to Jones. 

It would appear that the calculation tends generally to be optimistic both 
regards gain and secondary lobe level. The gains are poor compared with those 
obtained with paraboloids although the level of secondary lobes is extremely 
low. These remarks confirm the conclusions of the simplified theory already 
given. 

TABLE XV-I 


Secondary lobe level (decibels) 


Ratio eae RTT Tenge SI Factor of gain 
ocal |. at the eage H pl, 

fe (decibels) E plane plane 

diameter Calculated Measured | Calculated Measured | Calculated Measured 


0:42 —24 0-31 0:26 
Ovid. —10 0-53 0:42 
0:77 —15 0:53 0:41 


Os 7 


15.2.2 Concave lenses.—In this case the surface TT” is a sphere centred on F 
or a cylinder with an axis being the normal to Fx at F, such that the rays, pene- 
trating into the dielectric at normal incidence are not in any way deviated 
(fig. XV-5). It now becomes a matter of calculating the external surface equation 
T,T, so that the emerging rays are all parallel to each other. 
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A similar calculation to the preceding one gives: 


me Uta) (15,5) 
n — cos 0 
with: 
Pes hy AnCie wht =O. 


This is the equation of an ellipse with eccentricity 1/n, having as origin the 
focus F, It will be seen that the major axis is f and that the foci must not be con- 
fused with F. For a given focal length f, the aperture of the lens must not be 
greater than 2, b being the minor axis of the ellipse, given by: 


Angle 0,,, corresponding to b is: 
On = arc cos (1/n). (15,6) 
The minimum ratio of the focal length to the aperture is: 
uae ce fiat | 
PAL EN OSI Gs acetal 


which is 1-04 for n = 1-6. This method produces large focal length lenses which 
often places limits on the applications. 
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FIGURE XV-6 


Regarding the distribution at the aperture, it is found that: 


210 SOS 1 aaa he 
A(6)  Lf*%(n — 1)®(n cos 6 — 1) 


Oye }_——@ = os fy =n CORE) ie (15,8) 
A(O0) f(n — 1)(n cos 6 — 1) 


These values are drawn for n = 1-6 in figure XV-6; it will now be seen that 
the lens reinforces the amplitudes in the peripheral regions at the expense of 


and: 
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the centre. This is an advantage for the gain due to a compensation in the 
directivity of the primary source. However, the secondary lobe level may thus 
suffer a serious increase: for 0 = 30° the ratio is 1-7 (see fig. XV-6) such that 
the radiation of the primary source at 30° to the axis must be 14-5 dB below the 
maximum level, so that the amplitude at the edge of the aperture will be 10 dB 
below the central amplitude,which is a minimum. 

15.2.3 Cut-away lenses.—Lenses resulting from the calculations detailed 
above are often found to be of considerable thickness, hence very heavy. They 
may be made lighter by taking into account the possibility of removing a part 
of the dielectric without modifying the performance each time the path through 
the dielectric produces a phase change of 27 related to the same wave passing 
through air. 

Consider a convex lens (fig. XV-7). Between the points A and J’ there will 
be a phase change in the dielectric of: 


FIGURE XV-7 


If the dielectric is removed to a depth of x, the phase change becomes: 


27x 


Ay 
Choosing x such that: 


27nx vs 2mx Bae, 


Ay Ag 


the wave at the plane surface MM’ will always be equi-phase whether the medium 
traversed is air or dielectric, since with a phase difference of 27 it becomes once 
more in phase. 

From the above relation the value of x may be found: 


(15,9) 
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Therefore, each time a thickness exceeding x is obtained (starting from M) 
it is permissible to remove a thickness of x from the lens without modifying 
its performance. This always supposes that the remaining thickness will be 
sufficient to satisfy the mechanical requirements of the system. This leads to a 
Series of steps of equal height. A similar argument applies to concave lenses, 
the steps being cut out of the internal spherical or cylindrical surfaces. 

15.2.4 Frequency characteristic and tolerances.—n being effectively indepen- 
dent of frequency in the centimetre bands, dielectric lenses are consequently 
insensitive to frequency variations. However, the form of the steps must be 
taken into account since in (15,9) A, varies while x remains constant. 

Consider the case where the lens has K steps or zones. At the centre of the 
lens the thickness of the dielectric is equal to the initial thickness OQ, (fig. XV-3) 
less (K — 1) times the height of a zone. For a variation of wavelength Ad), the 
phase variation along the (K — 1) steps is: 


p= 2K — 1) 2 


0 


In general it is considered that this phase change should not exceed +45° 
Zz 
(ie g=+ =| because beyond this the diagram becomes distorted and 


the secondary lobe level commences to increase to a serious extent. This corre- 
sponds to the 4/8 variation used in the case of reflectors. 
It then follows that: 


AA 0-125 
—! = + —, 
thus: 
25 
B= — &. 15,10 
K—1 / ( ) 


Thus a lens having two zones, as that of figure XV-7 gives a total bandwidth 
of 25%, while an eleven-zone lens will only have a bandwidth of 2:5 %. Hence, 
in the interests of bandwidth, it is desirable to keep the number of zones to a 
minimum in a given lens. This requirement leads to a compromise between 
weight and bandwidth. 

If now the construction tolerances are considered, it is found for the thickness: 


A 
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and for the index of the dielectric: 


ce A (t = total thickness) 
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15.2.5 Influence of the lens on the primary source.—A plane wave passing 
from air to a dielectric of index n is partially reflected. In the special case of 
normal incidence the coefficient of reflection is: 


heseedieom 
nee 


In the case of a convex lens (fig. XV-3) the rays reflected by TT’ do not 
return towards F (except the one along Fx) but diverge outwards. On the other 
hand S, is traversed by normal-incident rays which are reflected back on them- 
selves and finally refocus at F. This will give rise to an impedance change at the 
primary source. If the lens terminates a horn, this effect of matching to the 
primary source will not be the only one; the divergent rays reflected by TT” will 
be reflected at the walls of the horn and they, in their turn, will appear at F. 

Similar phenomena take place in the case of a concave lens. As in the case of a 
reflector, it is necessary to match the primary source in the presence of the 
lens. 


15.3 APLANATIC LENS 


The devices just studied have a well defined focus and only give a beam of 
parallel rays if the phase centre of the primary source coincides with this focus. 
In certain applications the beam must be deviated from its normal direction 
(e.g. conical sweep antennas); under these conditions the phase centre must be 
displaced and, since the primary source no longer lies at the focus, the rays 
coming from the lens are no longer parallel. This gives rise to an enlarging of the 
main lobe and the appearance of secondary lobes as in the case of a paraboloid. 

This situation is analogous to that which exists in optics when a luminous 
source is displaced with respect to the focus of a lens. The defocusing produces 
aberrations at the image, the importance of which are in proportion to the 
displacement. The ability of a lens to tolerate this defocusing is called aplanatism. 
A lens is called aplanatic when it gives correct images at points relatively distant 
from the focus. This property is limited to a given zone. 

By analogy, a UHF lens will be called aplanatic when serious displacements 
of the phase centre from the primary source in the plane normal to the axis 
and containing the focus can be tolerated. 

The mechanism of this phenomenon will be examined more closely. Let 
(L) be a dielectric lens bounded by two surfaces & and &’ (fig. XV-8) that will 
be supposed to be of revolution around Fx, and let b be the diameter of the lens. 

In calling A, and q, the distributions of amplitude and phase at the aperture, 
the field at a distance, in a direction making an angle 6 with Fx is: 


2 
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If the angles 6 are small, which is always the case in practice (sin 6) may be 
replaced by 0, which gives: 
b 


Ey = | ,"A,e~ #e2-®) gz 
5 


ee 
2 
The antenna gain is maximum when q, is a constant and this equi-phase 
condition is realized when the primary source is at F, the focus of the lens. 
In these conditions, rays such as QR are parallel to Fx. The length of the optical 
path between F and R is, calling (n) the index of the dielectric: 


FIGURE XV-8 


(FR) = FP + nPQ + OR. 


Suppose that the source is now at F’, in the plane normal to Fx at F. From 
Fermat’s principle, the optical path will be the shortest; this path becomes: 


(F'R’) = F'P + nPQ’ + Q'R’. 
Provided that d is small, PR’ is sensibly equal to PR and: 


PF’ = PF — dsing 
thus: 
(F’R’) = (FR) — d sin «. 


The field £; corresponding to a source placed at F’ is then written: 


2 


b 
+- 
E; ne | SAS jk(-—d sin a—28) q, Sat) | BAe Tite Sing+20) qo 
-3 2 
If it can be arranged that: | 
sina == (15,11) 
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the field radiated will be: 
b 
Ap 
E; pe | 20% +0) dz 
2 
and this equation shows that the wave front at the aperture is represented by a 
plane inclined with respect to OT by an angle: 
pees 
J 


The lens will therefore behave as an equi-phase surface and the radiated 
beam will be off-set by an angle ® relative to Fx; there will be no deformation. 
Condition (15,11), which may also be written: 


Z =f Sine (15312) 


Friedlander has examined the consequences of this in the case where & is a 
plane. Figure XV-8 then becomes figure XV-9. 


FIGURE XV-9 


The equi-phase condition along TO is written: 
rp seca + ns +(t—cosf)=17r,+ nt (15,13) 
calling (s) the length PQ and f angle (PQ, Fx). 
By refraction: 
sina = nsin pf. (15,14) 
To calculate z: 
z=ry,tane+ssin f. 
Replacing s and f in this equation by their values taken from (15,13) and (15,14) 
it becomes: 
Z= fr, tana + SUDO. (it a 1) iors 0 SSO) (15,15) 
n n — cos Bp 
At point S, PQ = s = 0 and the expression (15,13) becomes, calling «» the 
maximum value of angle «: 


Ig SEC &y =‘Ty + (n — I)t. 
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On the other hand if « and 6 are made to tend towards zero in the relation 
(15,15), the value of the focal length will be found to be: 


t 
iveal laa 
n 
Relating these last two equalities to the equation (15,15), this becomes: 


(eet) ee 1) — “Wlseeon — see} — 008) | (15,16) 


z=sina| f+ A Saray n(n — 1)(n — cos f) 


If it is required that Albe’s equation be respected, (15,16) must be reduced to: 
Zoi Sin 


The two fractional terms must therefore be dispensed with. This is a possibility 
both at the centre (point O) and at the extremities (point S). At S, « = a, 
and the second fractional term becomes zero. To obtain the same for the first, 
it is necessary that: 
n*>—n—1=0 
which gives: 
n = 1°618. 


This gives the index of the dielectric that will have to be used. At the centre of 
the lens 6 = 0 and the second term is always zero; the condition for annulation 
of the first is always fixed by the value of the index. 

Thus, in using a dielectric having an index of 1-618 Albe’s condition is auto- 
matically respected at the centre and at the periphery of the lens. This is roughly 
the case using perspex or polystyrene. The condition may also be obtained in 
using certain artificial dielectrics. 

To return to the lens in figure XV-9, at point S the relation (15,12) is written: 


7 SA =f sin &%, 
and as: 
SA = SF sin o%, 
it can be seen that: 
Sia 


Under these conditions the relation (15,13) is written, for point S: 


fo t+ nt=f+(r + t—fcos a), 
which gives: 
f Cos % =f — (n — 1)t. Cla) 
The aperture b of the lens is related to the focal length by: 


b = 2f sin a». (15,18) 
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In eliminating «) between equations (15,17) and (15,18) a relationship is found 
connecting the focal length, the aperture and the thickness of the lens. This 
may be written: 


(n — 


EOP Seal (5-4)" (15,19). 


b Bes 4. 


This relationship is valid provided that b is not greater than 2/; this fixes the 
minimum value for the focal length of an aplanatic lens of given aperture. 


\ 


The calculation of the lens becomes a matter of determining the curve SQO 


when the index (which in principle equals 1-6), the aperture and the focal length 
have been chosen. The relation (15,19) immediately gives the thickness of the 
lens and the points S and O are found. The determination of the intermediate 
points of the curve can be done from the relations (15,13) to (15,15) without 
difficulty, although the calculations are fairly lengthy. 


15.4 ARTIFICIAL DIELECTRICS 


The construction of lenses having an aperture greater than a few tens of 
centimeters becomes difficult when using a material such as polythene due to 
the thickness involved. In addition, the weight factor becomes serious. 

These difficulties may be overcome by using artificial dielectrics consisting 
of metal obstacles regularly placed in air or in a medium having a dielectric 
constant close to unity. Clearly the dimensions of these obstacles must be small 
compared to the wavelength, likewise for their mutual distances. If this is not 


the case dispersion will take place. 


15.4.1 Direct determination of the dielectric constant.—Assume a regular con- 
figuration of obstacles, e.g. small spheres regularly disposed on the intersections of a 


FIGURE XV-10 


wire mesh. These obstacles are put in a 
medium of dielectric constant ¢) in a 
uniform electric field E. 

One of these spheres will be considered 
(fig. XV-10); the field E induces on the 
surface of the sphere positive and negative 
charges which are localized as shown in the 
figure. At a distance the effect of these 
elementary charges may be equated to 
two resultant charges (+g) and (—g) 
separated by a distance /. The moment of 
such a dipole is by definition: 


> = 


m=ql 


and this moment is proportional to the field such that it is possible to write: 


> —-= — 
m=ql= «aE. 


> 
The electric polarization of a medium containing N dipoles of moment m is by 


definition: 


= Nm, 
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If N is the number of obstacles per unit volume, the polarization of the medium per 
unit volume is thus: 
P= NaE€. 


On the other hand the electric displacement D of the medium is related to the polari- 
zation by 
—> 


—> Pe 


But, in general terms, the displacement D, the dielectric constant «¢ of a medium and 
the electric field E in which the medium is placed are connected by: 


=> => 
D= cE. 

These last two equalities show that the effect is as if the dielectric constant of the 
medium had become equal to «, with « given by: 


cE = & FE + P. 
In noticing that the ratio: 
é 
Ep = & 
defines the relative dielectric constant of a medium of constant ¢ to one of constant ey 
the above equation may be written, replacing P by its value: 
Na 
é& =li—. (15,17) 
&o 
This relation however, supposes that the moment of one of the obstacles is un- 
influenced by the presence of the others, or in other words that there is no interacting 
field between the obstacles, which is not true. 
This field will now be taken into account. Let E, be its value: E, is the interaction 
field of all the obstacles forming the configuration with the exception of the one where 
the measurement is being made. The field at this element is thus: 


It is clear that E, is proportional to m, and calling C a factor of proportionality, it is 
possible to write: 
E; —— Cm. 


The moment of the obstacle considered may now be written: 


m= o(E + £,) = «E+ Cm), 
which gives: 


yet gncoeey 
fens 
Under these conditions (15,17) becomes: 
Na 
= bass NORA 8 
& =1+ ee) (15,18) 
The calculation of C is very difficult; it has been done by Lorentz, who found: 
mayeb 
ae BeS 


24 
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such that the relation (15,18) becomes: 


(15,19) 


This is the equation of Clausius-Mosotti. It will be noticed in this equation that the 
dielectric constant artificially created depends uniquely on « and N. It does not depend 
upon the way in which the obstacles are distributed in the space considered, but this is 
due to the approximate nature of the calculations which assume that the wavelength is 
very great. 
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FIGURE XV-11 


15.4.2 Alternative method: network comparison.—The dielectric constant of a 
regularly disposed system of obstacles may be found by another method. 

Consider the configuration of figure XV-11, where the circles represent obstacles 
distributed in successive parallel planes as shown in the profile to the right. It can be 
shown that the presence of plane conductors normal to the planes of the obstacles, 
perpendicular to each other and as shown in dotted lines in the figure, do not in any 
way alter the behaviour of the system. 


FIGURE XV-12 


Under these conditions the whole may be considered as a juxtaposition of rectangular 
waveguides such as MNPQ, charged by obstacles placed at regular intervals along their 
axes. This guide may itself be considered as a line regularly charged by susceptances, - 
forming a number of z-sections as shown in figure XV-12. In the case of metallic 
obstacles these susceptances are capacities. Consider a single section as shown in the 
right-hand figure. The propagation constant of the section can be calculated, it being 
assumed to have no losses. Under these conditions the propagation constant will 
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become in effect the phase constant, from which it will be possible to deduce the wave- 
length on the line and consequently the equivalent index of the structure. This method 
has been used by S. B. Cohn. 

The admittance and transfer characteristic of a section are given by: 


Yo viy Ye 
Yy, 

ha= /— 
tan Y, 


where Y and Y, are respectively the admittances of the network open or short- 
circuited. 
Let: 
I, be the current in the line at point A, 
I be the current in the line at point B, 
U, be the voltage between A and C, 
U be the voltage between B and D. 
Calling: 
2rl 
A 


the electrical length of the section, we get: 
| I, =Icosy + jUsing 
U, = Ucos@ + jlsing 


for the open-circuit condition: 
B 
Pa U; 
J3 
and from the above relations it is seen that: 


083 Sass 
lL, at 7 OS P + j sin 


Uy Big. 
COS Y — 7 sing 


The current at the input to the section is: 
_B 
Ih + J > Up 


and the open-circuit input admittance is written: 


ee 
Which gives, with the above relations: 
Becoty + 1 — Hs 
Fe 
0 J B 
COULD? > 
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The short-circuit input admittance is calculated putting U = 0, giving: 
at esl 
Y, =] phir. cot 
The reflected admittance is thus: 


2 
Y= V¥%=,/1 - 7 + Booty (15,20) 


For the transfer constant, which is an imaginary quantity, hence a phase constant: 


Soa Roane 
[Boots +1 ey 


tan B = Gree B 
Sati 
thus: 
Boe 
cos B = cosy — 5 sing (15,21) 
But by definition, the wavelength on the line is given by: 
2nl 2nIn 
= a Tapas (15,22) 
A being the wavelength in air, and n the index. 
From the relations (15,21) and (15,22) we get: 
2rln 2nl jie 2rl 
cos —— = cos cai) naa (15:23) 
If J/A is small, with x = ///, then: 
a : 1 
cosx =1-—--—; SIN) X == XS cotx =-. 
2 ya 
Equation (15,23) then becomes: 
fe 2nlIn aoe _ (2al 2 B lz 
PALL Epa 2 Pah ay 
which gives: 
Ba 
x Bu (15,24) 
n 4 Lea: Fal 


As has just been shown, the calculation of the index is equivalent to calculating 
the susceptance B of the obstacles; such susceptances may be calculated in 
waveguides. Thus, in the case where the obstacles consist of thin strips parallel 
to each other and normal to the direction of the electric field, everything takes 
place as if there were a guide MNPQ (fig. XV-11) being charged by capacitative 
irises of known susceptance. 

Equations (15,19) and (15,24) will clearly lead to results which if not identical, 
will at least be very close. The last equation introduces the wavelength, showing 
that artificial dielectrics present a certain dispersion. This is not obvious from 


pt a OO, Oe 


ee ee eee ee 
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equation (15,19) because it has been assumed that the wavelength was very 
large compared to the dimensions of the obstacles. 

It is interesting to notice that in the equivalent circuit of an artificial dielectric 
(fig. XV-12) the end shunt elements have a susceptance which is one half that 
of the other elements, which means that the above calculation is only applicable 
to groups of obstacles in which the outer layers have a susceptance one half of 
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FIGURE XV-13 


that of the inner ones. This leads to a better matching of the lens to the surround- 
ing medium. In the case of a natural dielectric, in the case of normal incidence, a 
certain coefficient of reflection will exist given by: 


cele ak 

n+1- 

This reflection may be avoided by putting a layer one quarter wave thick on 
both surfaces of the dielectric, having an index of 1/n; this is equivalent to a 
quarter wave matching section being placed between two lines of different 
impedance. Clearly, in the case of oblique incidence it becomes impossible to 
ensure proper matching for all angles. All the above calculations assume normal 
or nearly normal incidence, these being the only conditions under which they 
are valid. 

15.4.3 Group of thin parallel strips.—The easiest distribution of obstacles 
to construct is certainly an array of thin strips parallel to each other and per- 
pendicular to the electric field. The general arrangement of a plane convex lens 
made up on this principle is given in figure XV-13b, while figure XV-13a gives 
constructional details. The strips are held in place by plates of material having 
an index approximately equal to that of air; vinyl or polystyrene foam is suitable. 
The determination of the lens is simple; the index having been chosen, the 
construction of the array of strips and their dimensions follow automatically 
and the profile of the lens is calculated according to section 15.2.1. It is even 
possible by choosing the index to be around 1-6 to make the lens aplanatic. 


n 
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It will be obvious that the waveguide MNPOQ (see fig. XV-11) is a rectangular 
guide of height (b) charged by capacitative irises spaced by a distance /. Wave- 
guide theory then allows B to be calculated, and consequently n, from (15,24). 
The equations obtained are unfortunately very complex. Table XV-II gives, 
after the relations established by S. B. Cohn, values of n as a function of b/A for 
various values of //b. The parameter 6 used in this table is: 


b—e 
ae A 


It is observed that with values of 6 of 0:3 and even 0:4 an index of 1:6 or more 
is readily obtained. 


6= 


b/A 
0 1-536 1-361 L237, 
3 0-3 1-646 1-432 1-280 
Aor 0-4 1-770 1-505 1-322 
0-5 2:055 1-657 1-405 
0 1-490 17337 25 
1 0:3 1-583 1-399 1-263 
= 0-4 1-697 1-465 1:301 
0:5 1-947 1-603 1-370 
0 1-400 1-279 1-188 
3 0-3 1-475 1:325 1-216 
De 0-4 1-567 1-376 1-243 
0:5 1-924 1-488 1-299 


15.4.4 Circular obstacles.—Another type of obstacle which is relatively 
easy to make consists of thin circular discs. These may either be disposed as 
equilateral triangles or as squares, (see fig. XV-14a and b). In both cases the 
planes of these arrays are always parallel and spaced by a distance /, the obstacles 
being lined up one behind the other. 

The susceptance of the obstacles arranged in the form of a quincunx may be 
calculated and figure XV-15 gives the index values obtained for discs, the centres 
of which are placed triangularly, the triangles being equilateral and measuring 
24 mm each side. These discs are made by depositing a metallic film on a sheet 
of polythene 0-12 mm thick. These sheets are held in place by plates of foam 
material having a thickness of /. The ratio (d/b) is the parameter. 

In the case of obstacles placed at the angles of a square the index calculation 
is more involved; as far as the author is aware this has only been done recently 
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by J. Brown and W. Jackson by the the direct method. The results are therefore 
independent of wavelength and are only valid if this is large compared with the 
dimensions of the obstacles. Figure XV-16 which is taken from the article by 
the authors referred to above, gives the value of the equivalent dielectric constant 
as a function of these dimensions. These results are confirmed in practice. 

15.4.5 The effect of oblique incidence.—The above is significant only when 
the wave is normal to the medium being considered. However, in a lens this is 
only true in the immediate vicinity of the axis; elsewhere the incidence is oblique. 
The theory of artificial dielectrics working at oblique incidence is at present 
being studied and no attempt will now be made to go into details. 


1/6 
8} 0,4 0.8 pe 1.6 


FIGURE XV-16 © 


All that can be said is that the index of the medium varies with the angle of 
incidence and is no longer independent of polarization; the properties of the lens 
do not remain constant, and without some very precise theoretical information 
the matter must be left to experiment. As a general rule short focal lengths should 
be avoided; an angle of incidence of not more than 30° is another practical limi- 
tation for most cases. The restriction on the minimum value of focal length is a 
serious handicap for this type of antenna when it is desired to reduce the overall 
dimensions; under such conditions it is always preferable to use paraboloids. 

When assessing weight the lens is often heavier than the reflector, which is 
another reason for using the latter. On the other hand it is easier to reduce the 
secondary lobe level with lenses and they are not very sensitive to frequency. 

The above considerations indicate that lenses are more suitable for fixed 
installations (UHF relays). They are very little used in radar techniques. 


I5.5 METAL SHEET LENSES 


15.5.1 Sheets in the E plane.—It has been observed that the principle upon 
which a dielectric lens works is that the wavelength in the lens is smaller than in 
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air. Phase variations may also be obtained by using, in a certain medium, 
wavelengths greater than those in air. This is the principle of metal strip lenses 
which are parallel to each other and to the E vector. 

Consider two of these plates (fig. XV-17) and let b be their spacing. If b is 
less than //2 the wave will not be able to be propagated in the guide thus con- 
stituted, and the set of sheets will behave as a reflector, the effectiveness being 
indirectly proportional to the size of b. 

If b is greater than A/2 a TE,, wave will be propagated between the two plane 
conductors, and the phase velocity will be: 


Vo 


p= (15,25) 


Rey ee 


fe a 


FIGURE XV-17 FIGURE XV-18 


where v9 and / are the velocity and wavelength in free space. From the definition 
of the index, the set of plates behaves as a medium of index: 


2 
Fees Ji Gs (4) (15,26) 
v 2b 


This index is now less than 1, which will change the form of the lens. If 
reference is made to the case of the plane convex lens (fig. XV-3), equation (15,1) 
becomes: 3 


peer Liven TN (15,27) 
1 — ncos 0 
This is the equation of an ellipse, and the surface TT’ will be an ellipsoid 
(fig. XV-18) in the case of a point source, or a cylinder in the case of a linear 
source. 
Here too the lens modifies the distribution of field at the aperture; using the 
Same notations as in section 15.2.1: 


eee onan 1 (15,28) 
A(6) (i — n)?f*(cos @ — n) , 
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and: 


49) _| (1 — ncos 6) iis 
A(@) (1 — n)f(cos 6 — n) 

As opposed to what takes place with the convex dielectric lens, these ratios 
increase with 0, such that the distribution at the aperture is less attenuated at 
the edges with the lens than without it. It will have a tendency to reduce the 
diagram and increase the secondary lobe level; the radiation diagram of th 
horn will therefore need to be chosen in consequence. 

Due to the thicknesses resulting from the calculations it becomes desirable to 
use stepped lenses. The phase change per zone will need to be 27 which will give: 


De oe khaki ps 
— — — = 27, 
Ao hg 
giving: 
soe AE 
it 
The equation of the contour of the Kth zone is an ellipse, and: 
hb), 
f= f+, 
eae 
PIs fle (Uh 
= 
Ta nicoso 


(it will be noted that f represents the focal length of the lens but that F is not 
the focus of the ellipses). 
The passband of a cut-away lens is given approximately by: 
SOM ta 
ears © 
the maximum permissible phase change being 45°. Regarding constructional 
tolerances, it is found for the thickness: 
ey 0:03A, 
t—n 


and for the spacing between plates: 


Ab 3n 
Ss 
b Maeay a4 
15.5.2 Sheets in the H plane.—It is also possible to retard a wave by sending 
it through a fairly long path between two parallel metal sheets, the surfaces 


being normal to E. The wave will then be a TEM type and its velocity in the 
waveguide thus constituted will be equal to that in free space. Thus with a stack 
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of plates inclined at an angle « to the direction of propagation (fig. XV-19), the 
phase change during the passage through the plates will be: 


Qns _ 2nt 1 


Aaaide cos a8 


Everything takes place as if the wavelength had become: 
Ae 1 COS Os, 
hence, as if the wave had passed through a medium having an index of: 
1 


ie 


COS % 


FIGURE XV-19 FIGURE XV-20 


The stack now behaves as an artificial dielectric of index n, which in this case 
is greater than unity. By the use of inclined plates playing the role of an artificial 
dielectric it thus becomes possible to construct convex lenses. 

The inclining of the plates produces a marked asymmetry at the aperture. 
If the distribution is rigorously equi-phased this will not modify the direction 
of maximum radiation, but the aperture of the main lobe and the secondary 
lobes will be affected. This is the main disadvantage of the system which has 
not in fact found much application. 


15.6 HOLE-LENSES 

From Babinet’s principle one would suppose that a screen which was comple- 
mentary to a screen consisting of metallic obstacles disposed on a transparent 
sheet would also amount to a lens. Such a screen would be opaque, being metallic 
and holes would be drilled in it corresponding to the obstacles of the first screen. 
The holes could be of any form or shape, but from practical considerations 
round holes would be chosen. The simplicity of this system is immediately 
apparent; the lens now consists of a number of drilled sheets parallel to each 
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other and normal to the direction of propagation of the wave. This type of wave 
has been studied by M. Simon; it is used for long range UHF relays and finds 
some application in radar. 

Consider a plate containing holes having a diameter d, the centres of which 
fall regularly on the corners of a square of sides 2a. The phase displacement p 
introduced by the plate when it is placed in the path of a plane wave (approxi- 
mately speaking) is measured, and the curves of figure XV-21 are obtained. 


Y radians 


FIGURE XV-21 FIGURE XV-22 


The measurement of the transmission factor ¢ results in the curves shown in 
figure XV-22; (¢ = 1 when 100% of the incident energy is transmitted), 2a/A 
is always taken as the parameter. 

An examination of the two curves shows that the value d/A = 0-43 is of 
considerable importance in the behaviour of the screen. For d = 0-43 A, the 
transmission ¢ and the phase change ¢ are to allintents and purposes independent 
of the spacing of the holes. For d < 0:43 A the phase change increases rapidly 
as d becomes smaller; figure XV-21 shows the phase variation around this 
value of d. For d > 0:43, y diminishes and for 2a/A > 0-79 it becomes negligible 
from d= 0:7 A. 

Regarding the transmission, it is interesting to examine the transparency 
of the screen in the optical sense of the word. If & is the surface area of the holes 
and S the total surface of the screen, this transparency can be defined by the 
ratio: 


x 
Tae 
S 
In considering the ratio 7 = ¢/r, it is found that for d = 0-43 A 7 is roughly 
0-75 whatever 2a/A may be. For d > 0-43 An increases rapidly, and for 2a > 0-65 
A it becomes rapidly equal to 1 or even greater than 1; the plate is more trans- 
parent to the waves than the ratio &/S might lead one to believe. 
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For d< 0-43 A, 7 diminishes rapidly and the plate soon becomes opaque. 

It will be observed that the wavelength: 

A, = d/0-43 

has a significance which is rather similar to that of a cut-off frequency. When 
the frequency becomes smaller than f, corresponding to A, the plate becomes 
rapidly opaque. There is therefore a striking analogy between the hole and a 
section of waveguide. This analogy is also found in the phase change introduced 
by the sheet, the angle » corresponding to a phase advance. If a number of 
plates are used the phase advance will be in inverse proportion to the size of 
the holes. The effect is as if a wave were passing through a waveguide containing 
the plates, with a phase velocity greater than the speed of propagation in free 
space. 

This, therefore, provides a means of varying the phase at an aperture. To 
transform a spherical wave into a plane wave it is necessary to obtain a pro- 
gressively increasing phase change from the centre to the periphery of the aperture. 
This can be done by shaping the strips to give an elliptical profile in the case of 
metal strip lenses. In the present case this same result may be achieved by 
drilling holes which are progressively smaller in diameter from the centre 
towards the periphery. Alternatively, the hole diameters may remain constant 
and the number of plates may be increased on approaching the edge of the 
aperture. This possibility is of smaller interest mechanically than that of varying 
the hole diameter, apart from which diffraction at the edges of the plates intro- 
duces errors into the results. When the phase change produced in a stack of 
plates reaches 27, a ‘cut-away’ lens technique may be employed as previously 
described. 

To construct a lens the curves of figures XV-21 and XV-22 should be drawn; 
these curves allow the diameter and spacing to be found to give a correct 
transmission, approaching most closely to 1 while at the same time conserving 
a suitable phase change per plate. The variation of hole diameter in the lens will 
influence the transmission factor and this will have to be borne in mind in the 
calculation of the field distribution at the aperture. All these calculations can 
be made from experimental curves, but the interaction of the plates one upon 
the other must be taken into account, which limits the working band of the 
antenna, the stack of plates acting as a bandpass filter. 

Hole-lenses are certainly the most convenient with which to work, in addition 
to which the cost of such lenses is most favorable. As against this, the weight of a 
stacked system may be considerable. In the case of oblique incidence the 
considerations are greatly complicated and the reader is referred to the interesting 
article of M. Brousseau on this subject. 
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CHAPTER SIXTEEN 


Frame Antennas 


Frames constitute a special category of antennas which use the magnetic 
component of radiation; knowing the relationship between the magnetic and 
electric fields it is possible to use the latter in calculating the performance of such 
an antenna. Frame antennas are usually confined to reception and such condi- 
tions will be considered in the study of these antennas. From the Reciprocity 
Theorem the results obtained are equally valid for the case of transmission. 


16.1 CALCULATION OF THE INDUCED E.M.F. 

Consider any loop placed in an electromagnetic field, the dimensions of the 
loop being small compared with the wavelength so that the current flowing in it 
may be considered as constant and uniform. 


Direction of propagation 
| H 
Pa fe 
E 


H 


FIGURE XVI-1 
If ® is the flux cut by the turn, the induced e.m.f. will be: 
= (16,1) 


In the case of a plane loop (fig. XVI-1) forming an angle to the direction of 
the source of a wave, the magnetic field crosses a section S sin 0 where S is the 
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surface enclosed by the loop. The flux cut will be: 
® = SH sin 0. (16,2) 
In the case of an electromagnetic wave, H has the form: 
H = H,e'”, 
such that the relation (16,2) is written: 
© — SHisin ese. 
and the induced e.m.f. is: 
e = —jwSH, sin 6. e)”, (16,3) 
But EF and H are connected by the relation: 
fDi lg Ob 
where c is the velocity of propagation. 
Further: 
2 


T 


60) 


and the relation (16,3) may be written, neglecting the exponential term and thus 
only considering the amplitude: 


(Se Ee! 
cT 


However, as the wavelength and the period are related by 
Aaron 
this last value of e becomes: 


e= j= SEsin 8 


If, instead of a single turn loop, there are several turns in the same plane, the 
total e.m.f. collected will be: 


nl Ee Nia oe. (16,4) 


The effective height er of an antenna is given by definition as: 
e = Nee UES 
Comparing this expression with (16,4) it is seen that the effective height of a 
frame antenna is: 


27SN . 
= —— si 


het n 0. (16,5) 


This height is expressed in metres if S is in square metres and A in metres. 
It is observed that: 
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1. The effective height has a maximum equal to 27NS/A, a value which has 
however certain limitations. It has been supposed that the current is constant 
along the wire, which presupposes that the total length of this wire is much less 
than the wavelength. There is therefore a clear interest in choosing a loop shape 
giving a maximum of surface area for a minimum perimeter; this dictates the 
use of a circle. 

The surface area of the loop is frequently limited either in size or shape 
according to the application. In the case of airborne equipment the diameter may 
not exceed a few tens of centimetres and the effective height cannot exceed a few 
centimetres. 

2. The effective height is a function of 0. It is maximum when the plane of 
the frame is in the direction of the transmitter (cos 0 = 1) and zero when the 
frame is perpendicular to it. This is the principle of radio-goniometry. 


16.22 PERFORMANCE OF A FRAME OR INPUT HEIGHT 


The fact that the effective height of a frame is always very small may lead to 
the supposition that it constitutes a very inferior type of antenna system for 
reception. This is not however correct since a loop antenna may be matched to a 
receiver input in such a way as to obtain a far greater gain at the input circuits 
than could ever be obtained when a normal wire antenna is used. In many cases 
the wire antenna cannot have a very great length and the antenna is always 
short compared with the wavelength. The input circuit is that of figure XVI-2. 

The antenna is equivalent to a capacity (an open-wire system shorter than 
one quarter wavelength) and the primary circuit resonance is given by: 


JOG fie kee AY 


where C, is the equivalent capacity of the antenna and w, the angular frequency. 
It can be shown that the gain of the input circuit for a given angular frequency 
w, is given by: 


where q, is the secondary Q and k the coefficient of coupling. A study of this 
system demonstrates that it is very difficult to exceed a gain of 20. The e.mf. 
in the antenna being: 


e= Nes . E, 
it will be seen that the voltage at the grid of the first valve will have a maximum of: 
faa 20N or. E. 


In the case of a frame the circuit of figure XV-3 may be used where the induc- 
tance of the frame is tuned by the capacitor C. If q is the magnification factor 
of the frame the voltage at the grid of the first valve will be: 

C= Qner pep (16,6) 
25 
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If the Q of the frame is 200 the grid voltage will be the same for a frame as for 
an antenna having an effective height ten times greater. This argument demon- 
strates the importance of the ‘input height’ of a frame, which is the product of: 


P=q X he 


and which gives an indication of the performance which can be obtained with 
a frame antenna. Obviously it is desirable to attempt to obtain a maximum 


FIGURE XVI-2 FIGURE XVI-3 


frame Q combined with a maximum effective height, which is another way of 
saying a minimum resistance with a maximum of surface area; this too indicates 
the necessity of using a circular loop where possible. 


16.3 LOOP HAVING DIMENSIONS NOT NEGLIGIBLE COMPARED 
WITH THE WAVELENGTH 
Although in the majority of cases frame antennas used for reception have 
dimensions which are small compared with the wavelength, it is interesting to 
learn what will take place when this is not the case. 


FIGURE XVI-4 


The field radiated by a circular loop in which a uniform current is flowing 
may be calculated; it is assumed that the elementary currents at all points of the 
loop are equal and in phase. Consider such a loop placed in the plane xOy 


Pe ee Pee ee 


a ee ee ee ee en 
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(fig. XVI-4) and having the notations of that figure. The expression for the 
electric field will be: 


Re 607kal 


Eo J,(ka sin 6) A NaheOue) 


where a is the radius of the loop and r the distance from point O to point P 
where the field is measured; k is equal to 27/A. 


a=052A a=25A 
FIGURE XVI-5 


This field is parallel to the field xOy and normal to OP. If the loop is horizontal 
the polarization is horizontal. The value of £ is independent of ®; the radiation 
is thus omnidirectional in the plane of the loop, and there is always a zero in 
the direction Oz. A similar diagram has already been found in the case of a 
square loop made up of half-waves fed in such a way that the currents flow 
all in the same direction (see section 6.8). 

Equation (16,7) shows that there will exist as many directions 0 of zero 
radiation as there are values of this angle which will cancel the first order Bessel 
function J,(ka sin 0). Figure XVI-5 gives three diagrams obtained with three 
different radii, 4/20, 2/2 and 2°5 2. For diameters smaller or equal to one tenth 
of a wavelength the classical diagram for a frame is found to apply. In this case 
the equation may be written: 

aw 1207*I sin 6S (16,8) 
r ? 
where Sis the area of the turn. 
This expression, which may also be written: 


6071 ee | 
oo inese ae horace. 6 5 
Ar a 


may be compared with the equation (16,4); the two are similar, one concerning 
reception and the other transmission. Furthermore, since the radiation diagram 
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of a small loop is identical to that of a doublet (see section 3.1) the gain of this 
loop is identical to that of a doublet, i.e. 1-5 times or 1-76 dB. 

It should be noticed that the fields radiated in both cases are orthogonal ; 
a small loop constitutes a magnetic doublet. 


164 RADIATION RESISTANCE OF A FRAME 


Knowing the expression for the field radiated by a loop, given in equation 
(16,8), it is possible to deduce the total radiated power and hence the radiation 
resistance. 


The power radiated by unit area is given by the modulus of Poynting’s vector: 
—> 1 — > 
[S| = 5 RelE x #] 
These relations have already been used in section 10.4. 


— > 
At a distance, E and # are in phase and their amplitudes are in the ratio of the 
impedance of free space (see Chapter 2): 


_ | 
tars 1207 
such that, from (16,6): 
1 1 | 607kal : 2 
| | = 5 ore J, (ka sim. 0) 
thus: 
2 7272 
Is] = 150 2 32¢ka sin 6). 
r 


But the power density per unit solid angle is equal to the density per unit surface area 
multiplied by the square of the radius of the sphere from which the surface is formed. 
Thus: 

P(6, ®) = r? |S| = 157k?a?I257 (ka sin 0), 


and the total power radiated by the loop, following from the reasoning in the first 
chapter: 
4ar 2a (a 
lee -| P(@, ®) dQ = | | [157k?a?I?J? (ka sin 6) sin 6 dé d®] 
0 JO 


0 
hence: 


P, = 307*k*a?I? | J*(ka sin 6) « sin 6 dé. 
0 
The radiation resistance is given by the relation: 
Poe 
ee? 
and from these two equations Ry may be deduced: 


Ry = conektat | J#(ka sin 6) sin 6 dé. (16,9) 
0 
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But, in general terms: 


7 22 
| J,(x sin 6) - sin 6 d6 = | Ja(y) dy. 
0 0 


hav 
Which, related to (16,8) gives: 
2ka 
Ry = 607? ka Jo(y) dy (16,10) 
0 


which is the equation established by Foster. 


This radiation resistance may be written simply when the radius is small 
compared with the wavelength. With the approximations already used to 
establish equation (16,8) it is found that: 


Re Aoki a: (16,11) 
and, in the case of a frame of N turns: 
Ro=alO7 Nee ae: (16,12) 


This gives a result of 2-5 ohms for a turn of 0-1 / in diameter. 


16.5 SCREENED LOOPS 


The theory just developed supposes that the frame has dimensions which are 
very small and that no current variation is present. In fact there will always be 
stray capacities to earth and, to the current induced in the turns by the magnetic 
field will be added a current due to the electric field since, in this field different 
points of the frame are at differing potentials at a given instant. This is known as 
frame antenna effect. 

The flux cut by the turns of the frame is a maximum when the frame is in the 
plane containing the incident rays and the diagram is symmetrical in a figure-of- 
eight. The ‘frame antenna effect’ produces a current in quadrature with the 
current induced by the magnetic field, and which, according to the case adds 
or subtracts from this current since this reverses for a 180° rotation of the frame 
whereas the current due to the electric field does not reverse. Under these con- 
ditions the radiation diagram is no longer symmetrical, one of the two lobes 
becoming more important than the other, and the zero is no longer precise. This 
is a Serious disadvantage, particularly in the case of direction-finding. 

To restore the symmetry to the diagrams the frame antenna effect must be 
eliminated, which can be achieved in providing the frame with an electrostatic 
screen. The electrostatic screen used is simply a torus in which the turns are 
placed. The metal used must clearly not be magnetic; copper or aluminium are 
suitable for the purpose. The screen must not form a completely closed circuit 
as will be seen later. The final form of the antenna is similar to that shown in 
figure XVI-6 where, for the sake of clarity only two turns are shown. The 
screen (5) is mounted on a base (B), also metallic, fitted with a means of making 


374 THE ANTENNA 


connection to the wires of the frame. At the point marked (c) an air-gap is 
placed, which in practice consists of a piece of insulating plastic material. 

The presence of the screen increases the self-capacity of the frame as well 
as its HF resistance, thus the Q factor is diminished. It will be seen later that the 
air-gap plays a very important role. 

The system consists of two circuits which are coupled by the mutual inductance 


FIGURE XVI-6 


M between the turns and the screen. Let e be the e.m.f. induced by the field in the 
screen. The e.m.f. induced in the frame consisting of n turns is: 


C5 == ne,. 


The impedances of the screen and the turns of the loop will be called Z 
and Z,, i.. From Kirchhoff’s law it follows that: 


p ly 


2) =a ne, — Lolo -t- jMowi,. 


From these two relations the current in the frame may be deduced: 


.Mo 
a dat 

. 1 
i2inee 2.9 
Te = 

1 


Me 
The effect is as if the induced e.m.f. had varied by —j > 1 and as if the 
1 


impedance had increased by M?w?/Z,. 
Three possibilities exist: 
1. Zero air-gap.—Under these conditions the impedances Z, and Z, are: 


Ly = R, aL jL,o, 
Zee Ray 


Fe ey ey ee 


ee ee. | 


—— 
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where R and L represent the resistance and inductance of the corresponding 
circuit. If q, and q, are the screen and loop magnification factors respectively: 
Lo Lo 
q4¢=— and g=—. 
Ry Ry 
In the absence of a screen, the voltage available at the terminals of the frame, 
in tuning this by means of a capacitor C, is: 


ne, Leo 


Voo = C042 = R 
2 


With a screen it can be shown that this voltage at the terminals of C, will become: 


2 

V2 = Voy ———— 

qi + kde 
where k is the coefficient of coupling between the two circuits. In practice 
q, and q, are high and V, is only a small fraction of Vo. If the resistance R, 
tends towards zero, V, will also tend towards zero, which is in conformity with 
the theory relating to screening by means of a closed conducting circuit. This 
is the reason for an air-gap being introduced. 

2. Normal air-gap.—Impedance Z, now becomes: 


1 
Z=R,+j(Ly0 ~ 1] 
Cio 


if C, is the capacity of the air-gap. A special value of this equation is that which 
tunes the screen to resonance, and is given by: 


It 1s possible to show that the ratio V/V» varies as a function of the ratio 
C,/Cy) and passes through a maximum for a value of this ratio which is: 


mtd 1 + k*qi/qe 
Cy cn kit (91/42) 


Generally g, has a value of between 50 and 100 while g, may vary from 100 to 
200. k is often of the order of 0-7. Under these conditions a ratio of C,/C 49 in 
the region of 0-5 gives a frame output voltage of 1-5 times the voltage without 
screen. This is therefore well worthwhile; the adjustments should be made with 
the aid of a model. The value of C, required may be quite high; it may be realized 
by introducing one part of the screen into the other, as a sleeve. The insulation 
may be assured by means of an insulating sleeve of plastic material. At all 
events the tuning capacity of the loop is diminished. 
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3. The air-gap capacity tunes the inductance of the screen.—Under these 
conditions it can be shown that the voltage V, is considerably lower. This should 
be avoided at all costs, but this is not difficult as the case represents the presence 
of a very high capacity. 


166 INDUCTANCE AND MAGNIFICATION OF FRAMES 


It has been seen in section 16.2 that the e.m.f. available at the terminals of a 
frame is given by the equation (16,6): 


e= GhesE. 


So that this may be so, the frame must be tuned by a capacity C which leads 
to the use of frames of fairly high inductance so as to have: 


LCw? = 1. 


These frames are said to be of high impedance. Screened loops having smaller 
inductances due to the smaller size and fewer turns are said to be low impedance. 
At the present time the latter type is used almost exclusively; matching to the 
receiver being carried out by means of a transformer having an aperiodic 
primary and a tuned secondary. The e.m.f. available at the output is no longer 
equal to the product of the field by the effective height which would be obtained 
by directly tuning the frame. A new input height her may be defined by the ratio 
of the output voltage e to the field E: 


Ud 


- Pn’ 
Cl Gan ees 


E 


This new height is often 10 to 15 dB lower than h,,. The reader is referred to 
works devoted to direction-finding for further comments on matching loops 
to receiver inputs. 
Whatever the circuit used it is essential that the Q be as high as possible; 
this magnification factor is: 
_ Le 
R ‘ B 


where R is the total resistance, comprising the resistance of the wire, the radiation 
resistance, and the equivalent loss resistance of the insulators. Radiation 
resistance is calculated from (16,12), the loss resistance is always negligible 
provided good quality materials are used. The wire resistances may be calculated 
from the classical equations for HF coils. However, all this leads to an approxi- 
mate result and the best way to find the Q of a frame is to make a practical 
measurement, particularly in the case of a screened loop. 

Knowing the inductance is, however, useful as a guide before any measure- 
ments have been made. The calculation may be made with the aid of Nagaoka’s 
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formula provided that the turns form a cylindrical winding. This formula may 
be written: 
Ete ne el Omi 

where: 

n = number of turns; 

D = diameter of the winding in centimetres; 

K = coefficient given in Table XVI-I and a function of the ratio of the diameter 
of the winding to its length. 


For approximate calculations K can be deduced from Mesny’s formula: 


ae — : 
Atl 
D 
TABLE XVI-I 
D D D 
iT | i i ip i 
10 20:0 20 24-4 60 31-2 
11 20°6 22 25:0 70 32:2 
12 2ieD 24 25°5 80 33-0 
13 21-7 26 26:0 90 33-7 
14 22:1 28 26°5 100 34-5 
15 22:6 30 26:9 
16 23:0 35 27:9 
17 23°4 40 28°7 
18 23:7 45 29°5 
19 24-0 50 30-1 


If the winding consists of one turn only, or of a few turns, the calculation may 
be made knowing the inductance of one turn and the mutual inductance between 
the turns. The inductance is given by the equation: 


a 2D| (log sy o 2| 10°*uH 
and the mutual is given by: 


Mo 2nD| (log 222) a 2-45 |10- WH ; 


in these formulas: 
D is the turn diameter, 
a is the wire diameter, 


d is the spacing between the turns. 


26 
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Hence the inductance of a two turn winding is: 
Ly = 2b, + 2M: 
Similarly the inductance of a three-turn frame, numbering the turns 1, 2 and 3 is: 
L, = 3L9 + 4My,. + 2Mj3. 
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APPENDIX 


Transmission Lines and the 
Circle Diagram 


| MATCHED LINES 

Consider an infinitely long line which has been cut; if the portion which has 
been cut off is replaced by an impedance equal to the characteristic impedance 
of the line, this line will continue to behave as if it were infinitely long. The 
section of line will carry a constant amplitude wave V, and Jy. Such a section of 
line is said to be matched. 

In practice, where transmission lines always have a finite length, they are, 
where possible, terminated by their characteristic impedance. It will be shown 
in the following paragraphs that for the transmission of energy this matching 
is very important. 


2 LINE TERMINATED BY ANY IMPEDANCE. COEFFICIENT OF 
REFLECTION 

Consider a line excited by an e.m.f. (fig. A-1) and suppose that this line is 
terminated by an impedance other than Z). The moment the e.m-f. is applied 
to the line will be taken as zero time reference. At this instant a wave is propa- 
gated in the direction of the end of the line, setting up a constant voltage V, anda 
current of constant amplitude J;. As long as the wave has not reached the far 
end of the line everything takes place as if the line were ey long, and 
V, and J, are connected by the relation: 


V,= Zoli: 


At the moment that the wave reaches the extremity of the line the load 
impedance Z, absorbs a part of the incident energy and the other part is returned 
towards the source in the form of a reflected wave, Vp and Jp. There is no 
alternative, unless the total power is absorbed by Z,. In such a case the line 
would behave as one which was infinitely long and Z, could only be equal to Zp. 
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The condition for which a resistance placed at the end of a line will absorb all 
the energy available is therefore that this resistance shall be equal to the charac- 
teristic impedance of the line. 

Consider once more the line terminated by Z,: 

The reflected wave is now travelling from the extremity back towards the 
source and, as a line always exhibits the same properties, V, and J; are connected 


by the relation: 
Vr == Zo p- 


A point M at a distance / from the end of the line will now be considered. 
Let Vor, Vor Io, and Io p be the incident and reflected voltages and currents at 


FIGURE A-1 


the end of the line, i.e. at the terminals of Z,. The incident voltage Vy,; at the 
point M leads Vo; by: 


27 
O= — = pl. 
aes 
such that: 
| Vr = Vore™™. (1) 
The same takes place for the current and: 
Iy1 = Io7*™™. (2) 


The reflected voltage and current reach the point M with a lag of 0 with respect 
to Vopr and [gp such that: 
Vurr = Vor?” (3) 


ine oneal e (4) 


The voltage at point M is the sum of the incident and reflected voltages: 

> > — 

Vu = Vur + Vur- (5) 
The current at point M is the difference between the incident and reflected 


currents: 
> - - 


Ty = Iu — Lupe: (6) 


From these six observations come all the properties of transmission lines. It is 
convenient to introduce into the calculations that part of the incident voltage 


wy lle nts = 
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which is reflected towards the source. By definition, the coefficient of reflection 
ly, at any point M on a line is the ratio at this point of the reflected to incident 
voltage, or the reflected to incident current. The coefficient of reflection at the 
extremity of the line is, by definition: 
V, I 
|B eee LO de 0 Ee ‘ (7) 
; Vous stor 
since: 
Vor = Zor and Vor = Zolor- 


In the general case where Z, is any impedance, Vy p is not in phase with V,, 
and I’) is a complex quantity. 
At any point M it will be found that: 


V Vore 4 

Loan Ls i fea Ok” ___ —Tve 2561 (8) 
V Va ew? 
MI or& 


The coefficient of reflection at a point M on the line therefore differs in phase 
with the coefficient of reflection at the load by a quantity equal to twice the 
electrical length of the line. 


3 STANDING-WAVES ALONG A LINE 


Equations (5) and (6) show that the voltages and currents along a line will 
not have constant amplitude, contrary to the case where the line is either 
infinitely long or matched by a load equal to its own characteristic impedance. 
An interference takes place between incident and reflected waves resulting in a 
succession of maximum and minimum voltages (and currents) along the line. 
Thus as will be seen, for a given load, these maxima and minima always occur 
at the same points for a given frequency. The line is said to carry a standing- 
wave. 

By definition, the ratio between the maximum and minimum values of current 
(or voltage) is called the standing-wave ratio (abbreviated to SWR). The 
mechanism of the appearance of standing-waves will be examined more closely: 
(5) and (6) being generalized relations, at the end of the line (the terminals of 
Z,), it will be found that: 


— — > 
Vorenon aon (9) 
— — — 

PE Peg er (10) 


Hence, the diagram (fig. A-2) can now be drawn where: 


> — 
OA = Vor 
and 


—> > 
AB —- Vor: 
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It follows that: 

— > 
OB = \V,. 
As Ip, and Vo; for the one part, and Jp and Vo for the other are in phase 
between themselves, vectors OA and AB represent Zolg, and Zolor. But the 
total current is given by (10) and taking care to draw the vector AC symmetrical 
to AB with respect to A, it is found: 


—> 


—> — —_> —> > 
OC SS OA Ty AB —— ZolLor Tai, Tor) — Lolo. 


(8; 
FIGURE A-2 


The diagram then represents the electrical state of affairs at the end of the line 
and the vectors OB and OC correspond respectively to voltage and current at the 
terminals of Z,. A particular relation of importance is: 


> —> 
Vii Zee 
hence: 
“> > 
OB = Jen: 


It will be interesting to observe what will take place if another point of the line 
is considered, remote from the end. The relations (1), (2), (3) and (4) show that 
the amplitudes stay constant and equal to the amplitudes at the extremity, while 
the phase is rotated by an angle of 6/7; the phase rotation will be in the opposite 
sense depending upon whether the wave is incident or reflected. Thus, if the 
voltage diagram is considered (OA, OB), the voltage Vj,; will be represented 
by the vector OA’ making an angle +(/ with OA, and the voltage Vjyp will be 
represented by vector A’B’ making an angle of —f/ with AB. Since the ampli- 
tudes are constant: 
OA'=OA and  A’B'= AB. 

A similar diagram may be drawn for the currents. It will be noticed that when 

a vector (OA for example) is rotated by +/ and another vector (AB) is rotated 
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by —Ai/, it amounts to leaving the first vector fixed and rotating the second by 
—2£1; it will in fact be observed that figure A-2 is identical to A-3. In the latter 
OA is stationary and A’B’ now appears as AB’ making an angle —2{/ with AB. 
Since OA and OA’ are always equal all the incident voltages V,,, at all points 
of the line are represented by OA. 


Towards 
the 
r Source 


FIGURE A-3 


As for point B, the extremity of V,,,, it describes a circle of centre A since 
AB = AB’. As Cis symmetrical to B with reference to A, it will fall on the same 
circle. Thus at any point on the line at a distance of / from the end, the voltage 
V,, Will be represented by OB’ while the current (more precisely Z)I,,) will be 
represented by OC’. 


— Ynax 
SWR = avai 


min 


FIGURE A-4 


If starting from the extremity, i.e. point B, working back along the line towards 
the source, the voltages are considered at various points it will be noted that the 
voltage first of all increases, passing a maximum equal to OP, then decreases 
until a minimum is reached at OQ, increasing once again to OP after which it 
diminishes and so on. Simultaneously the current oscillates between OP/Z, 
and OQ/Z,, the voltage maxima corresponding to current minima, and vice 
versa. 
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Two successive maxima or minima are separated by: 


POU eh Ie 
thus: 
hye 


where A, is the wavelength on the line. 

For a loss-less line all the maxima and all the minima are equal to each other. 
If the voltage or current variations along the line are drawn the figure A 4 is 
obtained, where the ordinates are proportional to OB’ and OC’/Zp. It will be 
observed that the variations do not follow a sine law, the minima being sharper 
than the maxima. This phenomenon is accentuated when OQ is made smaller 
in relation to OP, i.e. as the standing-wave ratio is increased. In the case illus- 
trated in the figure, the ratio is about 5. If it is desired to use a stationary-wave 
to measure wavelength it is clearly preferable to measure between two minima. 


4 RELATION BETWEEN THE STANDING-WAVE RATIO AND THE 
COEFFICIENT OF REFLECTION 


An examination of figure A-3 reveals a simple relation between the SWR of a 
line and the modulus of the coefficient of reflection. The coefficient of reflection 
at any point is the ratio: 

Vir es 
Vite Ode 


T= 


This ratio is complex; its modulus is equal to the quotient of the length of 


AB’ and the length OA and its argument is the angle between AB’ and OA. 
Hence: 
Tevet 


But, the standing-wave ratio S is the ratio: 


|oP| _ |oA| + [4B 


S= |, 
jog| = [oa — |4B" 


which gives: 


1+ |r| 
S= : 11 
reciprocally: 
Seal 
= ———. 12 
We ietieccrry (12) 


5 REFLECTED POWER. LOSSES DUE TO MISMATCHING 


In a line terminated by its characteristic impedance all the power fed into 
the input of the line will be absorbed by the load. In other cases a reflected wave 
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is returned towards the source. In the first case the power transmitted to the 
load Z, is: 


1 
Wo = 5 1;Z (13) 


SW.R. 
1 (}35 2, 25 3 


Scale & B 


uo 


if J, is the amplitude of the current of the incident wave. In the second case, 
the power of the reflected wave of amplitude Ip is: 


and this power is fed back into the source, such that the power transmitted to 
the load is: 


1 1 1 | 
W= 5 Ti%o = 5 Zo = 5 Zl 21.) 
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This may be written, in introducing the relation (13): 


w= Wi — |’). 


(14) 


A mismatch, appearing as a coefficient of reflection I’ thus results in a part 
|I'|? of the incident power being reflected back towards the source; this reflected 
portion is a portion of that total incident power which would have been available 
had the line been correctly matched. This phenomenon can also be described 
by stating that the mismatch has caused a loss of W/W of power which would 


Loss in decibels 
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have been absorbed by the load. This may be measured in decibels by: 


P= lor - aiooe | (15) 


— | 
1 —|EPt 
This loss can also be expressed by replacing the modulus of I” by its value 
taken from the relation (12). This gives: 


(Semele 
PI Oilog [Saw]. (16) 
The proportion of reflected power is then: 
ei) 
S+1/- 


Figures A-5 and A-6 give, for SWR between | and 3, and 1 and 20, percentages 
of transmitted and reflected power as well as losses due to mismatching 
(expressed in dB). 


6 RELATIONSHIP BETWEEN THE TRANSMITTED POWER AND THE 


MAXIMUM VALUES OF VOLTAGE AND CURRENT 


It is interesting to know how Vmax and Vmin vary when, for different loads, 
the transmitted power remains constant. An examination of figure A-3 shows 
that the product (Vmax X Vmin) 1s proportional to this power, as is likewise 
the product of the extreme values of current. 


Since OB represents the voltage and OC the current, the real power trans- 
mitted at all points of the line is represented by the product: 
OH xX OB, 
OH being the projection of the current OC on the voltage OB. 
But as CB is a diameter, H is on the circle, giving the well known relation: 
OH 0B 00 0P: 
But OQ is Vmin (or Imin) while OP represents Vmax (or /max), thus: 
OQ x OP SSS Vioax x Vin 
OH FOR == 7 licos Dx. ZW, 
thus 
Vmax X Vnin = ZW. 
This provides a convenient means of verifying if the useful power W, trans- 
mitted by a line remains constant, and to obtain the variations of this power. 
This method is not however very precise. 


7 THE CIRCLE DIAGRAM 


It has been seen that figure A-3 illustrates the behaviour of a transmission 
line. In this diagram OA represents the voltage of the incident wave, and AB 


388 THE ANTENNA 


that of the reflected wave. Point B describes a circle in a clockwise direction 
when the corresponding point on the line is moving from the load back towards 
the source. It is useful to make this diagram more general by including the 
coefficient of reflection. It suffices to take OA as unity, making this a ratio to 
AB, thence: 


FIGURE A-7 


and this leads to the diagram of figure A-7 where OA = 1 and AB=T-. In 
remembering that OA = V; and that the voltage at the corresponding point 
to B (on the line) is (1 + I)V;, it will be seen that: 
OB Ses Tye 
| Vr 

As for the current, this is equal to (1 — I)/;; it can therefore be represented 
by OB’ if AB’ = (—AB), with a suitable scale. This scale may be found quite 
easily: 

OB’ = OA + AB'= 0A — AB=1—T. 


But: 
which can be written: 
a(t 2a ye 
Zo Zo 


thus: 
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and: 


DN a aT 
Vy 

in putting J’ = 1/V; as V’ has already been put equal to V/V;. 

In conclusion, in the figure, OB represents the voltage on the line, and OB’ 
the current multiplied by Zp. 

The impedance at the corresponding point on the line is: 
V OB OB 
—— = Zo PRET 6c 
To OB: 7, OB’ 
This impedance consists of a real (resistive) and i eye ae component (react- 
ance): 


(17) 


Z=R-+jX 
X being positive (if inductive) or negative (if capacitative). 

The real term gives a voltage on the line which is in phase with the current, 
while the imaginary term gives a voltage which is in quadrature. The vector 
OB can thus be considered as being composed of two vectors, one parallel to 
OB’ corresponding to the voltage due to R, and the other perpendicular to OB’ 
corresponding to the voltage due to XY. 

If, on the axis Ox, AP is made equal to OA, and if BP is drawn, it can be seen 
that by construction BP is parallel and equal to OB’. If from O a perpendicular 
is dropped on to BP, cutting it at Q, it will be seen that: 

> ~> — 
OB = OQ + QB 
and that: 
OQ LOB’ and QB\|| OB’ 
QB therefore corresponds to the real term of the voltage V, say V,, and OO 
corresponds to the imaginary term, say V,. If OA is now made equal to 1: 


OR a Mien cay i 
OA VJ; 
Oe 
= = Vi. 
peeie OA hy aa Gi 


Adopting the complex notation: 
OB' = I'Z, = Zp |I'| e* 
OB Vi val 
OO aac elte ec 
because OQ makes an angle of —7/2 with OB’. 
The relation (17) gives: 
ne 2,(22 22.) 


ORS OB: 
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which is, introducing the normalized impedance: 


vat 7, us LA ela _ ale et ja ew in/2 


7 Ti IZ’ el% [Z’| ela 
MAUS, 
yA 
Which gives, in noticing that z = r + jx: 
A SL (18) 
| [oB"| 
ANCE Wel Berl (19) 
JOB" 


It has already been seen that moving along the transmission line causes the 
point B to describe a circle of centre A. To know r and x at a specific point it 
suffices to find the position of B on the circle and make the construction, The 
result may be obtained more rapidly if a family of curves is traced on the diagram 
giving directly r or x at the desired point B. As in the case of a graph in Cartesian 


CoH 


FIGURE A-8 FIGURE A-9 


co-ordinates the co-ordinates at a point are the intersections of curves x = con- 
stant and y = constant, similarly in this diagram z can be found corresponding 
to B if this is at the intersection of a curve r = constant and x = constant. 

The curves of constant resistance trace the points where the ratio OB/OB’ is 
constant. It can be shown that these are circles centred on the axis Ox and 
passing through the point P (fig. A-8). 

The curves of constant reactance follow the points where the ratio OQ/OB’ 
is constant. These are found to be circles centred on the normal to Ox at P 
and all passing through P (fig. A-9). 

Whatever the position of B, point Q stays on the circle of diameter OP since 
OQP is a right-angle. The diagram thus drawn may readily be completed, and 
this was done for the first time by Smith; it is completed by the constant SWR 
curves. Since B lies on a circle, centre A, for a given coefficient of reflection, 


ne 
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the constant SWR curves are circles centred on A, the circle for SWR = 1 
corresponding to the point A while the circle of diameter OP corresponds to an 
infinite SWR, since then I’ = 1. 

A Smith diagram (fig. A-10) will now be considered in studying the variations 
of z along the length of a line. If this line has a definite SWR, point B moves on 
the circle of radius I° given by: 


Towards 
the 
source 
O 


Current 
minimum 


r/8 


Ficure A-10 


B will move in a clockwise direction when travelling along the line from the load 
towards the source. If the normalized load impedance is ry + jxo, with xo 
positive (resistance and inductance in series) the equivalent point at the end 
of the line will be By. Then this point moves in the direction of the arrow in 
describing around A an angle 26/ i.e. 4z//A and arrives at the point M which is a 
voltage maximum and a current minimum. r is greater than 1, while x = 0: 
this is an antiresonant condition. Continuing the rotation, x becomes negative 
and the impedance is now capacitative. This situation continues to N where there 
is a voltage minimum and current maximum. r is less than 1 while x is once more 
zero. There is now resonance. Continuing to travel along the line towards the 
source, x becomes positive and the line is now inductive; finally By is traversed 
again and the cycle recommences. 
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A complete turn of the diagram has been made for: 


hence: 
1 = A/2. 
A half-turn therefore corresponds to a quarter wave (which is the distance 
between a maximum and a minimum) and a quarter turn to A/8. 
It will be noticed therefore that it is possible to graduate the diagram directly 
in fractions of a wavelength, which has been done on the diagram starting from 
maximum voltage. 


8 THE CIRCLE DIAGRAM FOR ADMITTANCE 
In the preceding section it has been seen possible to draw the diagram using 
the current vector instead of the voltage vector. Thus: 
OB’ =(1 —T) 


putting OA = 1, with OA now representing the incident current multiplied by 
Zy (fig. A-11). 


FiGure A-11 


The voltage at B being always represented by OB, the current OB’ may be 
analysed into the two components: QB’ in phase with OB and corresponding 
to the conductance current, and the other, OQ, in quadrature with OB, corre- 
sponding to the susceptance current, giving: 


> — —> 
OB’ = 00 + QB’. 


On the other hand it has already been seen that: 


OBI Inn ee 
: V, 
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such that: 
09 = Zl, = Zoly/Vz 
OB’ = Zola = Zola) Vi. 
The admittance at B’ is represented by OB’/OB, which can be written: 
iy eis 


ak Zo a ae LoY; 
OB V/Vz V 
with: 
OB’ _ 00 , 9B’ 
OB OB OB 
In complex notation: ; 
OB Vales 
00 = Z,|Ki) ee"? 
One, ile 
which gives: 
Al [2 
ZY=Z Zo 
oe ie te 


In a similar way to the above, by introduction of the normalized admittances, 
it will be found that: 


Vice diede dO 
and, noticing that Z) = 1/ Yo: 
1 {hl _ 98 
g = = 
SPINAL Mss 
ee Jay Tae OO 
Ve Vien OB 


The points of constant conductance and susceptance will be the same circles 
as those which trace the constant resistance and reactance, a given circle corre- 
sponding to the same values since the geometrical definitions are the same. 
Figures A-8 and A-9 remain valid by simply replacing r by g and x by b. The 
only difference lies in the position of the point on the line; in the case of 
impedances this point is B, while for admittance it will be B’ which is symmetrical 
with B relative to the centre of the diagram. 

From the above comes a very interesting property of the Smith diagram: 
given any impedance, it is sufficient to locate the point representing this 
impedance on the diagram and the symmetrically opposite point, with respect to 
the centre, will immediately give the corresponding admittance (g + jd). 


27 
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Returning to the case illustrated in figure A-10 an admittance diagram will 
now be considered, (fig. A-12). The normalized load admittance (gy) + jbo) 
is now represented by point Bj symmetrical with Bo. 

By moves always in the same direction as previously explained and arrives 
at point M’ which corresponds to a voltage maximum and a current minimum 
since g is less than 1 while b = 0. As was observed for the impedance diagram, 
this is a condition of antiresonance. From Bj to M”’ the susceptances are 
negative, giving an inductive line. Beyond M’ b becomes positive (capacitative 


O 
Current 
minimum 


32/8 


Ficure A-12 


line) and this situation continues up to N’ where g becomes greater than 1, 
corresponding to a voltage minimum and a current maximum; this is resonance. 

It would therefore seem that the two diagrams are interchangeable provided 
that the voltage minima correspond to the side containing O in the impedance 
diagrams, and P in the admittance diagrams. 


9 IMPEDANCE—ADMITTANCE TRANSFORMATION 
An immediate application of the circle diagram is the transformation of an 
impedance to an equivalent admittance, and vice versa. Indeed, two points which 
are symmetrical with reference to the centre A represent the same point on a line, 
the one giving impedance: 
Vas ash ah 
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and the other, admittance: 
Ueto ey 
It is evident that being given any impedance z, the corresponding admittance 


y may be read off from the co-ordinates ofthe point symmetrically opposite 
to the point representing impedance, and inversely. ; 


l0 INTRODUCTION OF SHUNT OR SERIES ELEMENTS ON A 
LINE 


It will now be seen how the point moves on a circle diagram when a shunt 
or series element is introduced in the line. Let figure A-13a be an impedance 


FIGuRE A-13 


diagram and let B, defined by the co-ordinates ry and x9, be the point typical 
of the state existing at a point P on the line. Suppose that a resistance r, is intro- 
duced at point P in series with the line. The line which at first looked like an 
impedance ry + jx» will now present an impedance (ry) + r,) + jxXo. Point B 
will therefore stay on the circle of constant reactance, x9, going to B, on the 
resistance circle: 


(ead ies eas 
If, instead of introducing a resistance, a reactance x, had been introduced, 
the point would have moved to Bg, intersection of the circle of constant resistance 
ro and of reactance: 
| SOs ee set os 
It will be noticed in this last case that the x may be positive or negative: x, is 
shown positive on the figure. 


Take now a diagram drawn for admittance (fig. A-13b) and let B be the point 
corresponding to the state g) + jbp. In a similar way the introduction of 


396 THE ANTENNA 


conductance g, moves B on the constant susceptance circle to arrive at B, on 
the circle (gy + g;), and the introduction of a susceptance b, will displace B on 
a constant conductance circle to arrive at B, on the circle by + b,, also being 
able to be positive or negative; b, is shown negative in the figure. 


I! MATCHING BY A SUSCEPTANCE 


It is indispensable for several reasons to match lines carrying UHF energy, 
i.e. to have a SWR equal to 1. 

Furthermore the presence of high peak voltages on a line having a high SWR 
will be liable to cause breakdowns and hence limit the power handling capabili- 
ties of the line. In addition, the ohmic losses which have been ignored in the 


31/4 


37t/4 


Ficure A-14 


theory cause a drop in efficiency when the SWR is high. Finally, present sources 
of UHF energy do not behave well in the presence of standing-waves on the lines 
to which they are coupled (pulling and instability). 

One of the simplest means for matching a line having a known standing-wave 
ratio is to place a shunt at a suitably chosen point, a susceptance which gives 
rise to a real admittance at this point, equal to the characteristic admittance. 

Suppose that a transmission line behaves at a certain point as an admittance 
&o + jbo represented by By (fig. A-14). This line will present a certain SWR 
corresponding to the circle, radius ABy. This will now be matched, i.e. seen 
from the source the line will behave as an admittance 1 since it will be terminated 
by the characteristic admittance. On moving from the point considered towards 
the source, By moves on the circle radius AB, in a clockwise direction and, for a 
certain rotation «, arrives on the circle of conductance 1. At this point there is a 
corresponding susceptance (b,); if a susceptance of (—b,) is then placed at this 
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point, B, will be brought on to the circle of conductance 1, up to point A such 
that 5 = 0, since the new susceptance is then: 

Dr 00, 
The line will thus have been matched. 

It must not be forgotten that « is twice the electrical length of the line due to 
the velocity of rotation on the diagram. Practical considerations dictate the use of 
an inductance as the correction susceptance; the line must therefore be capacita- 
tive putting B, in the upper half of the diagram. In waveguides it is only inductive 
irises that can possibly be used without diminishing the power-handling capa- 
bilities of the guide, and in coaxial systems inductive lines of less than one 
quarter wave, shorted at the end, are mechanically the easiest to construct. 
The same is true for twin-wire feeders, using trombone matching. 

The same reasoning can be applied in the case where the matching susceptance, 
instead of being placed between the point considered and the source, is placed 
between the point considered and the load. It then becomes necessary to turn 
trigonometrically in the diagram in order to measure «. This is clearly impossible 
except where the point at which (gy + jbo) is measured is far enough away from 
the load. 

The reference point is usually chosen at a voltage minimum or maximum, 
preferably a minimum because it is sharper. In the case of an admittance diagram 
the electrical length between such a minimum and the correction susceptance is: 


0; = B/ 2 
if the correction is made above the minimum, towards the source, and: 


us = Tee ae 
if the correction is made below the minimum, towards the load. 


12 FREQUENCY SENSITIVITY 


The matching which has just been studied relies upon the fact that a susceptance 
is placed on the line at a precise distance from the load. If / is this distance, 
the electrical length for matching is 2n//A. When the frequency varies, A varies, 
and the matching is upset; a SWR appears, the magnitude of which is in pro- 
portion to the departure from the frequency at which the matching was originally 
effected. 

In practice a certain SWR is tolerated on a line, the importance depending 
upon the use to which the system is being put. If f is the frequency for exact 
matching, on either side of fy will be found a frequency, f, and f,, between which 
limits the line remains sufficiently matched, i.e. the SWR range remains within 
the permitted limits. 

The range f, — f, is known as the matching band of the line, or the passband. 
Frequencies f,; and f, are the limits of this band. Obviously f, and f, may be 
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determined from the Smith diagram with a knowledge of the SWR limits 
imposed. The diagram also gives admittance values over the entire band. 

The matching depends essentially upon three parameters which are all a 
function of the wavelength: 

the value of go + jbo; 

the electrical length between By and the correction shunt; 

the value of the matching susceptance. 


Ficure A-15 


The variation of gy + jbo with / is evident since this admittance depends 
essentially on the electrical length between the point corresponding to Bo 
and the load impedance which also might be subject to variations with frequency. 

The variation of the matching susceptance follows from its very nature. 
In the case of a short-circuited section of line the normalized input reactance is: 


Xx, =jtan eat 
A 
which gives an admittance: 
; 27 
b, j cot a 

In the majority of cases the load is not known and is found from the value 
of (gq + jbo) measured at a specific point on the line. For this it suffices to note 
the length between this point and the load. It follows that there will always be a 
variation of (g 9 + jbo) as a function of frequency, which gives a curve on the 
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circle diagram. Let By, B,, B, be this curve, corresponding to the wavelengths 
Ao, A, and A, (fig. A-15). 

Matching carried out for A gives rise to a rotation a. If L is the distance 
between point By and the position of the correction susceptance: 


_4aL 
Ante 


Xo 


For 2,, the rotation becomes: 
47rL 4nLdy Xo 
a SO ES Xp es 
Ai Ao Aa A 
and, for A,: 
h 


@ 


If A, > Ay > Az It will be seen that: 
Ce naa: 

On the diagram, points By, B,, B, move to Co, C,, C,, and the rotation is less 
as the wavelength increases. If the reasoning is based on frequency it is seen 
that this is directly proportional to the rotation. 

b, has varied; the short-circuited line has the same characteristic impedance 
as that of the main transmission line, and the length of the line is /: 


0 

1 
for A,: bi, = —j cot = 

2 


Points C, C, C, move to Dy D, D, along the constant conductance circles 
and as the cotangent varies in inverse proportion to the angle (as the line is 
inductive this takes place in the first quadrant) hence: 


[oes tigen Drak: 
Dy clearly moves to A since the matching is done for A, and AD, and AD, 


give the SWR corresponding to the frequencies /, and f. It is thus possible, for a 
given matching, to draw the variation of SWR as a function of frequency. 


13 WIDE-BAND MATCHING 

It has just been seen that the curve By)B,B, changed shape during the rotation 
leading to C,C,C., points corresponding to higher frequencies turning faster. 
It will thus be possible in certain cases to obtain a curve CyC,C, where the 
points are grouped near to each other such that the addition of a susceptance, 
which does not vary much over the band of frequencies envisaged, will bring 
them close to A. The case is illustrated in figure A-16qa. 
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Contrary to what has been done previously, there is no precise matching here 
for a specific frequency, but an average value of susceptance is sought such that 
the points D)D,D, are grouped around A. This gives an average matching over 
the whole band of frequencies, this being known as wide-band matching. 


FIGURE A-16 


So that this may be applicable, the group of points ByB,B, during the rotation 
must be possible. In the case of figure A-16b, where the points corresponding 
to the highest frequencies are already before the others, any rotation towards 
the source can only cause the points to diverge (curve C; C, C,), and wide-band 
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matching is not possible by means of a susceptance placed above the point where 
the curve (B,B,B,) is drawn. 


To obtain matching in this case, the curve must be turned in the reverse 
direction so that the points turning fastest may overtake the others. The matching 
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THE SMITH DIAGRAM 


susceptance will then be placed in the direction of the load terminating the line 
(eurve C,C,C,). 

For reasons already explained the correction must be made at a capacitative 
point of the line, i.e. that the regrouping of the points must be done in the posi- 
tive susceptance zone on the circle of unity conductance. Itcan happen that at 
this point the regrouping is insufficient; it is then necessary to make a further 
revolution of the diagram, which is equivalent to placing the correction one 
half wavelength further along the line. This is not always possible. The situation 
may then be improved by the use of a second susceptance on the line. 
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